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Abstract  The standard simple random sampling procedure becomes tedious when the study population is large. 
Researchers often opt for multi stage/phase sampling for estimation. Multi stage sampling cuts/omits portions of the 
populations in stages, as a result production of unbiased estimates to population parameter become questionable. The authors 
advocate - “UV Cubical Circular Systematic Sampling Approach” in this paper. This is an attempt to produce reliable 
estimate for the study variable in a large population by considering the whole population while identifying the sample in a 
single attempt cyclically by ensuring an equal probability sample. The sample mean under this scheme coincides with the 
population mean in the presence of linear trend. Hypothetical data through a linear model and real life data (census of 
Tamilnadu – 2001) are used to illustrate the proposed new sampling methods. The proportion of illiteracy in Tamilnadu as per 
census 2001 is 0.35. The census data is utilized to generate sample by the newly developed WPS UV cubical circular 
systematic sampling procedure. The estimated proportion of illiteracy in Tamilnadu is 0.33, the 95% CI being 0.28 - 0.37. 
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1. Introduction 
The technique of selecting a sample is of fundamental 

importance in sampling theory. Development of sampling 
designs that improve estimation would play a vital role in 
providing more reliable estimates. A multi-stage sample is 
one in which sampling is done sequentially across two or 
more hierarchical levels, such as first at the county level, 
second at the census track level, third at the block level, 
fourth at the household level, and ultimately at the 
within-household level. Cochran (1939), Hansen and 
Hurvitz (1943) and in India Mahalanobis (1940), Sukhatme 
(1953), Lahiri (1954)- crop survey have found multi-stage 
sampling to be very useful for estimation. Many probability 
sampling methods can be classified as single-stage sampling 
against multi-stage sampling. Single-stage samples include 
simple random sampling, systematic random sampling, and 
stratified random sampling. In single-stage samples, the 
elements in the target population are assembled into a 
sampling frame; one of these techniques is used to directly 
select a sample of elements. In contrast, in multi-stage 
sampling, the sample is selected in stages, often taking into 
account the hierarchical (nested) structure of the population. 
Multi-stage sampling represents a more complicated form of 
cluster sampling in which larger clusters are further   
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subdivided into smaller ones- more targeted groupings, for 
the purposes of surveying.  

In traditional cluster sampling, a total population of 
interest is first divided into ‘clusters’ (for example, a total 
population into geographic regions, household income levels, 
etc), and from each cluster individual subjects are selected by 
random sampling. This approach however, may be 
considered overly-expensive or time consuming for the 
investigator. Multi-stage sampling begins first with the 
construction of the clusters. Next, the investigator identifies 
the sample from within the clusters for the survey. 

But there is the possibility of bias in multi stage sampling, 
if, for example, only if a small number of regions are selected. 
The method is not truly random as the sample is identified in 
several stages omitting parts of the population in each stage. 
The omitted portion of the population can never become part 
of the sample. Also it should be noted that, if the population 
is heterogeneous, the areas chosen should reflect the full 
range of the diversity. Otherwise, choosing some areas and 
excluding others (even if it is done randomly) will result in a 
biased sample. It may be noted that the technique of dual 
circular systematic sampling method (N. Uthayakumaran 
and S. Venkatasubramanian, 2013) based on the procedure 
of circular systematic sampling (Lahiri, 1951) has greater 
flexibility for population arranged in two dimensions 
according to the associated variables i.e considering the 
associated variables to the study variable while constructing 
the sample is an attempt to overcome this problem.  

As an extension of the above sampling methods, the 
proposed UV cubical circular systematic sampling 
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methodology and weight proportional to size is viewing the 
population in three dimensions. The proposed method while 
removing the disadvantage of multi stage sampling i.e., 
omitting parts of the population in each stage of sample 
selection, by selecting the sample in a single attempt from 
the whole population also provide reliable estimate of the 
study variable . Estimation will be improved by the adoption 
of the above methodology as care is being taken to spread the 
population units in the sample in broad manner and they very 
closely represent in real life situation. The corrected 
estimator of UV cubical circular systematic sampling 
method in the context of three dimensions which may 
coincide with the population mean of the study variable in 
the presence of a linear trend has also been described. 

2. UV Cubical Circular Systamatic 
Sampling Method 

A three dimensional population element may be 
represented by study variable Yijm, i,j,m = 1,2,…,N where 
Yijm is the value of the ith altitude, jth row and mth column. 
The population contains N3 units. The sample contains n3 
units. The sampling interval k is the integer part of the ratio 
N/n. 

A UV cubical circular systematic sample is selected by 
drawing three independent starting coordinates r,c,t at 
random, each between 1 and N. A sample of size n3 contains 
all units whose coordinates are of the form  

{r + γk} if 1 ≤ r + γk ≤ N         (2.1) 
γ = 0,1,…,(n-1) 

{r + γk-N} if r + γk > N 

γ = 0,1,…,(n-1) 
{c + δk} if 1 ≤ c + δk ≤ N          (2.2) 

δ = 0,1,…,(n-1) 
{c + δk-N} if c + δk > N 

δ= 0,1,…,(n-1) 
{t + λk} if 1 ≤ t + λk ≤ N         (2.3) 

λ = 0,1,…,(n-1) 
{t + λk-N} if t + λk > N 

λ= 0,1,…,(n-1) 
This technique ensures equal probability of inclusion in 

the sample for every unit. Let x1,x2,…,xn and z1,z2,…,zn and 
l1,l2,…,ln be integers corresponding to altitude, row and 
column labels of the sampled units respectively when they 
are arranged in an original serial order of the population as in 
cubical form: 

Yx1z1l1 Yx1z2 l1 ………….….Yx1zv l1 
Yx2z1l1 Yx2z2 l1 ………….….Yx2zv l1 
……………………………….. 
……………………………….. 
……………………………….. 
Yxuzvl1 Yxnzvl2 ……………..Yxuzvlw      (2.4) 

In the above expression of Yijm, i = xu, j =zv, m=lw where 
u,v,w = 1,2,…..,n. 
Estimation of population mean of study variable 

For the sampling method described above, one can 
estimate population mean of study variable using sample 
mean of study variable: 
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The variance of the above estimator can be established by considering  
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where population mean of study variable 

3
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= ∑∑ ∑                                  (2.7) 

The methodology of cubical circular systematic sampling is illustrated below. 
Sampling of eight units: 

To estimate population mean of study variable, if one identifies the areas like group of districts (I), group of taluks (J) and  
group of villages (M) according to its increasing order of geographical size, it is possible to arrive at better estimate under the 
assumption that study variable exhibits linear trend. 

In this illustration, altitude dimensions are 5 groups of districts, row dimensions are 5 groups of taluks and column 
dimensions are 5 groups of villages. The technique of UV cubical circular systematic sampling can be illustrated by applying 
it to the case of sampling n3= 8 units from the population arranged in three-dimension of N3 = 125 units.  
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Step 1: 
A random number is drawn from 1 to 5 of I (say 3). 

Sampling interval k=N/n=5/2=2, using (2.1), the following 
ith label of sampling units are selected. 

{3, 5}  
Step 2: 

A random number is drawn from 1 to 5 of J (say 5). 
Sampling interval k=N/n=5/2=2, using (2.2), the jth label of 
sampling units are selected. 

{5, 2} 
Step 3: 

A random number is drawn from 1 to 5 of M (say 4). 

Sampling interval k=N/n=5/2=2, using (2.3), the mth label of 
sampling units are selected. 

{4, 1} 
Step 4: 

The following sample units of three-dimensional 
population are selected using the labels selected from the 
step1, step2 and step 3. 

(3,5,4) (3,2,4) (3,5,1) (3,2,1) (5,5,1) (5,2,1) (5,5,4) (5,2,4)   
Illustration: 

This sampling method is discussed theoretically with 
study variable exhibiting linear trend through the model  

Yijm = i+j+m, i,j,m=1,2,…,5. 
 

I M   J (1) (2) (3) (4) (5) 

 
 

(1) 

(1) 3 4 5 6 7 

(2) 4 5 6 7 8 

(3) 5 6 7 8 9 

(4) 6 7 8 9 10 

(5) 7 8 9 10 11 

 

 
I M     J (1) (2) (3) (4) (5) 

 
 

(2) 

(1) 4 5 6 7 8 

(2) 5 6 7 8 9 

(3) 6 7 8 9 10 

(4) 7 8 9 10 11 

(5) 8 9 10 11 12 

 

 
I M     J (1) (2) (3) (4) (5) 

 
 

(3) 

(1) 5 6 7 8 9 

(2) 6 7 8 9 10 

(3) 7 8 9 10 11 

(4) 8 9 10 11 12 

(5) 9 10 11 12 13 

 

 
I M     J (1) (2) (3) (4) (5) 

 
 

(4) 

(1) 6 7 8 9 10 

(2) 7 8 9 10 11 

(3) 8 9 10 11 12 

(4) 9 10 11 12 13 

(5) 10 11 12 13 14 

 
 

I M    J (1) (2) (3) (4) (5) 

 
 

(5) 

(1) 7 8 9 10 11 

(2) 8 9 10 11 12 

(3) 9 10 11 12 13 

(4) 10 11 12 13 14 

(5) 11 12 13 14 15 
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In the above illustration, if we assume, sample survey is carried out to find out the estimate sample mean in the randomly 
selected 2 x 2 x 2 sampling units, it can be noted that Yijm deducted from the selected cells are 12, 9, 9, 6, 11, 8, 14 and 11. 
Using (2.5), the estimated sample mean is 80/8=10, which is close to the population mean of 3(N+1) /2= 9. 

The possible 125 samples together with the sample means of UV cubical circular systematic sampling method is shown in 
Table-1. 

Table 1.  Sample mean under UV cubical circular systematic sampling method 

Random starts Sample composition Probability Sample mean 

1,1,1 
(1,1,1),(3,1,1),(1,3,1),(3,3,1) 
(1,1,3),(3,1,3),(1,3,3),(3,3,3) 

1/125 (Y111+Y311+Y131+Y331+ 
Y113+Y313+Y133+Y333)/8 

1,2,1 
(1,2,1),(3,2,1),(1,4,1),(3,4,1) 
(1,2,3),(3,2,3),(1,4,3),(3,4,3) 

1/125 (Y121+Y321+Y141+Y341+ 
Y123+Y323+Y143+Y343)/8 

. . . . 

. . . . 

. . . . 

5,5,5 
(5,5,5),(2,5,5),(5,2,5),(2,2,5) 
(5,5,2),(2,5,2),(5,2,2),(2,2,2) 

1/125 (Y555+Y255+Y525+Y225+ 
Y552+Y252+Y522+Y222)/8 

The expected value of sample mean of the UV cubical circular systematic method is just the simple average of 
column (4) in Table-1, which turns out to be population mean of study variable. 

In practice, there is a chance to come across three-dimensional different array populations and hence an attempt is required 
to extend the UV cubical circular systematic method with necessary trimmings. Here N3=N1 x N2 x N3;  n3 =n1 x n2 x n3.  

Theorem-1: The sample mean under UV cubical circular systematic sampling scheme coincides with the 
population mean in the presence of linear trend. 

The sample mean 𝑦𝑦�io jo mo  ,where io =1,2,……,k  ; jo =1,2,……,k ;  mo =1,2,……,k corresponding to the random start io, jo, 
mo under the UV cubic circular systematic sampling coincides with the population mean 𝑌𝑌�   in the presence of linear trend 
𝑌𝑌ijm  = i+j+m. 

𝑦𝑦�io jo mo = 1
𝑛𝑛3  ∑ ∑ ∑ 𝑌𝑌io +rk ,jo +ck ,mo +tk  

𝑛𝑛−1
𝑡𝑡=0

𝑛𝑛−1
𝑐𝑐=0

𝑛𝑛−1
𝑟𝑟=0  

We note that the total number of possible cubic sample of size n3 is k3.  

E� 𝑦𝑦�io jo mo � =
1
𝑘𝑘3  ∑ ∑ ∑ 𝑦𝑦�io jo mo  

𝑘𝑘
mo=1

𝑘𝑘
jo=1

𝑘𝑘
io =1  

= 1
𝑘𝑘3 𝑛𝑛3  ∑ ∑ ∑ ∑ ∑ ∑ 𝑌𝑌io +rk ,jo +ck ,mo +tk 

𝑛𝑛−1
𝑡𝑡=0

𝑛𝑛−1
𝑐𝑐=0

𝑛𝑛−1
𝑟𝑟=0

𝑘𝑘
mo =1

𝑘𝑘
jo =1

𝑘𝑘
io  =1  

= 1
𝑘𝑘3 𝑛𝑛3  ∑ ∑ ∑ ∑ ∑ ∑ (io + rk + jo + ck + mo + tk) 

𝑛𝑛−1
𝑡𝑡=0

𝑛𝑛−1
𝑐𝑐=0

𝑛𝑛−1
𝑟𝑟=0

𝑘𝑘
mo=1

𝑘𝑘
jo=1

𝑘𝑘
io =1  

= 1
𝑘𝑘3 𝑛𝑛3  ∑ ∑ ∑ ∑ ∑ (nio + nrk + njo + nck + nmo + k∑ t) 

𝑛𝑛−1
𝑡𝑡=0

𝑛𝑛−1
𝑐𝑐=0

𝑛𝑛−1
𝑟𝑟=0

𝑘𝑘
mo=1

𝑘𝑘
jo=1

𝑘𝑘
io =1  

= 1
𝑘𝑘3 𝑛𝑛3  ∑ ∑ ∑ ∑ (𝑛𝑛2io + 𝑛𝑛2rk + 𝑛𝑛2jo + 𝑛𝑛𝑛𝑛 ∑ c + 𝑛𝑛2mo + nk∑ t) 

𝑛𝑛−1
𝑡𝑡=0

𝑛𝑛−1
𝑐𝑐=0

𝑛𝑛−1
𝑟𝑟=0

𝑘𝑘
mo=1

𝑘𝑘
jo=1

𝑘𝑘
io =1  

= 1
𝑘𝑘3 𝑛𝑛3  ∑ ∑ ∑ (𝑛𝑛3io + 𝑛𝑛2𝑘𝑘 ∑ r 

𝑛𝑛−1
𝑟𝑟=0 + 𝑛𝑛3jo + 𝑛𝑛2𝑘𝑘 ∑ c + 𝑛𝑛3mo + 𝑛𝑛2k∑ t) 

𝑛𝑛−1
𝑡𝑡=0

𝑛𝑛−1
𝑐𝑐=0

𝑘𝑘
mo =1

𝑘𝑘
jo =1

𝑘𝑘
io  =1  

= 1
𝑘𝑘3 𝑛𝑛3  ∑ ∑ (𝑛𝑛3kio + 𝑛𝑛2𝑘𝑘2 ∑ r 

𝑛𝑛−1
𝑟𝑟=0 + 𝑛𝑛3kjo + 𝑛𝑛2𝑘𝑘2 ∑ c + 𝑛𝑛3 ∑ m𝑘𝑘

mo =1 o + 𝑛𝑛2𝑘𝑘2 ∑ t) 
𝑛𝑛−1
𝑡𝑡=0

𝑛𝑛−1
𝑐𝑐=0

𝑘𝑘
jo =1

𝑘𝑘
io  =1  

= 1
𝑘𝑘3 𝑛𝑛3  ∑ (𝑛𝑛3𝑘𝑘2io + 𝑛𝑛2𝑘𝑘3 ∑ r 

𝑛𝑛−1
𝑟𝑟=0 + 𝑛𝑛3k∑ 𝑗𝑗𝑘𝑘

jo =1 o
+ 𝑛𝑛2𝑘𝑘3 ∑ c + 𝑛𝑛3𝑘𝑘 ∑ m𝑘𝑘

mo =1 o + 𝑛𝑛2𝑘𝑘3 ∑ t) 
𝑛𝑛−1
𝑡𝑡=0

𝑛𝑛−1
𝑐𝑐=0

𝑘𝑘
io  =1  

= 1
𝑘𝑘3 𝑛𝑛3  (𝑛𝑛3𝑘𝑘2 ∑ 𝑖𝑖𝑘𝑘

io  =1 o + 𝑛𝑛2𝑘𝑘4 ∑ r 
𝑛𝑛−1
𝑟𝑟=0 + 𝑛𝑛3𝑘𝑘2 ∑ 𝑗𝑗𝑘𝑘

jo =1 o
+ 𝑛𝑛2𝑘𝑘4 ∑ c + 𝑛𝑛3𝑘𝑘2 ∑ m𝑘𝑘

mo =1 o + 𝑛𝑛2𝑘𝑘4 ∑ t) 
𝑛𝑛−1
𝑡𝑡=0

𝑛𝑛−1
𝑐𝑐=0  

= 1
𝑘𝑘3 𝑛𝑛3  (

𝑛𝑛3𝑘𝑘2𝑘𝑘(𝑘𝑘+1)
2

+ 𝑛𝑛2𝑘𝑘4(𝑛𝑛−1)𝑛𝑛
2
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2
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+ 𝑛𝑛3𝑘𝑘2𝑘𝑘(𝑘𝑘+1)
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2
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2

) 
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2

) 

=3
2

((𝑘𝑘 + 1) + 𝑘𝑘(𝑛𝑛 − 1)) 

=3
2

(𝑘𝑘 + 1 + 𝑛𝑛𝑛𝑛 − 𝑘𝑘) 

=3
2

(1 + 𝑛𝑛𝑛𝑛) 
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=(3(𝑁𝑁+1)
2

) 

E� 𝑦𝑦�io jo mo �=(3(𝑁𝑁+1)
2

), which is nothing but population mean under the linear model 𝑌𝑌ijm  =i+j+m. 
It is shown in the following proof. 

𝑌𝑌�= 1
𝑁𝑁3  ∑ ∑ ∑ 𝑌𝑌ijm  
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𝑁𝑁3 (𝑁𝑁

2𝑁𝑁(𝑁𝑁+1)
2

+ 𝑁𝑁2𝑁𝑁(𝑁𝑁+1)
2

+ 𝑁𝑁2𝑁𝑁(𝑁𝑁+1)
2

) 

=((𝑁𝑁+1)
2

+ (𝑁𝑁+1)
2

+ (𝑁𝑁+1)
2

) 

=(3(𝑁𝑁+1)
2

) 

3. Corrected Estimator 
It is well known that linear systematic sampling scheme performs better than simple random sampling in the presence of 

linear trend. Yates (1948) suggested a modification over the usual expansion estimator in order to estimate the population 
mean of study variable in the presence of linear trend without any error. Proceeding along these lines, Bellhouse and Rao 
(1975) suggested a corrected estimator meant for circular systematic sampling to estimate the population mean of study 
variable in the presence of linear trend without any error. Encouraged by the above work, Uthayakumaran (1998) suggested a 
new estimating procedure that is quite general in nature and applicable under various systematic sampling methods for 
population viewed in single dimension. Uthayakumaran and Venkatasubramanian (2013) extended this procedure for 
population arranged in two dimensions according to the associated variables.  
In order to extend this technique for the population arranged in three dimensions, the following procedure is 
introduced. 

The values of the longest diagonal elements in (2.4) are given unique weight R. The weight R is selected in such a way that 
the corrected sample mean of study variable coincides with the population mean of study variable under the linear model  

Yijm = i+j+m, i,j,m = 1,2,…,N.  
This can be achieved by equating the corrected sample mean of study variable to the population mean of study variable. 

3
1 1 1 1 1 1

( ) ( )

1 ( )
n n n n n n

c
u v w u v w

u v w u v w

y lzx lv zxu vw u w
R YY

n = = = = =
≠ = = = =

 
  = + 
 
  

=
∑∑ ∑ ∑∑ ∑            (3.1) 

where Yijm = i+j+m, i = xu, j =zv, m=lw, where u, v, w = 1,2,…..,n coincides with the population mean of study variable. 
That is, unique weight R can be chosen in such a way that Yyc = , 
where  

3
1 1 1

1 3( 1) / 2
N N N

i j m
NijmYY N = = =

= = +∑∑ ∑                           (3.2) 

By solving equations (3.1) and (3.2), we get 

3

1 1 1
( )

1 1 1
( )

( 1) / 23
n n n

u v w
u v w

n n n

u v w
u v w

N x zvlwu

R

x zvlwu

n Y

Y

= = =
≠ = =

= = =
= = =

+ −

=

∑∑ ∑

∑∑ ∑

                       (3.3) 
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In may be noted that the unique weight R = 3/5 in the 
above mentioned illustration when the corrected estimator

Yyc = = 3(N+1)/2= 9 coincides with the population 
mean of the study variable. 

4. Weights Proportional to Size (WPS) 
UV Cubical Circular Systamatic 
Sampling Method 

The method of selecting samples according to size has 
some definite probability and is often advocated. The entire 
area containing the population under study is divided into a 
finite number of distinct and identifiable units (sampling 
units). A group of such units is called as cluster. After 
dividing the population into specified clusters the required 
number of clusters can be selected either by equal or unequal 
probabilities of selection. All the elements in selected 
clusters are enumerated. Researchers are always in pursuit of 
developing estimators with increased precision by 
incorporating the information of suitable auxiliary (size) 
variables either in the sampling design or in the estimator. 
For two-dimensional population, a method of sampling, 
which uses size information, is weight proportional to size 
dual circular systematic sampling (Uthayakumaran and 
Venkatasubramanian, 2013) for estimating finite population 
total. In this section, an attempt has been made towards 
incorporating size information in the estimator for 
three-dimensional population.  

A three dimensional population element may be 
represented by study variable Yijm, i,j,m = 1,2,…,N where 
Yijm represents the cell study variable of the ith altitude and jth 
row and mth column. Let Xijm , i,j = 1,2,…,N be the size 
variable. Altitude total Ai, Row total Rj, and column total Cm, 
i,j,m = 1,2,…,N are defined on the Altitude, row and column 
units respectively for Xijm. TN denotes the size of the 
population. A WPS UV cubical circular systematic sample 
can be drawn as follows: 

In sampling n3 units with this procedure, the Cumulative 
totals Ti= A1 + A2 + … + Ai, Tj= R1 + R2 + … + Rj and Tm = 
C1 + C2 + … + Cm, i,j,m = 1,2,…,N, are determined. The 
population contains N3 units. The sampling interval k is the 
integer part of the ratio TN/n. 

A WPS UV cubical circular systematic sample is selected 
by drawing three independent starting coordinates r,c,t at 
random, each between 1 and TN. A sample of size n3 contains 
all units whose coordinates are of the form  

{r + γk} if 1 ≤ r + γk ≤ TN        (4.1) 
γ = 0,1,…,(n-1) 

{r + γk-TN}  if r + γk > TN 
γ = 0,1,…,(n-1) 

{c + δk} if 1 ≤ c + δk ≤ TN        (4.2) 
δ = 0,1,…,(n-1) 

{c + δk-TN} if c + δk > TN 
δ= 0,1,…,(n-1) 

{t + λk} if 1 ≤ t + λk ≤ TN        (4.3) 
λ = 0,1,…,(n-1) 

{t + λk-TN} if t + λk > TN 
λ= 0,1,…,(n-1) 

For the values obtained from the above form of 
coordinates are taken as sampled units using the cumulative 
total of altitude (Ti , i=1,2,..N) row (Tj , j=1,2,..N) and 
column (Tm, m=1,2,…N). Let A1,A2,…,AN and R1,R2,…,RN 
and C1,C2,…,CN be integers corresponding to altitude and 
row and column totals of the population units respectively 
when they are arranged in an linear order of the population. 
Estimation of population total of study variable 

Survey analysts normally need to prevail over the problem 
of estimating population total for the study variable with size 
information. For the sampling method described above, an 
estimator of the population total of the study variable (Y) is 
given by  

 

3, , , ,
1 1 1

1ˆ( ) ( )ijm

ijm

n n n

WPScubical r c t r c t
i j m

Y
W

y
n = = =

 
 =  
 
 

∑∑ ∑                          (4.4) 

where Wijm =AiRjCm/(TN)3 
The approximate expression of variance of the above estimator can be found by considering (Hartley and Rao, 1962) 

( )
2

N N N ijm 3
ijm ijm3WPScubical ijmr 1c 1 t 1 r,c,t

1
Y 1 (n 1)

W
YˆV(y ) W W

n = = =
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         

∑∑ ∑           (4.5) 

where population total of the study variable 

1 1 1

N N N

i j m
Y ijmY

= = =
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Illustration using hypothetical data exhibiting linear 
model: 

It is significant to note that complete sampling frame is not 
required for this sampling scheme. The linear arrangement of 
the variables of the population in three dimensions by size 
indirectly ensures the linear trend assumption for the study 
variable. By this arrangement the proposed sampling scheme 
ensures closeness of the estimate of the study variable to the 
population. The random starts for three dimensions and 
fixing the cells with the use of size information establish the 
sample. Let populations at districts, taluks and villages be 
considered as known details. If one deals with the population 
at districts and appropriate and easily available variables 
such as population at taluks and villages which are linearly 
arranged, it is possible to arrive at very closer estimate of the 
study variable of the population. In this illustration, altitude 
dimensions are 5 groups of districts and row dimensions are 
5 groups of taluks and column dimensions are 5 groups of 
villages according to its range of population. Labels of group 
of districts (I), labels of group of taluks (J) labels of group of 
villages (M) are given from 1 to 5 according to its ascending 

order of populations Ai, Rj and Cm respectively. The study 
variable and size variable can be generated under the 
following linear models 

Yijm = i+j+m, where i,j,m=1,2,… ,5 
Xijm = β (i+j+m), where β =100 and i,j,m=1,2,… ,5  
Yijm and Xijm can be the respective prevalence cases and 

population. Let Ai, Ri and Cj be the total populations of 5 
group of districts, 5 group of taluks and total populations of 
grouped villages respectively. Let Ti,Tj and Tm be the 
cumulative totals of population of districts (Ai), population 
of taluks (Rj), and population of grouped villages (Cm) 
respectively. Let Y be the total prevalence cases. Let TN be 
the total population. Towards this, the technique of WPS UV 
cubical circular systematic sampling can be illustrated by 
applying it to the case of sampling 27 units from the 
three-dimensional population of 125 units for the 
hypothetical data generated using the model described 
above.  

Distribution of Study and Size variables for the 
hypothetical data according to districts, taluks and 
villages. 

 
DISTRICTS 

TALUKS 
(J) 

Group of villages according to its population (M) 

I 
1 

<200 
2 

200-300 
3 

301-400 
4 

401-500 
5 

>500 
Rj Tj 

1 

1 
3 

(300) 
4 

(400) 
5 

(500) 
6 

(600) 
7 

(700) 

 
17500 

 
17500 

2 
4 

(400) 
5 

(500) 
6 

(600) 
7 

(700) 
8 

(800) 

 
 

3 
5 

(500) 
6 

(600) 
7 

(700) 
8 

(800) 
9 

(900) 

4 
6 

(600) 
7 

(700) 
8 

(800) 
9 

(900) 
10 

(1000) 

5 
7 

(700) 
8 

(800) 
9 

(900) 
10 

(1000) 
11 

(1100) 

Cm 
17500 

 
 

Ai=17500 
Ti=17500 

Tm 17500  
 

DISTRICTS 
TALUKS 

(J) 

Group of villages according to its population (M) 

I 
1 

<200 
2 

200-300 
3 

301-400 
4 

401-500 
5 

>500 
Rj Tj 

2 

1 
4 

(400) 
5 

(500) 
6 

(600) 
7 

(700) 
8 

(800) 
  

2 
5 

(500) 
6 

(600) 
7 

(700) 
8 

(800) 
9 

(900) 
20000 37500 

3 
6 

(600) 
7 

(700) 
8 

(800) 
9 

(900) 
10 

(1000) 

 
 

4 
7 

(700) 
8 

(800) 
9 

(900) 
10 

(1000) 
11 

(1100) 

5 
8 

(800) 
9 

(900) 
10 

(1000) 
11 

(1100) 
12 

(1200) 

Cm 
 
 

20000  
Ai=20000 
Ti=37500 

Tm 
 
 

37500  
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DISTRICTS 

TALUKS 
(J) 

Group of villages according to its population (M) 

I 
1 

<200 
2 

200-300 
3 

301-400 
4 

401-500 
5 

>500 
Rj Tj 

3 

1 
5 

(500) 
6 

(600) 
7 

(700) 
8 

(800) 
9 

(900)  
 
 

 
2 

6 
(600) 

7 
(700) 

8 
(800) 

9 
(900) 

10 
(1000) 

3 
7 

(700) 
8 

(800) 
9 

(900) 
10 

(1000) 
11 

(1100) 
22500 60000 

4 
8 

(800) 
9 

(900) 
10 

(1000) 
11 

(1100) 
12 

(1200) 
 

 5 
9 

(900) 
10 

(1000) 
11 

(1100) 
12 

(1200) 
13 

(1300) 

Cm 
 
 

22500  
Ai=22500 
Ti=60000 

Tm 
 
 

60000  

 
DISTRICTS 

TALUKS 
 (J) 

Group of villages according to its population (M) 

(I) 
1 

<200 
2 

200-300 
3 

301-400 
4 

401-500 
5 

>500 
Rj Tj 

4 

1 
6 

(600) 
7 

(700) 
8 

(800) 
9 

(900) 
10 

(1000)  
 
 
 

 2 
7 

(700) 
8 

(800) 
9 

(900) 
10 

(1000) 
11 

(1100) 

3 
8 

(800) 
9 

(900) 
10 

(1000) 
11 

(1100) 
12 

(1200) 

4 
9 

(900) 
10 

(1000) 
11 

(1100) 
12 

(1200) 
13 

(1300) 
25000 85000 

5 
10 

(1000) 
11 

(1100) 
12 

(1200) 
13 

(1300) 
14 

(1400) 
 

 
Cm 

 
 

25000  
Ai=25000 
Ti=85000 

Tm 
 
 

85000  

 
DISTRICTS 

TALUKS 
(J) 

Group of villages according to its population (M) 

(I) 
1 

<200 
2 

200-300 
3 

301-400 
4 

401-500 
5 

>500 
Rj Tj 

5 

1 
7 

(700) 
8 

(800) 
9 

(900) 
10 

(1000) 
11 

(1100) 
 
 
 
 
 

 
2 

8 
(800) 

9 
(900) 

10 
(1000) 

11 
(1100) 

12 
(1200) 

3 
9 

(900) 
10 

(1000) 
11 

(1100) 
12 

(1200) 
13 

(1300) 

4 
10 

(1000) 
11 

(1100) 
12 

(1200) 
13 

(1300) 
14 

(1400) 

5 
11 

(1100) 
12 

(1200) 
13 

(1300) 
14 

(1400) 
15 

(1500) 
27500 112500 

Cm  27500 
Ai=27500 
Ti=112500 

 

Tm 
 
 

112500  
Y=1125 

TN=112500 
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• Numbers in bold are prevalence cases Yijm - study 
variable 
• Numbers in parenthesis are cell population Xijm - size 

variable  
Step 1: 

A random number is drawn from 1 to 112500 of I (say 
7000). Sampling interval k=TN/n=37500, using (4.1), the 
following coordinates are identified.  

{7000, 44500, 82000}  
For the values obtained above, corresponding ith labels are 

taken as sampled units using the cumulative total of altitude. 
{1,3,4} 

Step 2: 
A random number is drawn from 1 to 112500 of J (say 

30000). Sampling interval k=37500, using (4.2), the jth label 
of sampling units are selected. 

{30000, 67500, 105000} 
For the values obtained above, corresponding jth labels are 

taken as sampled units using the cumulative total of row. 
{2,4,5} 

Step 3: 
A random number is drawn from 1 to 112500 of M (say 

50000). Sampling interval k=37500, using (4.3), the mth label 
of sampling units are selected. 

{50000, 87500, 12500} 
For the values obtained above, corresponding mth labels 

are taken as sampled units using the cumulative total of 
column. 

{3,5,1} 
Step 4: 

The following sample units of three-dimensional 
population are selected using the labels selected from the 
step1, step2 and step 3. 

 (1,2,3) (1,2,5) (1,2,1) (1,4,3) (1,4,5) (1,4,1) (1,5,3) 
(1,5,5) (1,5,1) 

  (3,2,3) (3,2,5) (3,2,1) (3,4,3) (3,4,5) (3,4,1) (3,5,3) 
(3,5,5) (3,5,1) 

 (4,2,3) (4,2,5) (4,2,1) (4,4,3) (4,4,5) (4,4,1) (4,5,3) 
(4,5,5) (4,5,1) 

In the above illustration, if one assumes that the sample 
survey is carried out in the randomly selected 3 group of 
districts, 3 group of taluks and 3 group of villages (3x3x3=27 
cells) to find out the estimate of study variable , it can be 
noted that value of the study variable deducted from the 
selected cells are 6, 8, 4, 8, 10, 6, 9, 11, 7, 8, 10 ,6, 10, 12, 8, 
11, 13, 9, 9, 11, 7, 11, 13, 9, 12, 14 and 10.  

Using (4.4), the estimated total for the study variable is 
1128 (Estimated proportion = 0.0100), while population total 
of the study variable is 1125 (Actual proportion = 0.0100).  
Real life situation using a 2001 census data: 

The methodology of WPS UV cubical circular systematic 
sampling is discussed using a dataset from the 2001 census 
data.  

Census - 2001 conducted in Tamilnadu State, had 30 

districts, 202 taluks, 29683 villages/wards and 62405679 
population. According to this census, the number of 
illiterates was 21881134 (35%).  

The distribution of population according to districts, 
taluks and villages/wards, is made into 10x10x10 groups 
merging approximately uniform neighborhood units. These 
groups are then arranged by increasing size. It is possible to 
arrive at reliable estimate of study variable (proportion of 
illiterates) of the population using the proposed UV cubical 
circular systematic sampling, under the assumption that the 
increasing arrangement of the size variable (population) in 
three dimensions according to size may furnish the closer 
estimate of the variable of interest. 

The only needed information is, total populations at each 
ten groups of districts (Ai, i=1,2,..,10), taluks (Ri, j=1,2,..,10 ) 
and villages/wards (Cm, m=1,2,..10) for the selection of 
sample. Here study variable Yijm, i,j,m = 1,2,..,10 are the 
distribution of illiterates and size variable Xijm, i,j,m = 
1,2,..,10 are distribution of the population in 2001 census. 
Let Ti, Tj and Tm are cumulative totals of population of each 
ten groups of districts, taluks and villages/wards respectively. 
Let Y be the total illiterates. Let TN be the total population. 
The technique of WPS UV cubical circular systematic 
sampling can be discussed by applying it to the case of 
sampling 8 units from the above mentioned 
three-dimensional population of 1000 units as, usually in 
multi-stage surveys, it is in practice to cover less than 1% of 
the population in the sample due to various logistic reasons. 

Tamilnadu population: TN = 62405679 
Population arranged in three dimensions i.e., group of 

districts, taluks, villages/wards: N × N x N = 1000 cells 
(N=10) 

Sample selected from three dimensional arrangement 
of population:  

n × n x n= 8 (n=2)  
Sampling Interval: k = TN/n = 31202839 

Step 1: 
A random number is drawn from 1 to 62405679 of I (say 

10000000). Sampling interval k=31202839, using (4.1), the 
following coordinates are identified.  

{10000000, 41202839}  
For the values obtained above, corresponding ith labels are 

taken as sampled units using the cumulative total of altitude. 
{3,8} 

Step 2: 
A random number is drawn from 1 to 62405679 of J (say 

30000000). Sampling interval k=31202839, using (4.2), the 
jth label of sampling units are selected. 
{30000000, 61202839} 

For the values obtained above, corresponding jth labels are 
taken as sampled units using the cumulative total of row. 

{6,10} 
Step 3: 

A random number is drawn from 1 to 62405679 of M (say 
50000000). Sampling interval k=31202839, using (4.3), the 
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mth label of sampling units are selected. 
{50000000, 18797160} 
For the values obtained above, corresponding mth labels 

are taken as sampled units using the cumulative total of 
column. 

{9,4} 

Step 4: 
The following sample units of three-dimensional 

population are selected using the labels selected from the 
step1 and step 2. 

(3,6,4) (3,6,9) (3,10,4) (3,10,9) (8,6,4) (8,6,9) (8,10,4) 
(8,10,9) 

 
Village/ 

ward 
groups 

District group-3 

 
Taluk groups 

1 2 3 4 5 6 7 8 9 10 Total 
TOT_P 54645 34524 23536 45768 46611 26206 56469 59841 114484 12107 474191 
P_ILL 19351 10600 7079 14866 10271 9341 10700 22536 25686 3173 133603 
TOT_P 32754 19335 78102 22651 60613 32225 19525 53059 48587 22995 389846 
P_ILL 8981 5171 19917 6122 13214 9607 5315 20220 12587 6316 107450 
TOT_P 52638 42689 32670 52117 32775 12391 44898 80711 31330 30959 413178 
P_ILL 18058 15708 9709 16186 8152 4045 15777 31046 8873 6371 133925 
TOT_P 52238 48846 30659 21881 68875 67629 53462 59394 73163 29805 505952 
P_ILL 19741 17604 9975 6256 22804 23017 10924 17489 24394 10385 162589 
TOT_P 47063 27992 36191 54492 83417 32178 64707 86327 74408 28264 535039 
P_ILL 11249 9014 11613 18418 28849 11848 18717 33218 25167 11232 179325 
TOT_P 53827 60106 60930 52591 52616 69136 81614 73082 30119 26270 560291 
P_ILL 18878 19887 19799 15694 16615 22683 15879 21952 7198 10122 168707 
TOT_P 56038 39529 43353 31768 88300 42478 38094 68033 25354 29969 462916 
P_ILL 19261 16219 14076 10635 34424 14998 12583 28435 8139 8257 167027 
TOT_P 46527 24014 31310 51250 57705 29733 35894 67647 66577 33363 444020 
P_ILL 13523 6783 10136 17545 21256 10142 15780 25793 25937 10199 157094 
TOT_P 43950 66330 59705 35686 75148 35755 22981 80742 79802 38961 539060 
P_ILL 16095 22739 20021 13390 29023 13621 8242 33399 26512 11375 194417 
TOT_P 46495 65014 50376 40625 93176 35040 30657 93252 73546 21777 549958 
P_ILL 17645 25907 18486 15163 35901 11637 10509 38598 28645 6685 209176 
TOT_P 486175 428379 446832 408829 659236 382771 448301 722088 617370 274470 4874451 
P_ILL 162782 149632 140811 134275 220509 130939 124426 272686 193138 84115 1613313 
Village/ 

ward 
groups 

District group-8 
Taluk groups 

1 2 3 4 5 6 7 8 9 10 Total 
TOT_P 23483 45297 34319 42895 31326 27752 37876 71671 53930 36823 405372 
P_ILL 6262 10976 10141 12135 13631 9952 12389 18716 16606 10163 120971 
TOT_P 26248 83015 49125 38772 48866 28235 28366 114424 68850 61147 547048 
P_ILL 8152 20399 16629 10936 16059 9381 10914 35491 22662 17661 168284 
TOT_P 38762 37572 64986 52022 23889 127260 28945 107299 38142 47826 566703 
P_ILL 9856 9482 19637 20136 9303 29763 8374 25185 10205 13488 155429 
TOT_P 60535 24519 94255 10171 19434 26804 65443 184793 102476 72692 661122 
P_ILL 28078 6990 41964 4103 8900 11001 16519 74673 27094 17913 237235 
TOT_P 69308 50199 83456 68369 159323 76721 21448 81116 94072 77153 781165 
P_ILL 31618 12528 37767 30935 77954 21554 9037 34097 22814 22795 301099 
TOT_P 63476 55215 34719 24276 29775 24144 92494 76392 73554 65109 539154 
P_ILL 26316 14427 14323 9761 10567 9699 21572 27931 17918 12178 164692 
TOT_P 34752 48114 33160 39809 35962 53609 371719 71508 63953 116040 868626 
P_ILL 10644 14154 14665 12680 13809 19436 78675 27110 22953 42867 256993 
TOT_P 33281 125561 54721 66656 147816 125211 19045 44832 56178 92024 765325 
P_ILL 11304 47016 25094 30977 76893 35166 7034 14879 14831 24604 287798 
TOT_P 44473 69834 51667 54006 102273 55718 396115 135276 74574 60561 1044497 
P_ILL 16280 27212 24165 23887 48930 21498 75444 54515 32519 17791 342241 
TOT_P 96240 203070 187575 78699 112649 161075 271338 140824 52249 132766 1436485 
P_ILL 41230 77326 90760 36455 64100 64799 75616 59959 20596 41582 572423 
TOT_P 490558 742396 687983 475675 711313 706529 1332789 1028135 677978 762141 7615497 
P_ILL 189740 240510 295145 192005 340146 232249 315574 372556 208198 221042 2607165 
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In the above illustrated real life situation, if we assume, 
special purpose sample survey is carried out to find out the 
estimate of illiteracy in the randomly selected each two 
groups of districts, taluks and villages/wards (2x2x2=8 cells), 
it can be noted that the illiteracy deducted from the selected 
cells are 23017, 13621, 10385, 11375, 11001, 21498, 17913 
and 17791 from 228 villages/wards [The approximate 
average village/ward population is 1700 or 425 households] 
size of under 2x2x2=8 cells. The estimated proportion of 
illiterates is 0.33(W.G Cochran, 1977), which is closer to the 
actual proportion of illiterates in TamilNadu i.e., 0.35. 
INTERVAL ESTIMATION 

In practice, interval estimation is very much useful to 
study and interpret the estimate to its logical conclusions. It 
is also a useful tool to derive simple and intuitive way to 
interpret the results of public health studies. In conjunction 
with the statistical power, the interval estimates help to 
interpret the study findings in a more realistic way. So, the  
95% Confidence Interval (CI) for the estimate can easily be 
obtained by using the formula for the variance of estimation. 
Using the above concept, the 95% CI for estimate in the 
above situations is shown in the following table. 

The 95% CI for the illiteracy in different situations 

Source Population Sample SE 95% CI 
Hypothetical 

data 0.0100 0.0100 0.0000 - 

Real life survey 0.3506 0.3264 0.0215 
0.2843 -  
0.3684 

5. Discussion 
Multi stage sampling method refers to the method which 

selects sample by stages, the sampling unit at each stage 
being sub-sampled from the larger units chosen at the 
previous stage. The sampling units pertaining to the first 
stage are termed as primary or first stage units; and similarly 
for second stage units, third stage units etc. Generally, 
three-stage sampling method is used for large scale surveys. 
The major disadvantage of multi-stage sampling is that it 
omits parts of the population in different stages. Because of 
this, multi-stage sampling poses difficulties in production of 
unbiased /representative estimates for the variable of interest. 
It is interesting to note that dual circular systematic sampling 
method (N. Uthayakumaran and S. Venkatasubramanian, 
2013) is considering the whole population, which is arranged 
in two dimensions. Extending the technique of dual circular 
systematic sampling method, the proposed UV cubical 
circular systematic sampling methodology is an attempt to 
produce reliable estimate for the study variable by 
considering the whole population arranged in three 
dimensions. The sample is selected in a single attempt 
cyclically. The UV cubical circular systematic sampling 
scheme is explained through the linear model in section 2. In 
the case of corrected estimator in UV cubical circular 
systematic sampling method, the values of the diagonal 

elements in (2.4) are given a unique weight R to estimate the 
population mean of study variable in the presence of linear 
trend without any error. It is pertinent to note that the 
corrected sample mean (3.1) of UV cubical circular 
systematic sampling method coincides with the population 
mean in the presence of linear trend.  

In the weights proportional to size (WPS) UV cubical 
circular systematic sampling method, approach of using 
three-dimensional population procedures is advocated in this 
paper in section 4. This is an attempt to reduce the variance 
and enhance the quality of the estimate of the study variable. 
The weights based on size information (4.4) are providing 
strength to the estimate.  

The requirement and specific arrangement of the three 
dimensional population in the UV cubical circular systematic 
sampling method discussed in this paper , in effect ensure - 
the observance of the study variable on a much enhanced 
setup. The use of size variable in arranging the total 
population for the selection of the sample indirectly satisfy 
the linear trend assumption for the study variable. The 
random starts for altitude, row and column and fixing the 
cells with the use of size information uniquely determine the 
sample. Also, this approach is comparatively easy and 
provides a good representative sample, as care is being taken 
to spread the population units in the sample.  

Hypothetical data through a linear model and real life data 
(census of Tamilnadu – 2001) are used to illustrate the 
proposed new sampling methods. The proportion of 
illiteracy in Tamilnadu as per census 2001 is 0.35. The 
census data is utilized to generate sample by the newly 
developed WPS UV cubical circular systematic sampling 
procedure. The estimated proportion of illiteracy in 
Tamilnadu is 0.33, the 95% CI being 0.28 - 0.37. 

The hypothetical data generated through models and use 
of real life data towards explaining the UV cubical circular 
systematic sampling schemes demonstrate its ease and 
practical utility for estimation. 

6. Conclusions 
For population arranged as N x N x N cells (even if N3 ≠ 

n3k3), the suggested new methods are useful in selecting the 
samples. To estimate proportion of study variable in the 
population, if one identifies the area in the sample using the 
above described methods; it is possible to arrive at 
reliable/accurate estimate. Estimate will be accurate (for the 
census data used in the illustration the standard error is 2%) 
by the adoption of the above methodology as care is being 
taken to spread the sampling units into the population as 
much as possible. Extension to our proposed methodology, 
for example, arrangement of population in a manifold 
fashion may also be thought of for the production of large 
scale estimate to the variable of interest.  

The suggested corrected sample mean discussed in section 
3 is equal to the population mean when the population is 
arranged as per the suggested methods in three-dimension 
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population exhibiting linear trend. This methodology will be 
an alternate and beneficial to all the large scale, multi-stage 
surveys. Authorities/Government agencies require data on 
micro and macro level for better planning. Market research 
agencies and other organizations like, television networks, 
federation of industries, political organizations etc., often 
need to conduct studies to get reliable data on various 
parameters to decide about investment/production policies, 
popularity of TV serials, evaluation of programs etc. For 
example, in India, the National Family Health Survey 
(NFHS), National Sample Survey (NSS) and Sample 
Registration System (SRS) are multi-stage surveys. Three 
NFHS surveys have been conducted so far since 1992-93. 
The NFHS surveys provide estimates both at state and 
national level on fertility, infant and child mortality, the 
practice of family planning, maternal and child health, 
reproductive health, nutrition, anemia, utilization and quality 
of health and family planning services.  

We anticipate the use of UV cubical circular systematic 
sampling schemes in real life situations will demonstrate its 
ease and practical utility for estimation. More research with 
the multi-stage surveys using our proposed sampling 
methodology will enhance and provide reliable estimates in 
the estimation of parameters of variable of interest in the 
field of sampling.  
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