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Abstract This study proposes a framework to compare performances of various ridge, robust and ridge-type robust
estimators when a data set is contaminated by collinearity, collinearity-influential observations, as well as outliers. This is
achieved by first generating fifteen different synthetic data sets with known level of contamination. These data sets are then
used to evaluate performances of twelve different estimators based on the Monte-Carlo estimates of total mean square, total
variance and total bias. It has shown that these results can be used as lookup tables to select the best estimator for various
cases of contamination. The results reveal that the interactions between leverage points and collinearity can be misleading for
estimation selection problem. It is also shown that the notion of directionality of outliers and the strength of collinearity can
also drastically impact estimator performance. Finally, an example application is presented to validate the results.
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1. Introduction

There is a growing interest in the literature for
understanding the performance of ridge, robust, and
ridge-type robust estimators that are less prone to the
contaminations caused by outliers and collinearity in data
[1-7]. However, the degree to which these contaminations
effect estimator performance is not yet well understood.
Hence, for practical applications this lack of insight makes
it challenging to decide the best and the most efficient
estimator. Another challenge is to construct proper
platforms for comparing and validating estimator
performances when data is subject to various levels of
contaminations due to collinearity, outliers, leverage points
and their interactions. In the rest of the study, the term
contamination will be used to describe the negative effects
of various levels of collinearity, type of outliers, leverage
points and their interactions on the estimation performance.
This study proposes a framework to address some of these
challenges.

To begin our discussion, we consider the linear regression
model [8&],

Y=XB+e (1)
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where Y (dependent variable) is a vector of size nx [, Xis
an nXx p full rank design matrix, # is the sample size, and p

is the number of explanatory variables. In Equation (1), ¢
is an nmx [ error vector that satisfies the expected value

E(¢)=0 and covariance Cov(¢)=0"I where [ is the

nxn identity matrix. Moreover, [ is the pxI

unknown parameter vector, and o is the variance. In this
setup, it is well known that ordinary least squares (OLS)

Pors =(XX)" XY ?)

is the best linear unbiased estimator [8] where X' is the
transpose of matrix X. However, it is also known that
collinearity in data introduces sign switches for the OLS
estimator and inflates its variance [1,3,4]. There is a vast
amount of work in literature [4,9,10,11] that have proposed
and studied ridge regression which is one of the most
commonly used methods to overcome the challenges
introduced by collinearity [3]. Furthermore, these studies
have revealed that presence of high-leverage points
(observations) in data is also critical since they can
drastically change the effect of collinearity in estimation.
Not only collinearity but outliers may also effect the
performance of OLS and ridge estimators. In their studies
[7,12,13], authors have proposed various robust estimators
that target to eliminate the impact of outliers in estimation.
Properties of these estimators vary depending upon the type
of outliers present in the data; i.e. if the observations are
classified as outliers based on their X (Type 1) or ¥ (Type 2)
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distances then estimator performance may vary when data
contains only Type 1, only Type 2 or both Type 1 and Type 2
outliers. Finally, ridge-type and Liu-type robust estimators
have been proposed in studies [1,2,5,6,14] in order to
overcome the effects caused by both collinearity and outliers.
However, the interactions between collinearity, outliers and
leverage points are not yet well understood and it is not
trivial to conclude which estimator performs better when
data is subject to various levels of contamination.

In [15] and [16], the impact of outliers on the performance
of various robust estimators when the sample size is small is
studied. In this study, the details of a simulation study in
which the synthetic data sets are generated so as to involve
predefined levels of contamination caused by outliers,
collinearity and leverage points are presented. Then,
performances of a subset of well-known ridge, robust and
ridge-type robust estimators are investigated. This is
achieved by first classifying collinearity-influential
observations (high-leverage points) in data into three
subgroups based on their type of influence-leverage-masking
collinearity, leverage-inducing collinearity, and
leverage-intensifying collinearity (similar classifications
were presented in studies [17] and [18]).

We simulate and present example data sets in Figure 1 to
illustrate masking, inducing and intensifying effects of
high-leverage observations on the estimate of variance

estimate of maximum determination coefficient computed

for all explanatory variables such that VIF is the maximum
value of the diagonal elements of inverse sample correlation

matrix of the explanatory variables [19,20]. Moreover, VIF
and R’ are the estimates of VIF and R’. Thus, when R’
is the maximum determination coefficient among the
explanatory variables VIF =1/ (1-R%).
is an observation, where i=1,...,

In the figure o;
n . Let us consider the
observation o; (shown in blue) in Figure la. It is obvious
that even if we exclude o; there exists collinearity between
the rest of the observations. However, it is also clear that
including o; in the computations will intensify the strength
of collinearity. Hence, observation o; is classified as
leverage-intensifying collinearity. Similarly in Figure 1b, it
is shown that including high-leverage observations o; and
02 in  computations will induce collinearity
(leverage-inducing collinearity) that would not be as
prominent without 0; and o; . Finally, Figure 1c illustrates
an example in which o; and o0, mask the effect of
collinearity  (leverage-masking collinearity), that is,
including o; and o0, in estimation drastically decreases
level of collinearity already present for the rest of the data.
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Figure 1.

Then the goal becomes introducing a framework to
compare estimators when data involves various levels of
structured contamination as listed in Table 1. In the table,
first column represents enumerated cases of distinct
contaminations, second column is the collinearity level
computed by using the data set that excludes leverage
observations, third column is the type(s) of outlier(s) in data,
and fourth column represents the influence of leverage
observations on the collinearity (as shown in Figure 1).

To measure the performance of an estimator for each case
presented in Table 1, Monte-Carlo estimates of total mean
square error (MSE), total variance (VAR) and total bias

(BIAS), [21-23], given by
2 . 5
B)+HBzas(ﬁ)

wse (@)= (|p-A )=

2

3)

Example data sets involving three types of collinearity-influential observations

o{l-of - {10 -2
D
VAR=Tr(0})=Y 02 5)
J=1
B14S = |Bias ) Zp:(E(ﬁj)—ﬂj y (©)

j=1
where [ is the estimate of £ and o-g is the variance of

[ is used. Tr is the trace operator and E is the expectation.

Finding the most efficient estimator (by means of MSE, VAR
and BIAS) for each case in Table 1 requires the knowledge of
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the following properties of the data: (1) ratio of outliers in
data, (2) ratio of high-leverage points in data, (3) type of
leverage points (masking, inducing or intensifying), (4) level
of collinearity in data with and without the leverage points,
(5) type of outlier(s) in data (Type 1, Type 2 or both). Thus,
in Section 3.1, we will summarize our methodology by first
describing the steps for generating synthetic data with known
properties. Furthermore, the synthetic data will then be used
to construct a lookup table that shows the estimator
performance for each case in Table 1.

Table 1. 15 different cases of data contamination investigated in this study

Caseno:  Collinearity level ~ Outlier type Leverage points

1 high - leverage-masking
2 high Type 1 leverage-masking
3 high Type 2 leverage-masking
4 high Type 1 and 2 leverage-masking
5 low - leverage-masking
6 low Type 1 leverage-masking
7 low Type 2 leverage-masking

8 low Type 1 and 2 leverage-masking
9 moderate - leverage-intensifying
10 moderate Type 1 leverage-intensifying
11 moderate Type 2 leverage-intensifying
12 moderate Type 1 and2  leverage-intensifying
13 high Type 2 -

14 low Type 2 -

15 moderate Type 2 -

In order to conduct a formal study, we first introduce a
subset of ridge, robust and ridge-type robust estimators in
Section 2. In Section 3, we present the details for generating
synthetic data and a simulation study for comparing the
estimator performances. Moreover, we discuss an
application of the proposed framework to real data. Finally,
Section 4 concludes the study and discusses possible future
work directions.

2. Estimators

In this section we present the details of commonly used
estimators compared in our simulation studies. First, we will
describe the details of ridge estimators and summarize three
of them using different ridge parameters. Second we will
discuss five frequently used robust estimators - Least Median
Square, Re-weighted Least Square, Least Trimmed Squares,
M-estimator and S-estimator. Finally, we will present three
ridge-type robust estimators.

2.1. Ridge Estimators

The ridge regression estimator is introduced in [3] as,

Bre =(XX + k)" XY (7)

where [/ is the identity matrix and % is the ridge parameter that
controls the bias of the regression. Many different methods
are given in the literature to determine the value of the
parameter k. In [4], [10], and [9] the ridge parameter is given
by

)
A o
=27 @®)
Pors Pors
)
A e}
ky = B P ©
zijﬂZOLS, ’
j=l1
and
. 672
ks ;
. 5 1 10
min %—i—— (10)
IBOLS, 4j

respectively. Here, A; is the ;" eigenvalue of the matrix

XX where j=1,..,p and & is given as follows

& :(Y—XBOLS)' (Y—XBOLS)/(n—p) (11)

In Section 1, we have introduced ﬁA’OLS in Equation (2).
Henceforth, ,@Rm , ngz and BRRB denote the ridge
estimators computed by the ridge parameters &, k» and

ks , respectively.

2.2. Robust Estimators

In what follows, we describe frequently used robust
estimators in literature to estimate parameter £ in
Equation (1), [7,13,24].

¢ | east median square (LMS)

One of the most commonly used robust estimator is the
LMS estimator, [13]. For our purposes, we summarize the
steps of LMS algorithm as follows.

Step I: Generate all possible subsamples of observations
with size p from n, and randomly select m subsamples out of
all generated subsamples.

Step 2: Perform regression analysis for m distinct
subsamples (with size p).

Step 3: For each regression compute the residual 7 of i”"
observation where i=1,...,n.

Step 4 Solve the

objective function

. . 2 5 .
ming {medzan,— (r,— )} where ¢=1,..,m and pBbrs is
the ordinary least square estimate [ors for the 7"

subsample.

Step 5: Finally, ﬁéLS that minimizes the objective

. . At
function is referred to as SBrus .
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Furthermore, LMS estimate of the variance is calculated
by

n
2
2w
__i=l

Ghus =——— (12)
QWi D
i=
[7,24] where the weights are given as
1, |72/6'LMS|32-5
W = , (13)
0, otherwise
Note that only for the first iteration we compute So,
5
So =1.4826(1+ Wmedian(i?), (14)
n—p

and replace it by Spuys in Equation (12).

e Re-weighted least square (RLS)

In order to compute RLS estimator [13], the goal becomes
solving another objective function

n
. 2 .
min j, Zw,-n , i=1..,n.
i=1

(15)

In Equation (15), ,5’4 is the well-known weighted least

square estimator calculated from the (™ iteration where
w; and 7 are the weight and residual for each observation,

respectively. The ,B/, that minimizes Equation (15) is

defined as RLS estimator ,BRLS. The RLS estimator of
variance is computed by

n
2
2w
_ il

A2

ORLs =—, (16)
WD
i=l
[7,24], and the weights are given as
1, |I’,‘/GARL5|S2.5
w; = ) . (17)
0, otherwise

Only for the initial iteration ¢ =1, Brys and associated
residuals are used as initial conditions and & 123Ls is replaced

by &iusin Equation (17).

o [ east trimmed squares (LTS)

For the LTS estimator, [13], we generate subsamples of
data with size h= Ln / ZJ +L(p +1)/ 2J from n
observations, where total number of subsamples is m and
each subsample is enumerated as f=1,...,m . For a

subsample, we perform OLS regression analysis and
compute residuals for n observations. Moreover, square of

the residuals are ordered such that 7, <7, <...<7. and

[ that minimizes

h
. 2
min; >, (18)
i=1
is the LTS estimator ,@LTS . Note that when m is too large, a
fixed number of randomly selected subsamples are used as
an approximation to the optimal solution of f; for

computational reasons. In [13], the details for finding the
number of randomly selected subsamples are discussed for a
desired probability of distance to the optimal value.

e M-estimator

This type of robust estimator is obtained from the solution
of

ming > p(1), (19)
i-1

such that ,&/ computed at the /™ iteration is defined as
M-estimator, ,BM [24]. The details of the stopping rule that
determines ¢ could be found in [24]. In the first iteration

ﬁ'LMs is used as the initial point and for the rest of the
iterations weighted least squares is estimated by using

B = (X’W‘}"lX)fl xXwly (20)

where W' is the current diagonal weight matrix with
diagonal elements w(ri), [13]. In this study Tukey's
bi-weight function

n(1-n/e),

0, |r,~|>c

()= "

where the derivative p'(r; ) = l//(l’;) and the weights
w(ri ) = l//(r,) / 7; is used, [13]. Finally, in simulations the

constant c¢ is selected as 1.547 (the reason for this selection
will be discussed in the following section)

e S-estimator

S-estimator is proposed in [25] and it is computed by
solving

min ;571 ()12 (), 1 (B))

where  s(11(f),r2(f),....1n(f)) is the estimate of the
variance of the residuals. Here, in the iterative solution

(22)

Prus is also used as an initial point and f; obtained from

the /™ iteration is defined as S-estimator, fs.
To compute s, in each iteration, the equation

K:Ln _ r,A ~ 23
2P ), P
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is solved. Then the new weighted least squares is estimated
by Equation (20). Here K is set to I p(x)d,n such that BS

s(r1(Bs)sr2(Bs)seestu(Ps))  are

consistent estimates of £ and o’ for the Gaussian

and asymptotically

regression model and is usually taken as Es(p). @(x) is

the standard normal distribution. In this study, Tukey's
biweight function (Equation (21)) is used with ¢ =1.547.

This value is selected such that K/ p(c) becomes 0:5

(breakdown point of S estimator), [24,25]. Same value of ¢ is
used in both S and M-estimator in order to be able to compare
their performances.

o Ridge-type robust estimators

Ridge-type robust estimator is proposed in [26] and it is
computed by

n A\l n
Brrn = (XWX +lex ) XWX fi 24)
Where /€R is obtained by
Ao pé‘}ze
R= (25)
Br

Here, BR and 6'1% can be selected as any type of robust

estimator. In this study we use ridge-type RLS (RTRLS),
ridge-type S (RTS), and ridge-type M (RTM) to compare their
performances with the rest of the estimators presented above.

3. Simulations and an Example

Here, we generate fifteen different synthetic data sets with
varying levels of contamination. These data sets are then
used to evaluate performances of twelve different estimators
based on the Monte-Carlo estimates of total mean square,
total variance and total bias. We show that these results can
be used as lookup tables to select the best estimator for
various cases of contamination. Moreover, we present an
example to demonstrate an application of using these tables.

3.1. Simulations

In this study, we generate contaminated normal distributed
data with three explanatory variables p =3 that has the

joint probability density function F for (Y, X1, X2, X3) (in
Equation (1)), where F=(1-1n)G+nH . Here, G ~
Np+1(y,2) , H ~ p+1(c9,2) and 7 E[O,l] is the
mixture parameter that satisfies 7 <<1, [24]. Here, the

location parameters 4 and 6 are used as design

specifications. We parse them into elements such that
p=(y, pix) 0 =(6r,0x)
px = (Hx,, x , 1x,) Ox =(6x,,0x,,0x.)
(or 6y ) is the mean of Y for

and where
and

respectively.  uy

distribution G (or H ). Thus this parsing will allow us to
use the set of design parameters

Uy [x,  1x, » lx, , Oy Ox, ,0x, ,0x, to manipulate the level

and the type of contamination corresponding to the cases
presented in Table 1.

In the simulations £ =(10,5,2,7) . To generate data with

leverage-masking, leverage-inducing, and
leverage-intensifying collinearity 6 and ¥ are selected as

hd QZ(HY30X1 79X279X3)=(10957777)

[1.0000 0.9000 0.9000 0.9000
[0 Syx] |0.9000 1.0000 09990 0.9000
= |Zxy Oyy| ™ [0.9000 0.9990 1.0000 0.9000|°
_0.9000 0.9000 0.9000 1.0000
b 9:(0Y50X|’9X2a9X3)2(10535532>37)
[1.0000 0.9000 0.7100 0.4100
_[e2 Byx]_ |0.9000 1.0000 0.4000 0.2000
= |9xy Yyy| T [0.7100 0.4000 1.0000 0.2000|°
_0.4100 0.2000 0.2000 1.0000

o 0=(6y,6x ,0x,,0x,)=(10,10,7,7)

10000 0.9107 0.9351 0.7223
_[e2 Zyx]_ [09107 10000 09706 0.7753
T [Exy Dxx| " [0.9351 00706 1.0000 0.7824]°
0.7223 0.7753 0.7824 1.0000
respectively. In order to generate data including

leverage-masking collinearity, we use a covariance matrix
() with diagonal elements 1. Non-diagonal elements are

close to 1 which guarantees strong collinearity between
explanatory variables. Moreover, high-leverage observations

drawn from the distribution H ~ N, (6,Z) with
0 =(10,5,7,7) are added to data with ratio 77. VIFg and

VfFF are estimates of VIF computed from the observations

generated from G and F, respectively. For instance, one may
observe from Table 3 (Appendices) that even when 77 is

small VfFF is much smaller than Vng. Hence, a small
number of high-leverage observations can mask the
underlined strong collinearity associated with the majority of
the data. In leverage inducing collinearity case, the
covariance matrix has smaller non-diagonal elements and the
corresponding VIF (value computed from X) is smaller
which implies no collinearity between explanatory variables.
Similarly, high-leverage observations drawn from
distribution H and with a different € =(10,35,32,37)

added to data with ratio 77. In this case, we observe that

VfFF value is much higher than VfFG computed without
leverage points. This reveals that a small set of high-leverage
observations can induce collinearity. A similar approach is
taken for the third case of manipulation in which the
high-leverage points intensify the strength of the collinearity.
In what follows, we will describe the steps for generating
data involving all combinations of contamination consisting
of outliers and high-leverage points. Below, we list five
manipulation methods used in our simulations.
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(1) The data (with size n) is generated by having only
high-leverage points (masking, inducing or intensifying)
with ratio 7. To achieve this, leverage points are drawn

from the distribution N, (HX,ZXX) and non-leverage

points from N, (,uX,ZXX). Then the observations of

dependent variable for the leverage points are drawn from
N(,UY\X,O'I%\X> where uy\x = pty — ZyxZxx (X —6y)
and ofx =0F —ZyZaxZay . Non-leverage points are
also drawn from the same distribution N ( Hy\ X,O')zf\ X)

by just replacing @y with gty .

(2) The data is generated by having only Type 1 outliers,
which are also high-leverage points, with ratio 77 . The

observations of dependent variable associated with these

leverage points are drawn from N (10 Hy\ X,o-% X) . Here,

Urx =ty —Zxx (X —6x) and Oty =07 — I ZxxZar .

Rest of the observations are drawn from N ( Ly\x O X)

where  fyvx = ity —Zyx —Zxx (X —ix)  and  same

variance O %\ X.
(3) The data is generated by having only Type 2 outliers

with ratio 77 that are drawn from N (10 Lrx, 03\ % ) where

and

Urnx = Uy —Zyx —ZEY(X—,UX)
O')ZI\X =O'1% —ZYXZE(&ZXY . Rest of the observations are

generated from N ( Hy\x, O';%\ X ) where

Lyx =ty —Zyx —2xx (X — sx) and same variance

o )%\X .
(4) The data is generated by having both high-leverage
points and Type 2 outliers with ratio 77/2 . To achieve this,

a combination of manipulations (1) for high-leverage points
and (3) for Type 2 outliers is used. That is, leverage points

are drawn from the distribution N, (GX,Z XX) Type 2

outliers with ratio 77/ 2 are drawn from N (10 HUy\X , 0'%\ X )

where and

My =ty —Zyx — Xk (X —ux)
0')27\ y = 0')2/ - ZYXZ}IXZ xv . Rest of the observations with

ratio 1—7 are generated from N ( ,UY\X,O'}%\X) where

Hy\x = My —2yx — X3y (X — ux) and same variance

o )%\X-

(5) The data is generated by having both Type 1 and Type
2 outliers each with ratio high-leverage points and Type 2
outliers with ratio 77/2. To achieve this a combination of
manipulations (2) and (3) is used. For Type 1 outliers, we

generate high-leverage points from N, (GX,Z XX) with

also ratio 77/2 . The observations of dependent variable
associated with these leverage points are drawn from

N(lOluy\X,O'%\X). Here, wuyx = py —Zyx 2% (X —6x)

and (7)%\ x = G)% - yXES(IXZ xv . Moreover, Type 2 outliers

are generated from N (IOyy\ X,o%\ x) with ratio 7/2

where Hy\x = Uy _EYX _Z:Y}X (X—/,l)() and

0%\ x = G}% —ZYXZ}CIXZ xv . Rest of the observations with

ratio 1—7 are generated from N ( Uy x , O X) where
Urix =ty —Zyx —Zxx (X — px) and same variance

o} )2’\X~

Each manipulation is performed for leverage-masking,
inducing and intensifying observations. Hence, in total there
are 15 cases to be investigated as presented in Table 1 for
which number of iterations is fixed to 10000 in order to
compute the Monte-Carlo estimations of MSE, VAR, and
BIAS given in Equation (4)-(6). Moreover, each case is
investigated for various values of mixture parameter 77 that

contributes to the level of the manipulation. We present
simulation results for the case when n = 50 and p = 3 since
we observe that the results were similar for various (7, p)

combinations.

Structurally, we first generate data with only
leverage-masking collinearity associated with the cases 1 to
4 in Table 1 and present our results in Tables 3-6.
(Appendices). Similarly, same steps are followed for
leverage-inducing and leverage intensifying collinearity
associated with the cases 5 to 8 and 9 to 12 in Table 1, and
the results are shown in Tables 7-10 (Appendices) and 11-14
(Appendices), respectively. Finally, for the cases 13-15 in
which estimator performances are compared when data has
only Type 2 outliers with no leverage observations but
relatively high, low and moderate level of collinearity the
results are presented in Tables 15-17 (Appendices). In all of
the Tables 2-17, OLS, RRI-RR2-RR3-RLS-LMS-LTS-M-S,
and RTRLS-RTM-RTS denote the ordinary least squares,
ridge, robust, and ridge-type robust estimators, respectively,
presented in Section 2. Furthermore, in the top row of each

table simulation parameters (77,5,R*) as well as the
known VIF value calculated from the covariance matrix

(2) are shown. In the second column of Tables 3-17, ViFg

and VIFr are computed from the first iteration of
Monte-Carlo simulation in which the data is generated from
G and F distributions, respectively. Each table presents the
results based on MSE, VAR and BIAS computed by Equation
(4)-(6).

Let us first consider the cases when data only involves
leverage observations. Figure 2a illustrates that the estimator
RR3 (shown with red) performs the best based on variance.

However, in a practical application, since VIFF value

(computed from all of the observations, Table 3) is relatively
small due the masking effect of leverage masking
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observations and there are no outliers, OLS (shown in blue)
is expected to outperform the rest of the estimators, [6,8]. In
contrast, in Figure 2c we observe that OLS performs the best
even though ridge estimators (shown in red) are expected to

perform the best for high VIFF value (Table 7) and no
outliers [3]. Hence, we conclude that a small ratio of
leverage-inducing observations in data causes a drastic
increase in VIF, F thatis used to select estimators in practical
applications. In  Figure 2e  there are only
leverage-intensifying observations that strengthens an
existing high level of collinearity (as one may observe from
VIFr in Table 11) and we conclude that ridge estimator
performs the best.

If we observe Figure 2b and 2d a similar argument can be
made for data that involves both high-leverage observations
as well as outliers in X and Y directions. For instance, based
on low VIFf value (Table 6) due to the masking effect of
leverage masking collinearity, one may expect robust
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estimators to be the best performing estimator, [13].
However, Figure 2b illustrates that for varying range of
mixture parameter ridge-type S estimator (RTS) outperforms
the rest. Similarly, when the leverage observations induce
collinearity (high VIFF value in Table 10), Figure 2d shows
that robust estimator (RLS) performs better for 7 < 0:30.
This  validates that observations classified as
leverage-inducing collinearity are misleading since one
expects ridge-type robust estimators to be more efficient for
data sets with high collinearity and outliers [5,6].

Hence, we conclude that for practical applications in order
to select the best estimator with respect to variance, VIF
value should be computed by extracting the leverage points
from the data for the best results. This suggests the use of
robust VIF calculations as we will discuss in Subsection 3.2.
However, the precise contribution of robust VIF
computations to solve estimator selection problem is yet to
be understood and this will be the subject of our future work.

b} Darta with leverage-masking collinearity and both Type 142 autliers
iy

. —oLs
] —am
—s
1 ATS
005 ad 015 oz 0.25 03 0as 04
Mixture Parameter 4

Mante-Cang Eatimate of Vanans
R
|
|
|
|
\L
|
|
|
|
|
|
|
|

di Data with leverage-inducing collinearity and both Type 142 cutlers
o’

B

F

1

£ '

=

w

=

& 7

P /

= £

. —_Tr

10 / o

—ALS

S ——— ATS
Yaos @1 o045 a2 025 03 035 04

Mixture Parameter 4

f) Data with leverage-intensilying collinearity and Type 142 outliers

1o~
&
g
B oo
E- T e —
= . L
= ——
= 2
(L
= o
E - — —
=
"; o ——
=
I:j oLs
& —_—
E 10 — R
= AR
= —s

ATS

D25 03 035 o4

10 R
Mixiure Paramster 5

4
e o1 oA

Figure 2. 6 plots illustrating the logarithm of the Monte-Carlo estimates of variance as a function of mixture parameter 7 . Color coding in the figures is
arranged such that OLS, ridge, robust, and ridge-type robust estimators are represented by blue, red, black, and green, respectively. The set of parameters
used in each subplot (a)-(f) are presented in Tables 3, 6, 7, 10, 11, and 14, respectively



International Journal of Statistics and Applications 2018, 8(2): 88-102 95

&) Data with strong collinearliy and Type 2 outliers
10"

w
o] N
= -
T -
e
-] =
ERT o R
E N T = — —
WL
= W
3 |
3l —FRAZ
g 107 FLS
[=]
= ---8

d RT5

TS 3

o 0.1 0.2 0.3 0.4

Mixiura Farameater 1

b Data with moderate level collinearity and Type 2 outliers

0t

d -

210

i e

iR S

_: Ly

S

|

0™ —AR3

£ —ALS
2
ATS

[

i o 0.z 03 0.4

Mixlung Paramaler

E} Data with low level (no) collinearity and Type 2 outliers
{

i
L]
2
=
2
EpF ———
- -
1=}
A
o f
Eqg° -
& .
w [
2 S
.;‘_;..‘1";» Ji-'h RAT
g_- —RLS
= -5
= RTS

.I.l.li

o 0.3 0.4

12
Meliglure Flr.1r:'.'|'::l.::r 1

Figure 3. 3 plots illustrating the logarithm of the Monte-Carlo estimates of variance as a function of mixture parameter 7 . Color coding in the figures is
arranged such that ridge, robust, ridge-type robust estimators are represented by red, black and blue, green, respectively. The set of parameters used in each

subplot (a), (b), (c) are presented in Tables 15, 17, 16, respectively

In Figure 3a-3c, we present results gathered from Tables
15-17, respectively. In Figure 3a, it is observed that
ridge-type S estimator performs the best based on variance
(RTS shown in green). Moreover, Figure 3b illustrates that
for small values of 77 <0.07 robust estimators (RLS and S

shown in black solid and dashed lines) but for higher values
of 77>0.07 ridge-type S estimator (RTS) has the lowest

variance. Finally, Figure 3c, shows a similar trend around
n=0.16.

These results validate that when there are outliers only in ¥
direction, as the level of collinearity increases ridge-type S
estimator (RTS) performs better with lower variance than
robust estimators (S and RLS). Hence, the strength of
collinearity is also critical for selecting estimators.

Remark: In this section, we have compared estimator
performances only with respect to their variances. However,
in some practical applications bias-variance trade-off should
be taken into account for selecting the appropriate estimator.
Hence, we presented BIAS and MSE values computed from
Monte-Carlo estimates as well as VAR in the Tables 3-17.

3.2. Example

In this section, we compare estimator performances
(presented in Section 2) when they are applied to the data set
introduced in [27]. This synthetic regression data is
constructed such that there are three explanatory variables
and in total n =75 observations that are enumerated from
1-75 such that the observations 1-10 are outliers in Type 1

direction (77 =0.13). Moreover, data is constructed such
that the following 4 observations between 11 and 14 are
leverage observations VIF computed from 75 observations

is 23.6842. This reveals that collinearity exists in data. VIF
obtained by excluding both outliers and leverage
observations is found as 1.0163. Hence, we classify these (in
total 15) observations as leverage-inducing collinearity. If
we exclude only leverage observations and outliers, VIF
values are 34.1178 and 13.0166, respectively. These results
indicate that Type 1 outliers induce collinearity more
prominently than the leverage observations.

Using this knowledge, one may use Table 8 (for data
involving Type 1 outliers as well as leverage-inducing
collinearity) which concludes that RLS estimator performs
the best based on variance when mixture parameter is in the
range 0.01<7 <0.25. Moreover, for the same range of 7
we observe from Table 8 that RLS and RTRLS have
approximately the same value of VAR but RLS has lower
BIAS and lower MSE values.

In Table 2 (Appendices), we present results gathered from
distinct methods to estimate the regression parameters for

Y=po+piXo+ BsX;+e as well as VIFg values. VIFg
is the estimate of VIF . Moreover, it is computed by the set
of observations used for calculating ﬁ for each estimation

method. In Table 2, VIFg value computed from RLS is

equal to 13.0166. This is the same value computed by
excluding only Type 1 outliers from data. Hence, this
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suggests that RLS estimator uses the subsample excluding all
Type 1 observations which maximize its efficiency and this
is in line with our results presented in Table 8.

However, it is non-trivial to make the same conclusion for
the rest of the robust estimators. Note that, since ridge

estimators (RRI, RR2, RR3) use all the data their VIFg
values (in Table 2) are found as 23.6842 which is estimated

from the total data set with 75 observations. Ridge-type
robust estimators RTRLS, RTM and RTS have the same

ViFE values as RLS, M and S in that they use the same
subsample.

4. Conclusions

This study aims to construct a framework in order to
compare estimator performances for various levels of
contamination caused by collinearity, collinearity-influential
observations and outliers in data. Furthermore, it targets to
investigate the influence of their interactions by examining
fifteen different data sets. These synthetically generated data
sets involve distinct combinations of outliers classified as
Type 1 or 2 based on their distance, and three distinct
collinearity-influential ~observations, namely, leverage
masking, leverage-inducing and leverage-intensifying

Appendices

collinearity. For the analysis, we use ridge, robust and
ridge-type robust estimators from the literature and compute
the Monte-Carlo estimates of total mean square, total
variance and total bias for evaluating their estimation
performances.

We compare estimators based on variance and observe
that when data involves high collinearity and only
leverage-masking observations (no outliers), RR3 (ridge
estimator) has the smallest variance. However, in a practical
application due to the masking effect of the leverage
observations, VIF would be small and OLS estimator would
be expected to perform the best for no collinearity and no
outliers case, [6, 8]. Similar effects are observed when data
involves leverage-inducing observations. Hence, we
conclude that the interactions between collinearity and
collinearity-influential observations can be misleading when
selecting an estimator. These results reveal that ViF , which
is used for estimator selection, should be computed robustly
by excluding the leverage points from the data set.

We also observe that directionality in outliers and the
strength of collinearity in data are also relevant for estimator
selection. We show that the results presented in this study
can be used as lookup tables to decide on the best estimator
based on total variance, total mean square error and total bias
values.

Table 2. Parameter estimations and ViFE values for the data

OLS RR1 RR2 RR3 RLS LMS LTS M E RTRLS RTM RTS
Bo —0.3866 0.2803 1.2756 1.2746 —0.1798 —0.5224 —0.5896 —0.5404 —0.1800 —0.1592 —0.4583 —0.0159
,51 0.2459 0.4116 0.9759 0.9952 0.0833 0.2882 0.2097 0.1952 0.0834 0.0727 0.1538 0.0046
fa —0.3347 0.3745  —2.4001 —-2.3013 0.0398 0.0457 0.0791 0.0502 0.0398 0.0378 0.0439 0.0105
fBa 0.3811 0.4210 4.0419 3.9238  —0.0523 —0.1126 —0.1194 - 0.0867  —0.0523 —0.0480  —-0.0713 —-0.0101
VIFg 23.6842 23,6842 23.6842 23.6842 13.0166 100.9109 72,2054 14.4149 13.0194 13.0166 14.4149 13.0194
Table 3. Case 1: MSE, VAR, BIAS and VIF, values when data involves only leverage-masking collinearity (no outliers)
n = 50, B2 = 0.8527, VIF = 501.3193, 5 = [5.0208 _ 0.2375_ 0.2375_ 0.4726
n VIits OLS RR1 RR2 RRI RLS LMS LTS M 5 RTRLS  RTM RTS
VIFp

0 496.3414 MSE  3.1753 23.1763 23.2652 20.6044 44854 16.2551 18.7782 146596 10.1293  7.0128 114274 12.6207

496.3414 VAR 31733  0.3389  0.4226  0.0030 4.4810 16.2439 18.7963 14.6510 10.1192  2.1351 25846 1.1034

BIAS 00014 47788 47797 45388 0.0591  0.1058 00274 0.0927  0.0151 2.2085 2.9477  3.3050

001 5710820 MSE 00451 260160 26.0232 23.6500 24058 88678  11.5210 7.0443  1.6027  2.7540 13902 6.0464

5.0794 VAR 00451 00064  0.0064  0.0046 2.3062 £8723 11.5043 7.9376  1.6025  2.1990 3.1204  3.8046

BIAS 00020 50999 51006 48635 00979 00622 01202 00818  0.0141 0.7449 11268 1.4972

0.05 5220611 MSE 003609 265333 26.5410 24.1553 1.0752 88006  0.1045  5.3059  1.3470  2.3108 1.4066  5.5537

4.6591 VAR 00368 00057 00058 00042 19733 87927  9.1014 82076  1.3459 1.8892 31454 3.6806

BIAS 00100 51505 51512 49143 00435 00888 00356 00911  0.0331 0.6562 11230 1.3686

0.10 5432944 MSE 00262 266435 26.6508 242517 0.6390 1.6505 25166  2.1801  0.4641 0.5565 10352 1.4895

4.7935 VAR 00261 00054 0.0054  0.0039 06384 16494 25145 21783 04637 05530 009544 13018

BIAS 00100 51612 51619 49242 00244 00331 00458  0.0424 00200  0.0591 02842 04332

0.20 5160158 MSE 00322 23.6475 236542 213373 0.1887 03915 0.5009 04234  0.1654  0.1771  0.3285  0.2001

5.6986 VAR 00322 00063 00063 00041 0188 03911 05905 04220 0.1653  0.1563 03069  0.2550

BIAS  0.0000 48625 48620 46187 01000 0.0200 00200 00223 00100 01442  0.1469  0.1873

0.25 5427005 MSE 00324 00062 00063 00043 00437 01610 0.1709  0.1424  0.0960  0.0451  0.1421  0.0063

5.7860 VAR 00324 00062 00063 00043 0.0437 01610 01709 01424 0.0960  0.0451 01421 0.0963

BIAS 0.0100 58671 55165 52818 00100  0.0141 00141 0.0100  0.0000  0.1545  0.1095  0.1466

030 5030554 MSE 00373 280853 28.0020 256103 0.0517 0.1807  0.2083  0.1675  0.1148  0.0768  0.1816  0.1467

6.0808 VAR 00373 00667  0.0067 0.0044 00517 01895  0.2082  0.1673  0.1147  0.0541 01671  0.1154

BIAS 0.0000 52080 52006 50602 00000 0.0141 00100 00141 00100 01506  0.1204  0.1769

040 5460026 MSE  0.0349 29.3527 29.3006 26.8942 0.0486  0.1869  0.2385  0.1719  0.1123  0.0734 _ 0.1954  0.1581

4.4796 VAR 00349 00055 00055 00041 0.0485 01866  0.2381  0.1713  0.1120  0.0526 01719  0.1143

BIAS 00000 54200 54208  5.1853 00100 00173 00141 00244 00173 01442 01627  0.2002
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Table 4. Case 2: MSE, VAR, BIAS and VIF. values when data involves leverage-masking collinearity and Type 1 outliers

n = 50, B2 — 0.8507, VII — 501.3103, B — [5.0008 0.2375_ 0.2375_ 0.4726]
n VIFg OLS RR1 RR2 RRS3 RLS LMS LTS M 5 RTRLS  RIM RTS
VIFy
0 520.7006  MSE 27020 255007 256452 22.7907  3.6606  13.7355  15.0700 115488 8.1338 56640 0.6678  11.0165
5207046 VAR 2.7004 0.4305 0.5381 00044 36579  13.7302 150656 115363  8.1301 21890 2.8968 12274
BIAS  0.0500 5.0099 50006 47744 00519 0.0728 01195 01118 0.0608 18641 2.6021  3.1287
0.01 5068507 MSE 2317457  52.0732  71.6673  15.6463  18.8020  76.3627  S3.2287  67.0060  8.067% 85041 11.7337  16.8300
73117 VAR 234.6380 234638 367325 58100  IS.8741  76.2010  S83.1782  67.8431  8.0607 44120 45776 2.9981
BIAS  0.3268 5.4414 50105 3438 00179 0.2677 02179 0.2507  0.0824 20450 26750 3.7191
005 5072057 MSE 7746000  146.6070 2037402 03613 184033 742008  SI0283  63.4357  2.3853 RO086 103010 231763
5.7908 VAR 7TT25825 907528 1344433 0.2803  18.3478  74.2887  S3.8884  63.3801  2.37I8 41583 40285 0.685%
BIAS 1.4517 7.4749 9.4497 02895  0.2355  0.0455  0.3780  0.2155  0.1161 19622 2.5225  4.8096
0.10 5327264 MSE  1164.60000 277.5093  458.7673  13.8084  5.6145  34.2484  32.3658  28.4982  0.3566 3.2838  4.5290  24.2207
6.5089 VAR 1148.8000  151.3497 2560425  13.1450 86063  34.2141 323422 284795  0.3563 24646 25934 0.0434
BIAS _ 3.9719 11.2360 142065 08679  0.0921  0.1852  0.1536  0.1367 __ 0.0173 00050 14951 4.9179
020 5530037 MSE 20437000 5818801  BOL.2881 100273 84847 263266 28.2607  IS.8504  0.4460 33551 5.0730  24.4050
13107 VAR 1960.3000  233.3516 3621131 185762 84638  26.3100  28.2437 188100  0.467 23012 20658  0.0044
BIAS  9.1323 18.6601 23.0038  0.8069  0.1445 01252 0612 01360  0.0141 09296 17341 4.9397
025 553.3740 MSE  2817.2000  S08.5660  1203.1000 24.7568  0.4201 1.2420 13164 08208 0.3841 07085 3.1290  24.4790
5.5146 VAR  2711.8000  260.0063 3994000  24.274% 04287 12417 1.31% 08206  0.3838 04422 0.8055  0.0041
BIAS  10.2661 234021 283196 0.7157 00200 00173 00282 00141 00173 05163 17098 4.9472
0.30 517.1702 MSE  3324.0000  1064.0000 1530.0000 23.7941  2.9807 40231  10.3315 33040  3.1036 17266 5.0248 245726
5.1232 VAR  3072.0000  290.3000 4283000 23.2684 29895  4.0219  10.3206 33045  3.4026 14652 1.2421  0.0629
BIAS  17.9694 27.8154 387517 07252 00141 0.0387  0.0435 00200  0.0316 05112 19449 4.9507
040 101.8730 MSE  4382.3000  1713.8000  451.2000 32.5802 201.4496 2110626 504.5400 208.0720 G87.1087  160.2000 974845  31.6000
4.0389 VAR 4020.8000  362.5000  344.0000 32,5375  187.6302 200.8633 470.1744 193.8080 6748161  154.0125 06.0372  T7.5042
BIAS  19.0131 36.7600 104976 0.2066 37162 37540 50373 37767 33060 24804 12030 4.0392
Table 5. Case 3: MSE, VAR, BIAS and VIF, values when data involves leverage-masking collinearity and Type 2 outliers
n =50, ° = 08527, VIF = 501.3103, 5 — [5.0208 0.2375_ 0.2375_ 0.4726]
7 VIFg OLS RR1 RR2 RR3 RLS  LMS LIS M E RTRLS  RTM RTS
VIFp
0.01 2728187 MSE 0.0503 252357 252127  22.0021 2.1206 B.1764 80112 6.8895 1.4957  2.8207  5.6036  7.7735
4.0340 VAR 0.0503 0.0056 0.0056 0.0043  2.1185 S.1683 89056 6.8827 1.4942  2.0458  3.3809  3.7270
BIAS  0.0000 5.0229 5.0236 47851  0.0458 0.0000 0.0748 0.0824 0.0387  0.8802  1.4908  2.0115
0.05 559.9026 MSE 1187196  64.6932 1214574 17749 1.7444 7.6581 88645 6.6441 0.0333 25033 51324 24.1060
5.2819 VAR 0.0330 0.0043 0.0082 0.0020 1.7428 T7.6469 B.8588 6.6255 0.0333  1.8350  3.1307  0.0000
BIAS  10.8943 8.0429 110205 1.3315  0.0400 0.1072  0.0774 0.1352  0.0000  0.8702 14148 4.9098
0.10 4834270 MSE  237.0975  121.6504  409.2771 16402 1.3128 4.2851 46516 3.9097 0.0380  1.3577  1.9408 24.3180
3.7752 VAR 0.0329 0.0334 0.0044 0.0006 13116 4.2847 4.6778 3.9067 0.0380  1.2225 16196 0.0000
BIAS  15.3969 11.0203 20.2304  1.2804  0.0346  0.0200 0.0616 0.0547  0.0000  0.3676  0.5667  1.9313
020 3530550 MSE 28103000 758.0234  1197.4000 7.9827  0.1051 0.3190 03150 0.3073 0.0526  0.1018  0.2769  24.4402
6.1584 VAR 0.0000 0.0084 0.0000 0.0000  0.1050  0.3188  0.3157 0.3071  0.0526 0.0058 0.1989 0.0001
BIAS _ 53.0122 27.5320 34.6034  2.8253  0.0100  0.0141 0.0141 0.0141 0.0000  0.0774  0.2792  4.9436
025 5053048 MSE 455000  120.1147  763.6807  37.2001 0.0584 0.1678 0.1853 0.1150 0.0520  0.0645  0.2266  24.1660
3.5610 VAR 0.0375 0.0560 0.0041 0.0563  0.0583 0.1676 0.1851 0.1149 0.0520  0.0387  0.1256  0.0001
BIAS 7.0393 11.3553 27.6348 6.0053  0.0100 0.0141  0.0141  0.0100  0.0000 0.0761 0.3178 4.9463
030 576.6891 MSE 3628712 5359134  1414.1000 0.8485 0.0690 0.1888 0.2084 0.1157 0.0641  0.0788  0.3280 24.5368
6.5954 VAR 0.0296 0.0035 0.0000 0.0005  0.0680 0.1887 0.2083 0.1156 0.0640  0.0680  0.1258  0.0001
BIAS  19.0484 23.1497 37.6045 09208  0.0100 0.0100 0.0100 0.0100 0.0100  0.0994  0.4496  4.9534
0.40 523.3333 MSE 41582000 2105.0000 2425.3000 10.5696 0.0588 0.1398  0.1307 0.0653 0.0562  0.0674  0.5352  24.6301
4.5606 VAR 0.0000 0.0000 0.0000 0.0000 0.0588 0.1398 0.1305 0.0653 0.0562  0.0386  0.0903  0.0001
BIAS 644811 15.8802 49.2473  3.2060  0.0000 0.0000 0.0141 0.0000 0.0000 0.0938  0.6670  1.0628
Table 6. Case 4: MSE, VAR, BIAS and VIF} values when data involves leverage-masking collinearity and Type 1 and 2 outliers
n =50, B2 = 0.8527, VIF = 501.3103, 5 = [5.0298 _0.2375_ 0.2375_ 0.4720]
n VIFq OLS RRI RR2 RR3 RLS LMS LTS M 5 RTRLS  RTM RTS
VIFr
005 450.8200 MSE 7242683  134.0027  206.0272  10.3703 23.3161 025618  102.3301 775405  3.4574 §8865  10.8808  23.1750
1.9234 VAR 7158420  7T9.7951  118.0946  10.3230  23.3459 924717  102.2656 774722 3.4540 45442 42093 0.6992
BIAS  2.9026 7.3686 93772 02174 00141 03001 02711  0.2780  0.0383 2.0303 25846 4.7408
010 482.9687 MSE 12225000 237.4038  369.566  12.3218 88520  34.0045  37.5003 328021 0.2041 3.1836 53833 21.2505
3.8655 VAR 12052000 1111412  I75.3777 114861  S.8513  34.8017 374699 327732 0.2940 2.4032 2.8063 00498
BIAS _ 4.1593 11.2406 13.9344 09141 0.0264  0.1131 01743 0.1708 _ 0.0100 0.8834 L5770 4.9194
020 463.0453 MSE 22515000 572.3891  840.7474  18.6280  6.4794 122573  17.0612  9.7103  0.3153 17501 37149 244456
3.7138 VAR  2170.9000  199.1137  204.0424  IT.5870 64781 122507  16.9889  0.6886  0.3151 1.3523 13695 0.0042
BIAS  9.1433 19.3203 233817 1.0195  0.0360  0.0812 02688  0.473  0.0141 0.6378 15314 4.9438
025 464.0075 MSE  2151.2000 737.2531  1105.1000 20.0360  4.7305  10.0741 107348  8.5565  0.3879 1.3398 36747 24.4650
3.5378 VAR  2070.3000  221.8021 3340000 19.2320  4.7262 100713 107324 85555 0.3878 1.0076 11203 0.0043
BIAS 89011 226093 277686 0.8061  0.0655  0.0529  0.0489  0.0316  0.0100 0.5763 15982 40457
030 4923811 MSE  4503.2000 11315000 1507.6000 16.0786  19.3166  39.0542 648170 205726 326410  7.4791 9.8317  24.6329
3.5181 VAR 43067000  311.8000 4107000  15.3436  19.3236  30.0188 647813 205513 326221  6.0876 24851 0.1137
BIAS 140178 286304 331194  0.8573 0341 0881 01808  0.459  0.1374 11797 27110 49516
040 4555061 MSE  3406.3000 1610.0000 22057000 39.4425 105.0126 1017856 523.0001 180.1410 103.6565 178.1621 106.7396 31.1167
35675 VAR 29934000 3117000 4203000 30.4361 182.2653 170.5783  503.1533 1767983 1814105  160.7080 1059778  6.6797
BIAS 203199  36.0319  43.3055  0.0781 20575 34938 45558 35132 34994 2.9074 0.8728 49433
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Table 7. Case 5: MSE, VAR, BIAS and VIF, values when data involves only leverage-inducing collinearity in data (no outliers)

™ = 50, B2 = 0.0002, VIF = 12191, 5 — [1.3515__0.7061 _0.3501__0.1000
m OLS R RRZ RE3 RLS  LMs LTS ] 5 RIRLS  HIM RIS
i MSE 350081 35.0031 343358 0.0002 00006 07070 = 0.3505% 00108 0.0005
VAR 0.0000  0.0000 0.0001 00002 00006 0.7077 0.3503  0.0002
BIAS 5.0230 5.0230 5.8506  0.0000  0.0000 0.0141° 0.0141*  0.1400
001 1.0964 MSE 5 G8.0867  G8.0860  G1.6400  0.1339° 04007  0.5630% 0.1845°  0.0198
202360 VAR ob  0.0002 0.0002 0.0019 01337 04007 0.5624 018437 0.0001
BIAS 82514 82514 80307 0.0141 00244 0.0141 00141 01408
005 11341 MSE 00358 64768 GO.ATT0  G27613 01316 0.6028% 0.4740° 0.1457=  O.0108
31.4088 VAR 0.0358° 0.0002 0.0026 01311 0.6026*  0.4735% 0.1486 0.001 0.4733
BIAS  0.00002 8.1533 70290 0.0223 0.0141%  0.0223* 0.0100° 01403 0.0141
010 1.1456 MSE  0.0867° 1567150 1567162 144.2453 0.1100° 0.0005  0.4031° D.2400° 00107 04038
100.2607 VAR 0.6861F 00007 00007 0.0021  0.1108= 0.0005 04028 024882 00001 04037
BIAS  0.0244% 125185 125186 120101  0.0100* 0.0000  0.0173* 0.0141° 01400  0.0100*
020 1.1430 BISE  0.04607 0301808 2320852 213.0815 00610 02810 0.2350° 0.1462= 00001 0.2358+
137.8677 VAR 0.0450°  0.0008 0.0008 0.0014  0.0648 0.2813%  0.2358% 0.1461° 00001 02358
BIAS  0.0100° 152375 15.2375 146178 0.0100* 00244 0.0100° 0.0100° 01400  0.0141* 0.
U025  1.0587 MSE 003007 3120033 3120072 2870701 U054 02237 0.2575° U.193° 014000 00001 012 01400
154.3004 VAR 0.0309°  0.0000 0.0009 0.0010  0.0541% 02235* 0.2576* 0.1942* 0.1399° 00001  0.1942*  0.1400°
BIAS 0.0000° 17.6801  17.6801 160522  0.0000° 0.0141°  0.0141° 0.0100° 0.0100° 01400  0.0100°  0.0100°
030 1.2105 MSE 040657 4760743  476.0820 4422070 0.0550° 0.1800° 0.2054° 0.1675° 0.1150° 0.0187  0.1678* 0.1140°
170.0356 VAR 04061  0.0013 0.0013 0.0004  0.0550° 0.1800% 0.2053° 0.1673% 0.1149° 00001  0.1674* 0.1140°
BIAS _ 0.0200% 21.8307  21.8308  21.0287  0.0000* 0.0000° 0.0100° 0.0141* 0.0100°  0.1400  0.0200°  0.0000
040 1.6600 MSE  D.0339 5630603 563.0748 5051727 0.0496° 01060 0.2201° 0.1817= 0.1122~ 0.0187  0.1818* 0.1123°
156.1624 VAR 0.0330" 00010 00010 0.0005  0.0405% 0.1958% 022012 0.1816* 0.1121° 00001  0.1817% 0.1122%
BIAS  0.0000° 23.7200  23.7201 220166 0.0100* 00141° 0.0000° 0.0100° 0.0100° 01400  0.0100° 0.0100°
* 1.06-003
b 1.0e-004
Table 8. Case 6: MSE, VAR, BIAS and VIFy values when data involves leverage-inducing collinearity and Type 1 outliers
=50, " = 0.0002,VIF = 12121, 5 = [1.3515_0.7061 D3804 0.1000
7 OLS RR1 RRz RR3 RLS LS LTS M s RTRLS  RTM RTS
0 T5M3  MSE 00473 324473 IDA473 B3 B U Uy VN L VIV 06705 043 ODI8 067508 0430
1.5443 VAR 01472 0.0000 0.0000 0.0001  0.102°  07THR 0.0008 06763 04373 00002  0.6754% 04366
BIAS 00100 55062 5.6062 56371 0.0141°  0.0100° 00000 001417 0.0200° 01400 0.0223°  0.0200°
001 11004 MSE  Br.0330  100.07G0  GS5.8000  G0EUS0  0.0130 00478 00586 00438 00135 00335 0.0450  6.5250
654066 VAR 869530 231001 5724000 154046 00130 00478 00556 0.0438 0.0141 0.0446  4.0448
BIAS 02812 0.2718 10.6475 TA487 00000 0.0000 00000 0.0000 01302 0.0141  1.6676
005 14831 MSE 7802460 3950240  2GGS.0000  38.2615 00182  0.0748  O.0857 00370 0.0723 1704067
604842 VAR 7823380  187.5411 24231000  27.8880  0.0182  0.07AT  0.0856 00180 0.0677  0.0704
BIAS 26281 11.8609 15.6402 39207 00000 00100 00100 01378 0.0678 40095
010 11015 MSE 12558000 0103300  BSI25000  G08050 00082 00207 00357 0037 0.0205 IR
6571050 VAR 12374000 2611330 81152000 422407 0.0082  0.0207  0.0357 00082 0.0276  0.0728
BIAS 42805 18.9261 26.4064 20402 00000 00000 0.0000 01306 0.0435 49778
030 14365  MSE 21746000 18037000 48311.0000 1027260 00052 00177 00102 00248 00143 181470
150.3482 VAR 21001000  319.0000  44060.0000  ST.STT3 00052 00177 0.0192 00053 0.0132  0.4608
BIAS 80032 37.5850 57.8100 38534 0.0000  0.0000  0.0000 154083 01306 0.0331  4.9047
035 10584 MSE 48625000 33411000  59700.0000 1160437 00063 0.0196  0.0205 12160000 0.0250  0.0150  18.5435
1434440 VAR 47351000 10166000 485160000 1000013  0.0063  0.0196  0.0205 632.0000 00064  0.0134  0.7321
BIAS 119871 482130 72.6223 40052 0.0000 00000 0.0000 241785 01306 0.0400 49205
030 1.2016  MSE  GI0S.6000 40624000  SRIDA.0000  120.6032  18.6780 136130 384307  13.6000  1500.1000 47000  2.0040  18.1410
187.6202 VAR 3217000 12202000  S0165.0000 1153342 136710 136080 383686 136843  565.2000  4.6961 20036 0.6786
BIAS 03220 6LITS 50,6046 37747 00836 00707  0.3018 00812 320140 01174 0.0200 41780
040 14663 MSE 72588000 83328000  151Gr0.0000 1506657 430.8630 4626390  TI09.3000 4467136 9850.2000 2073655  106.2435
2007230 VAR 7030.1000 14754000 137260.0000 1423450 430.8633 4533250 10060000 4380765 11824000  109.4386 1017644
BIAS 151298 828004 1200416 41618 30000 30517 3.5213 20388 40.0487 28154 21163
*1.06-003
Table 9. Case 7: MSE, VAR, BIAS and VIF values when data involves leverage-inducing collinearity and Type 2 outliers
n — 50, B2 — 0.0002,VIFF — 1.2121,5 — [4.3545 07061 0.3804__0.1000]
o OL5 RRi RRZ RRZ RLS  LMS LTS i 3 RTRLS  RTM RTS
001 MSE 051600 T0.0554 00550 065532 01017 068000 00008 06114 02168 01017 06116  0.0002
VAR 0.5156% 0.0002 0.0002 0.0010  0.1016* 06860 00008 06100° 0.2156°  0.1916%  0.6110° 0.0002
RIAS  0.0200P 830608 8.3600 81578 0.0100° 002447 00000 0.0223°  0.0141°  0.0100°  0.0244%  0.0000
005  1.1167 MSE  291.5003 5.6303 L1664+ 16518 0.1067* 0.3051% 04240° 0.3388°  0.0402~  0.1060%  0.3304% 17.0387
308481 VAR 0.0000 0.0000 0.0000° 0.0000  0.1067° 030487 04246° 0.3387°  0.0402°  0.1068%  0.3391°  0.0000
BIAS _ 14.8062 0.2541 1.0800 21568 0.0000° 0.0173% 0.0173* 0.0100°  0.0000°  0.0100°  0.0173% 42354
010 1.1753 MSE 3508385 345.3085 810.3360 36846 0.0532° 018300 0.1092° 0.1580° 09745 0.05327  0.1501° 1834206
825808 VAR 0.0000 0.0000 0.0003 0.0000  0.0531* 0.1820% 0.1000° 0.1388°  0.3742F 005317 0.1500°  0.0000
BIAS _ 18.8001 18.5824 28.6240 10195 0.0100° 0.0100° 0.0141° 00100°  0.0173°  0.0100°  0.0100°  4.9898
020 1.0011 MSE  04.3130 36,3700 15803000 26001000 0.0580° 0.1025° 02160° 0.1422° 22.1783  0.0687"  0.1425° 184820
050118 VAR 0.0000 0.0001 0.0000 0.0000  0.0586* 010242 02168 0.1421>  0.0000 0.0586%  0.1424%  0.0000
RIAS _ 0.71301 5.1352 677443 500011 0.0100°  0.0100°  0.0100° 0.0100°  4.7003 0.0100°  0.0100°  4.9000
025  1.2042 MSE 6368200  88.6121 260340000 G743 00582 0.1825° 0.1082° 0.1235°  0.0002 0.0583°  0.1237° 186131
136.1976 VAR 0.0000 0.0000 0.0000 0.0000  0.0581* 018247 0.1980° 0.1234>  0.0002 005817 0.1235°  0.0000
BIAS _ 95.0354 20,6413 161.3505 25075 0.0100° 0.0100° 0.0141* 0.0100°  90.6010  0.0141*  0.0141* 43142
030 12800 MSE  20012.0000 0758000 2086100000 162083 0.0620° 0.1708% 0.1805° 0.1123° 3304004  0.0620°  0.1123° 181431
1514842 VAR 0.0000 0.0000 0.0000 0.0000  0.0620° 01706+ 01804 01123*  0.0000 0.0620°  0.1122%  0.0000
BIAS 1414637 97.8560 456.7384 40250 0.0000° 001417 0.0100° 0.0000° 184252  0.0000°  0.0100°  4.2594
040 1.1366 MSE  13486.0000 10602.0000  GOOE0.0000 148033 0.1308 0.3004° 0.3680° 0.1620° G143.2000  0.1300°  0.0002 105331
100.6226 VAR 0.0000 0.0000 0.0000 0.0000  0.1397* 03602+ 03677 01628  0.0000 0.1308%  0.0002  0.0000
BIAS 1161202 103.4021 2644806 38475 0.0100° 001417 0.0173° 0.0100° 783785 0.0100°  0.0000  4.4106
& 1.0e-003

B 1.0e-004
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Table 10. Case 8: MSE, VAR, BIAS and VIF values when data involves leverage-inducing collinearity and Type 1 and 2 outliers

n =50, R = 0.0902, VIF = 1.2121,55 = [1.3545__0.7061__0.3804 0.1000]
n VIFg OLS RRI RAZ RR3 RLS LS LTS T E RTRLS RTM RTS
VIFg
005 1.2556  MS5E 3306950  923.1207  1057.0000  38.1527 00158  0.0580  0.0673  0.0521 2.6000 0.0163 0.0560  16.1180
368277 VAR  328.2380 1272435 866.0000  27.0700 00158  0.0589  0.0671  0.0524 2.6079 0.0160 0.0541  1.3614
BIAS 13671 0.7016 13.8202 33200 00000 0.0000  0.0141  0.0000 0.0447 0.0173 0.0520  3.8841
010 1.4250  MSE  826.7001  475.5485  3835.1000  34.8870  0.0101 00310 0.0383 00207 314060 0.0104 0.0320  15.2540
173145 VAR B00.8106  220.5500 33927000 20.0037  0.0101 0.0310 00382 00207 310012 0.0102 0.0304  0.1089
BIAS 41107 15.7796 21.0333 22323 00000 0.0000  0.0100 _ 0.0000 0.5610 0.0141 0.0400  4.2507
020 11146  MSE 12707000 O76.804%  7461.0000  76.3014 00128  0.0418  0.0445  0.0205  467.7813  0.0131 0.0330  18.5530
16.4068 VAR 1220.0000 3871526 6332.0000  64.6805 00128  0.0413  0.0444  0.0205  419.0799  0.0129 0.0306  0.6672
BIAS _ 7.0560 24.2897 33.6005 34221 0.0000  0.0000  0.0100  0.0000 6.0786 0.0141 0.0574  4.2201
025 1.1207  M5E 12035000 1002.7000 78057000 1830447 00118 00354 00367 00230 7620013  D0120 0.0205  10.1237
51.3307 VAR 11854000 3085000  6023.7000 1448279 00118  0.0354  0.0367  0.0230 70481 0.0118 0.0254  1.4456
BIAS 103071 26.3476 42.2137 62543 00000 0.0000  0.0000 00000 111822 0.0141 0.0640  4.2045
030 1.3245  MSE 10037000 1818.6000 14426.0000  70.0651  1.6031 16200 201744  1.6136 12120000  1.6033 15880 20.5080
431085 VAR 17TT6.6000 5743000 122480000  57.0722 16020 16198 201460 16133 0411000 16025 15873 2.4349
BIAS 112738 352746 46.6600 37474 0.0141 00141  0.1685  0.0173  16.4863 0.0282 0.0400  4.2512
040 1.1360  MSE  2047.7000 2484.7000 13601.0000 170.3236 3110770 5151878 807.1322 452.6443 2311.3000 146.3168  113.0068 33.4076
42.6806 VAR 17627000  TIS3000  10212.0000 1359125 301.3060 502.0352 893.9175 440.6842 1606.7000 139.3986  107.7842  13.2200
BIAS 168810 420261 58.0830 58660 31432 36266 17920 34583 247011 26302 23050 4.5030
Table 11. Case 9: MSE, VAR, BIAS and VIF values when data involves only leverage-intensifying collinearity (no outliers)
n =50, B2 = 0.8748, VIF = 174806, 3 = [8.0858 0.0612 _0.8062 -D.0263
7 VIFc OLS RRI RR2 RRZ RLS LMS LTS M 5 RTRLS RTM RTS
VIFp
] 30,6421 MSE 00010  3.4480 34488 26031 0.1380 04016 05638 04452  0.3088  0.203% 05716 0.5525
20.6421 VAR 00918 0.0140 00149 00047 0.1385 04014 05635 04440 0.3084  0.1520 0.4632  0.3275
BIAS 00100 18528 18530  1.6307 0.0141 00141 00173 00173 0.0200  0.0513 0.3292  0.4743
001 27.644 MSE  0.1476 45513 45525  3.6778 02132 07545 0.8670 0.6301 0.4383  0.2781 00103 1.0307
15.3646 VAR 01475  0.0206 00296 00034 02131 0.7542 08670 0.6201 04381  0.2507 0.4507
BIAS 00100 21264 21267 19168 00100 00173 00300 00264 00141 05006 0.7615
005 17.2003  MSE 0.0646 51146 51160 30850 0.0060 03655 0.3011 0.3105 0.2067  0.1600 0.3313
14.3722 VAR 00645 0.0276 00276  0.0034 00060 03653 03910 03108 0.2067  0.1054
BIAS 0.0100 29554  2.2550 10956  0.0000 00141 0.0100 0.0000 0.0000  0.2355
010 267000 MSE  0.0020 114144 01378 01280 05033 04577 0.3072  0.103%
119.7059 VAR  0.0919 00772 00025 0.1279  0.5029 0.4573  0.3071  0.1526
BIAS _ 0.0100 3.3670  3.0224  0.0100  0.0200 0.0200  0.0100  0.2022
020  47.6061 MSE  0.1016 70360  6.2745  0.1452  0.5256 0.4530  0.3148  0.2075
110.2181 VAR 0.1015 00711 00024 01450  0.5254 04534 03148  0.1722
BIAS _ 0.0100 2.8046  2.5044  0.0141  0.0141 0.0223  0.0000  0.1878
025 23.2510  MSE 00815 10,0311 100438 70206  0.1134 04525 0.4%67 0.3600 0.2573  0.1781
1174175 VAR 00815 00727 00731 00024  0.1134 04522 04865 0.3688 02571  0.1286
BIAS _0.0000  3.1556 31576 28130 0.0000 00173 0.0141 0.0141  0.0141  0.0495
030 50.2562  MSE  0.0677 146668 146818 11.0400 0.0030 04070 04243 0.3438 0.2250  0.1582
110.4410 VAR  0.0676 00658  0.0662 00025 0.0028 04066 0.4230 0.3437 02245  0.1021
BIAS  0.0100 38211 38230 34563 0.0141 00200 0.0200  0.0100  0.0223  0.2368
040  63.3405  MSE  0.0702 152244 152457 12.2458 0.0998 03857 0.4081 0.3324 0.2184  0.1640
1346516 VAR 00700 00854 00861 00024 00008 03856 04028 03318 02170 0.1084
BIAS 00141  3.8008  3.8035 34000  0.0000 00100 0.0173 00200 0.0223  0.2357
Table 12. Case 10: MSE, VAR, BIAS and VIF values when data involves leverage-intensifying collinearity and Type 1 outliers
n =50, B° = 0.8748, VIF = 17.4806, 3 = [S.0858 0.0612 08062 0.0263
n VIFz OLS RRI RR2 RR3 RLS LMS LTS M 5 RTRLS  RTM RTS
VIFyp
0 230302 MSE  0.0794 3.0330 30347 23121 0.1166 0.3873 0.4281 0.3567 0.2313 0.1811 04595 0.4227
230302 VAR 0.0704 0.0175 0.0175 0.0048 01165 0.3870 0.4278 0.3564 0.2342 0.1312 03670 0.2433
BIAS _ 0.0000 1.7367 1.7370 15280 0.0100 0.0173 0.0173 0.0173 0.0100 0.2233 03041 0.4235
0.01 105616  MSE  672.6087  67.8508 058832 3.8088  1.3040 16328 5.0244 3.8504 2.0082 26080 9.1940  32.0045
205616 VAR 672.1527  G1.6650 013042 33075 1.3038 16326 5.0338 3.8473 2.0074 13415 30344 7.0318
BIAS _ 0.6752 24880 2.752 07080 0.0141 0.0141 0.0244 0.0556 0.0282 L1650 24820  4.0072
0.05 301012 MSE  2750.6000  408.7404 4 111860  1.2624 15882 15047 3.6402 11451 27858 0.8255  G0.0734
6ETTE0 VAR 27104000  372.6620 TEIL 12632 1.5831 4.8037 3.6368 1.1445 1.2635 28668 2.0036
BIAS _ 5.5856 6.0072 18819 0.0141 0.0714 0.0316 0.0583 0.0300 1.2215 263710 7.6144
0.10 306405  MSE 51107000 8445322 14255000 150407  1.0300 37400 13357 30803 0.8565 25002 10.0500 644927
703800 VAR 49040000 7261053 12740000  B.1827 10386 3.7331 1.3316 3.0861 0.8562 1.0761 24230 0.1677
BIAS 112116 10.8824 12,3085  2.7860  0.0200 0.0830 0.0640 0.0538 0.0173 1.1971 27617 8.0202
020 433101  MSE  7480.3000  1560.8000  3310.1000  24.8436  0.8550 28631 ERET 10010 0.7108 21032 10.7800  64.8862
721031 VAR 73057000  1156.6000 2777000 125807  0.8548 28613 21810 1.0805 0.7106 0.0453 1.8237  0.0032
BIAS _ 0.674T 20.1047 23.0521  3.5005  0.0141 0.0424 0.0469 0.0387 0.0141 L1170 20028 8.0549
025 27.6865  MSE  7356.0000  1604.4000 43347000 308168  0.7442 23711 74628 14607 18724 L7460 10.5504  64.0023
046636 VAR  7037.5000 1108.0000  3587.2000 165722 0.7437 2.3607 2.4604 1.4505 1.8723 0.8143 16300 0.0052
BIAS 178717 24,2156 273404 37740 0.0223 0.0374 0.0489 0.0346 0.0100 0.9652 2.0851  8.0558
030 20.6707  MSE 72771000  1010.5000 5310.7000 354006 188001 515648 3206277  260.0006  270.0085 18133 124053  65.1058
625670 VAR 6020.3000  1068.0000 41024000  17.2053  18.8807 515460 325087 2500710 2788345 10198 20005  0.1740
BIAS  18.6493 20.5381 334400 42560 0.0984 0.1702 0.1720 04171 0.8907 32116 8.0550
010 367741 MSE  14862.0000  4420.0000  10410.0000 06.0672 S60.2051 11384000  1067.1000  322.0676  103.4065 74.0722
103.6305 VAR  14352.0000 2738.4000  §394.0000 770.1222 §20.0204 1090.5000 1932.6000 315.5801 187.3735  9.3535
BIAS 223831 41.0073 41,8008 5.0054 5.8137 6.2677 6.2369 5.8736 27179 24562 5.0446
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Table 13. Case 11: MSE, VAR, BIAS and VIF values when data involves leverage-intensifying collinearity and Type 2 outliers
7 — 50, 112 — 0.8748, VIl — 17.4806,5 — [8.0858 0.0612 0.8062 -0.0263]

m OLS RR1 RRZ RRT RLS  LMS 7% ] B RTRLS  RTM RTS
0.01 WSE  0.063% 53235 5.3051 13611 00020 0.3038 0.1058 0.3322 02128 00070  0.3782  0.3210
330506 VAR 0.0636 0.0217 0.0218 0.0038 00022 03920 04051 03300 02116 00027  0.3208  0.2128

BIAS 00141 2.3025 2.3028 2.0633  0.0264  0.0300  0.0264  0.0360 00346 00721 0.2200  0.3303

006 106116 MSE 824347 315118 121073 30,7580 0.1118  0.4506 04306 0.3680 0.0865  0.1302  0.4001  64.4276
56.1883 VAR 0.0862 0.0522 0.0208 0.0025 01117 04580 04302  0.3681 00865  0.1132 03843  0.0000

BIAS 00746 5.8702 6.4043 55458 0.0100  0.0264  0.0200 0.0804 0.0100  0.1303  0.3388  5.0266

10 420100 MSE 2760651 20212 T725893 06274 01288 04833 05141 04042 00080 01528 B5T2  GAS0RG
2778 VAR 0.0016 0.0084 0.0220 0.0653  0.1288 04820 0.5136 04038 00080  0.1302 04283  0.0000

BIAS  16.6121 3.1533 131361 3.0022  0.0000  0.0000  0.0223  0.0200  0.0000  0.1503 04781  8.0516

U320 540583 MSE 57812000 6217742 17580000 101107 0.1007 03428 03516 02474 00800  0.1206 06410  G1.0181
1022074 VAR 0.1000 0.0102 0.0000 0.0000 01006 03416 03545 02473 00809 01017 02732 0.0000

BIAS  76.0335 24.9351 110302 4.3726  0.0100  0.0346  0.0100 0.0100 0.0000 01670  0.6064 80571

035 868766 MSE 16110000 5128800 7510731 7.7236  D.1585 0.5162 0.5208 0.3204 0.1381  0.2035 1.1086 618777
114.3630 VAR 0.1000 0.0051 0.0315 0.0006 01570 05130 0.5204 0.3281 0.1378  0.1626 03708  0.0001

BIAS  40.5561 22.6467 274508  2.778S  0.0244  0.0470  0.0200  0.0360 0.0173 02022  0.8536  8.0546

030 311363 MS5E  2472.5000 1005.0000 1271.0000 206370 0.1333  0.3016 0.2274  0.1230  0.0762 T.2320  64.0010
110.2160 VAR 0.1000 0.0000 0.0000 0.0001 01332 0.3016 0.2274  0.1238 01370 02721 0.0001

BIAS _ 49.7232 317017 356510 54440 0.0100 0.0000 00000 0.0100 01979 00707 80618

040 101.0830 MS5E  4492.7000 20714000 7211.8000  7.9505  0.1427  0.3661 0.1662  0.1371 02009  3.2372  65.0338
158.3028 VAR 0.1000 0.0000 0.0000 0.0000 01427 0.3658 0.1661 0.1371  0.1460  0.3203  0.0001

BIAS _ 67.0268 45.5126 84.0223  2.8240  0.0000  0.0173 0.0100  0.0000  0.2323 17052 8.0643

Table 14. Case 12:

MSE, VAR, BIAS and VIF values when data involves leverage-intensifying collinearity and Type

1 and 2 outliers

n = 50, B2 = 0.8748, VIF = 17.4806,3 — [3.0855 0.0612 0.8062 -0.0263

n VIFg OLS RR1 RR2 RR3 RLS LMS LTS M 5 RTRLS RTM RTS
Vi
005 208606 MSE  3037.2000 3015414 G81.3001 103985  1.3054 52700 52907 13741 11573 3R0G8  10.2667  GO.0001
465000 VAR 3037.0000  357.4223  537.8448 70430 1.3036 5.2686 5.2205 4.2120 1.1541 1.2063 31620 2.1626
BIAS 04472 58411 6.5020 18016 0.0424 0.0374 0.0141 0.0458 0.0565 1.2086 26652 7.5805
0.10 235355  MSE 42143000 6520077  1072.6000 160531  0.0021 34753 36330 37538 0.6013 10070 BO075  GA55I5
A0.0408 VAR 41637000 540.7566  043.0000 75620 0.0014 3.4730 3.6316 27595 0.6910 0.0207 23872 01521
BIAS 71133 101110 11.3841 30643 0.0264 0.0374 0.0374 0.0360 0.0173 1.0331 24125 8.0251
030 200433 MSE 10340000 17438000 27621000 200085  1.0408 3758 TR0 75001 To711 TO17d 146056 GA.0901
53.0610 VAR 0081000  1341.8000 22711000 11.0153  1.2400 3.7728 3.8430 25066 1.0703 1.9566 20636 0.0027
BIAS 50016 200400 921585 20088 0.0252 0.0547 0.0556 0.0500 0.0252 1.4002 35503 B.0575
025 274871 MSE  7792.1000 17150000 36940000 206453 07228 31746 2584 1,436 0.6373 6582 102578 G4.0360
561844 VAR TI628000 11145000 2930.8000 143138 0.7223 21748 24566 1.4336 0.6368 0.7823 17945 0.0030
BIAS 207195 245234 276423 30155 00223 0.0616 0.0424 0.0316 0.0223 0.0358 20091 8.0581
030 201562 MSE  13568.0000 20100000 50850000 246414 3.0536 07935 263566 0.6463 504712 38086 215070 Go.1654
100.0755 VAR 13180.0000 1007.7000 4001.3000 13.6060  3.0534 20.7141 26,3224 0.6450 504670 1.3778 20258 0.1352
BIAS 104870 300043 32.0105 33083 0.0141 0.0050 0.1840 0.0360 0.0574 1.5877 44137 80611
040 270161 MSE  11147.0000 20054000 68125000 287806 7604040 12515000 22147000 012.1713 32283000 2005366 1823700 714550
961681 VAR 103640000 15553000  5079.6000 194185  TI8T035 12202000 22016000 S80.3722 31975000 35102 1757464 97082
BIAS  97.9821 975512 416981 30600 55408 47299 36193 4.7748 5.5497 24518 25755 B.0465
Table 15. Case 13: MSE, VAR, BIAS and VIF values when data has high collinearity and Type 2 outliers (no leverage observations)
n= 50, R* =0.8527, VIF = 501.8193, 8 = [5.0'.’98 0.2375  0.2375 0.4726]
= ViFg OLS REt RRz REs RLS LME LTS W g RTRLS  RTM RTS
ViEy
[1] E17.4558 MEE TG0 IITI06 210793 o 126230 T3 1530 JUEITE] R 1465 15057
5124538 VAR 2377 0. 0.4638 00093 89367 121247 10,7960 1.9506 saTl 11702
RBIAS 00458 4.9242 4.9250 4 6ETE 0.0244 0.0059 0.0728 1.9285 7403 3.2153
(A5 EERETL MEE XS] TOS0-S000 IS AT 183171 T E0IT EERFER BLOT06 143303 I7.2176 .65
5559805 VAR 9446.0000 10206000 2116657 705 226739 880043 648417 24226 20350 12203
RBIAS 2.4404 5.4054 5.6381 3.55409 0.1360 L 0.4731 3T 3.463T 3.8930 4.3307
U5 ST MEE  EEURLOOID  SEISO00  TROARI  TEAIET  O5.EIEd o1 TIT0E7S 7 TEE7I0 T 7
544.2039 VAR 6509510000 54 (il 6E4.BITE 14.2513 358012 2. 141.9560 2.3432 20382
RBIAS 33166 10.4976 09.3462 1.5658 0.1849 055 0.3618 3.6781 4.0243
TI0 58867 MEE  TTO0000) TIOT5. T PR TOTIT T R LW B
558.6257 VAR 118900.0000 117780000 14086000 21.7034 20 8003 112. 2.0045 1.5506
RBIAS 100000 12.0228 13.5646 1.2300 0.1144 235 3.6236 4.0709
L5 1 D ] S 51 V1 R % B LRI T T R - = 5107 15007
502.6033 VAR 155130.0000 149050000 28089000 353767 24,8284 T 1.7550 0.9534
BIAS 16,1215 23,1084 030412 10260 01352 B 36650 41646
[ MEE TEREA0. 0000 17305 JIET B0.TE] 50531 T T5. 5680 100304
VAR 156430.0000 16510.0000 3533.3000 46.7674 25,0344 7o £ 1.6013 05831
BIAS 10,4880 26.7020 274590 18754 01330 3613 37872 42960
[0 EERRATS MEE TORIG0 0000 TATE OO0 5846 5000 BII00T FE0_ 761D TH19. 2000 150674 19,7264
4835043 VAR 2083400000 195160000 40475000 506020 8604067  2617.1000 25348 10735
RBIAS 700710 30.0838 316060 18046 1.4491 3.6650 13180
T4A0 5985732 MEE TI6A50.0000 pE Eon0 20 HO 200 p kS TN 51 605
5385730 VAR 2350300000 233550000 70026000 765050 03528000 1125300000 S85111.0000  116560.0000 000 324518 43
RBIAS 230217 40.5832 40.8240 3.5535 5.0665 80442 6.6332 18.4300 25 5020 3.0209 4477
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Table 16. Case 14: MSE, VAR, BIAS and VIF values when data has low/no collinearity and Type 2 outliers (no leverage observations)
™ =50, [Z = 00002, VIF = 12121, 5 = [1.3545__0.7061__0.3804__0.1000
7 VIFa OLS RRI RRZ RR3 RLS LMS LTS M s RTRLS  RTM RTS
VIFp
i 1.0000  MSE 20,2821 300822 286880 0.1641%  0.0000 0.0007 05310+ 03817  0.0108  0.5338° 03807
1.0000 VAR 0.0000 0.0000 00001 01640  0.0006 0.0007 0.5336= 0.3812*  0.0002  0.5333%  0.3804%
BIAS 5.4112 5.4113 53561 0.0100°  0.0000 0.0000 0.0200* 0.0223* 01400 0.0223°  0.0173"
G017 10056 MSE 1185580 380496 507075 249701 00210 00767 00874 00702 0.0330 00414 00736 70086
10056 VAR 1189735 .1380 60422 G247 00218 0.0767 0.0873 0.0701 0.0339 00224 00608 42013
BIAS 05312 5.6483 6.6155 2502 0.0000 0.0000 0.0100 0.0100 0.0000 01378 00616 1.7021
005 10855 MSE 3111166 S0.0050  136.6830 00105 0.0307 00122 0.0336 0.0003 T.0301 0.0356
19855 VAR 3085061 333817 30.7513 0.0105 0.0307 0.0422 0.0336 0.0003 00107 0.0337
BIAS 15876 6.8200 0.8453 0.0000 0.0000 0.0000 0.0000 0.0000 01392 0.0435
0.00  1.3508  MSE  1133.6000  106.2361 2887004 0.0107 0.0726 0.0781 0.0556 0.0171 00302 0.0671
13503 VAR 1100.6000  GS.3064 74,8074 634 0.0107 0.0725 0.0770 0.0586 0.0171 00204 0.0507
BIAS 080 11.3060 14.6253 05685 0.0000 0.0100 0.0141 0.0000 0.0000 0.1371 0.0860
020 11865 MSE 23030000 4807275 GOD 2081 303182 00237 0.07aT 00830 00508 10213 00430 0.0600
11865 VAR 93560000 1203801 1270547 9286830  0.0237 0.0747 0.0826 0.0507 0.0212 00249 0.0525
BIAS 60827 08277 0.0000 01,0000 0.0200 0.0100 00 0
005 14200 MSE 22263000 383008 0.1343 761 77,0125 314638 00705
14200 VAR 20408000 1611371  160.5724  27.0308 01342 751 TT.0070 314630 0.0616 0.0886
BIAS 3 225930 989335 0.6082  0.0100 0.0316 0.0741 0.0282 0.0264 0.1337 1.3056
030 1.2636  MSE 8175727 310610 0.6785 3.0410 0.0535 16170 0.0066 0.0010 185010
12636 VAR 162.0080 33.0334  0.6785 3.0400 0.0520 1.6179 0.0065 0.0747 0.0813
BIAS 030 818704 1.0137  0.0000 0.0316 0.0387 0.0000 0.0100 0.1311 12
040 11887 MSE 53103000 14507000 18005000 350136 4887645 20051000 18310000 17260000 12737000 083034 37 G250
11387 VAR 40031000 2130000 1756000 33.0685 4TS.0087T 20881000 1820.5000 17082000 12654000  03.4260 0.2201
BIAS 180610  35.1800 414113 10867 31250 2.6457 3.9710 1.2190 2.8800 2.2084 1.2000

2 1.0e-003

Table 17. Case 15: MSE, VAR, BIAS and VIF values when data has moderate collinearity and Type 2 outliers (no leverage points)
7= 50, % — 08748 VI — 17,4506, 5 — [S.0858 00612 08060 -0.0963]
b VG OLS RRI RRZ RR3 RIS Al TS ] 3 RTRLS  RTM RTS
VIFy
0 101051 MSE 00858 35067 a5075 2.7 01212 04650 5145 04150 02787 01877 05083 04716
191051 VAR 0.0886 0.0142 00142 0.0051 0.1200 0.4652 0.5134 0.4141 0.2778 01358 04211 0.2834
BIAS 00141 1.8688 18600 16655 00173 0.0520 0.0331 0.0300 0.0300 02978 02052 0.4338
0.01 17.4810 MSE 1183074 367016 613033 56103 08010 31115 34115 27411 1331 16706 58226 30.1830
174840 VAR 4183276 307838 537040 54610 08041 3.1002 3.4303 27431 1.4328 00801 25077 0.0082
BIAS 02441 2.4326 27403 04398 00282 0.0479 0.0469 0.0244 08307 18906 46017
0.5 MSE 17085000 1833500 2820157 130788 08117 31484 30236 0.60067 15410 6ol7r 611083
VAR 17018000 1318558 2370014 64130 08100 31465 30260 0.6960 08055 24108 20885
BIAS 25884 56120 67002 25818 00282 00435 0.0244 0.0374 0.0264 08058 10311 TR0T0
0.0 211748 MSE 43075000 466 336 L0480 13136 31104 0.5607 26431 00077 64.3810
211748 VAR 43355000 381.3028 : 65446 L0470 13100 3.1186 0.5694 11435 25239 D.1438
BIAS 78740 0.2331 105178 25077 0.0316 0.0519 0.0282 0.0173 19245 27173 80148
020 101100 MSE  §5714000 10354000 1306.0000 177605 11368 10060 T 10275 TA0T 145009 GIESH
101100 VAR 83234000 7114000  007.0000  T.O317 11358 1.0035 27075 21836 0.0028
BIAS 18.0831 24350 0.0316 0.0360 35647
035 200022 WSE T307.1000 TS0796 216077 51300
200022 VAR 0050.6000  854.6000 110319 24.6866 8.1330
BIAS 128062 21.2700 28179 0.0781 ) 0.0774
030 213360 MSE 106700000 16483000 2 J10163 1750073 12012000
213360 VAR 101750000 0487000  1437.2000 11.0634 1758164  1200.7000 5 12.3100
BIAS 224400 264100 280081 32043 03014 0.6858 13877
040 104030 WSE 132230000 2217.0000 20043000 204060 10234000 GR65.0000 T60T 0000 43167000 2250661 1437477 T
104030 VAR 129610000 10186000 1490.5000 13.6066 9841000  6828.8000 4565.9000 42002000  293.9017  131.9560  9.042
BIAS 310161 46300 376005 26077 69680 60827 6.0000 75166 13655 34330 8090
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