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Abstract  A predator-prey model with general Holling type of interactions in presence of additional food is proposed. 
The stability of equilibrium points of the system is analysed. The bifurcation analysis is done with respect to Holling pa-
rameter as well as quantity of additional food. The model will be useful for construction of real food chain model for pre-
dicting future which will be important for bio-conservation and pest management. 
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1. Introduction 
Understanding the relationship between predator and prey 

is a central goal in ecology. One significant component of the 
predator-prey relationship is the predator’s feeding rate upon 
prey. The predator’s feeding rate as a function of changes in 
the density of food items in the habitat is called organism's 
“functional response”. There are many conceptual food 
chain models considering specific functional form of 
predator-prey interaction. 

Many scholars have studied about continuous food chain 
models for several functional responses such as Holl-
ing-Tanner type[1,2], Beddington-DeAngelis type[3,4] and 
ratio dependent type[5,6]. But we observe that these func-
tions satisfy some basic biological requirements and have the 
advantages of mathematical simplicity. However, there is no 
biological reason to prefer this special type of functional 
responses, but the exact predator functional response is more 
important.  

 A realistic interaction function should be based on bio-
logical hypotheses. Interaction function should be such that 
it does not allow the predator to grow arbitrarily fast, even if 
prey is abundant. Furthermore, the shape of the function for 
low prey densities can often be guessed. In the intermediate 
region, between very low and very high prey densities, the 
interaction function in most cases expected to be increasing 
[7]. In this sense the Holling functions are not the only real-
istic interaction functions, but merely the simplest of realistic 
approximations. Many scholars have studied a food chain 
model with Holling type-I, type-II or type-III functional 
responses. The Holling type-II function is based on the 
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assumption that predation rate is proportional to prey density 
if prey is scarce. If predator actively seeks out large con-
centrations of prey the Holling type-III are more appropriate. 
But the functional responses should be of general type[7] for 
constructing a real food chain model. In fact, in real world, 
predators of different species may feed on preys in different 
types of consumption ways. We have now concentrated 
about two species food chain model with general Holling 
type of functional responses. The predator-prey model with 
general Holling interactions is of the form: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑅𝑅𝑑𝑑 �1 −

𝑑𝑑
𝐾𝐾� −

𝐴𝐴𝑑𝑑𝑛𝑛𝑌𝑌
𝐵𝐵 + 𝑑𝑑𝑛𝑛    

𝑑𝑑𝑌𝑌
𝑑𝑑𝑑𝑑

= 𝐶𝐶𝑑𝑑𝑛𝑛𝑌𝑌
𝐵𝐵+𝑑𝑑𝑛𝑛

− 𝐷𝐷𝑌𝑌               (1) 
where 𝑛𝑛(> 0) is Holling parameter. The variables “X” 

and “Y” are the density of prey and predator species respec-
tively. “T” is the time. The constant “R” and “K” are the 
intrinsic growth rate and carrying capacity of the prey spe-
cies “X”. “A” denotes the food intake rate of the predator “Y” 
on the prey “X” and “C” denotes the conversion rate of the 
prey to the predator. The constant “B” is the half saturation 
constant for the predator. “D” denotes the predator’s death 
rate in absence of prey. If we consider constants ‘h1’ and ‘e1’ 
are as handling time of the predator per prey item and abil-
ity of the predator to detect the prey then we have “A” and 
“B”, representing the food intake rate of predation and half 
saturation constant of the predator, to be 1/h1 and 1/h1e1, 
respectively[8]. 

Now, we assume that the predator is provided with addi-
tional food of biomass “F” which is assumed to be distrib-
uted uniformly in the habitat. We assume that the number of 
encounters per predator with the additional food is propor-
tional to the density of the additional food. Here, the pro-
portionality constant characterizes the ability of the predator 
to identify the additional food. Therefore, we have the fol-
lowing predator-prey model: 



48  Banshidhar Sahoo:  A Predator-Prey Model with General Holling Interactions in Presence of Additional Food 
  

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑅𝑅𝑑𝑑 �1−
𝑑𝑑
𝐾𝐾
� −

𝐴𝐴𝑑𝑑𝑛𝑛𝑌𝑌
𝐵𝐵 + αµ𝐹𝐹 + 𝑑𝑑𝑛𝑛    

𝑑𝑑𝑌𝑌
𝑑𝑑𝑑𝑑

= 𝐶𝐶(𝑑𝑑𝑛𝑛+µ𝐹𝐹)𝑌𝑌
𝐵𝐵+αµ𝐹𝐹+𝑑𝑑𝑛𝑛

− 𝐷𝐷𝑌𝑌           (2) 
If we assume that the constants ‘h2’and ‘e2’, respectively, 

represent the handling time of the predator per unit quantity 
of additional food and ability for the predator to detect the 
additional food, then we have µ=e2/e1 and α=h2 /h1 . Here 
the term “µF” represents effectual additional food level. 

We non-dimensionlize the system (2) using 
𝑑𝑑 = 𝐵𝐵

1
𝑛𝑛

 𝑥𝑥, 𝑌𝑌 = 𝐵𝐵
1
𝑛𝑛𝑦𝑦 and  𝑡𝑡 = 𝑅𝑅𝑑𝑑. The system (2) reduces 

to the following form 
𝑑𝑑𝑥𝑥
𝑑𝑑𝑡𝑡

= 𝑥𝑥 �1 −
𝑥𝑥
𝛾𝛾
� −

𝑎𝑎𝑥𝑥𝑛𝑛𝑦𝑦
1 + αξ + 𝑥𝑥𝑛𝑛

   

𝑑𝑑𝑦𝑦
𝑑𝑑𝑡𝑡

= 𝑏𝑏(𝑥𝑥𝑛𝑛+ξ)𝑦𝑦
1+αξ+𝑥𝑥𝑛𝑛

− 𝑑𝑑𝑦𝑦              (3) 

Where, 𝑎𝑎 = 𝐴𝐴
𝑅𝑅

, 𝛾𝛾 = 𝐾𝐾

𝐵𝐵
1
𝑛𝑛

, ξ = µ𝐹𝐹
B

 , 𝑏𝑏 = 𝐶𝐶
𝑅𝑅

,𝑑𝑑 = 𝐷𝐷
𝑅𝑅

. 

Here “ξ” and “α” are noted as control parameters 
which characterize the “quantity” of additional food avail-
able to the predator and its “quality” relative to the prey 
respectively. The system (3) is to be analysed for x(t)≥0, 
y(t)≥0. In this paper, we first analyse stability criteria of 
the system (3) theoretically in section 2. The numerical 
study is done with respect general Holling parameter 
and quantity of additional food. Finally conclusion is 
given in section 4. 

2. Theoretical Study 
2.1. Dissipativeness 

Obviously, the right-hand sides of the system (3) are con-
tinuous and have continuous partial derivatives on the state 
space 2

+= {(x, y)T: x≥0, y≥0}. In fact, they are 
Lipschitzian on 2

+ and then the solution of the system (3) 
with non-negative initial condition exists and is unique. As 
the solution of the system (3) initiating in the non-negative 
quadrant it is bounded, using [9] it is easy to see that 2

+ is 
an invariant domain of the system (3).  
Theorem 2.1. The system (3) is dissipative. 

Proof: From the first equation of the system (3), it easy 
to see that  𝑑𝑑𝑥𝑥

𝑑𝑑𝑡𝑡
≤ 𝑥𝑥(1 − 𝑥𝑥

𝛾𝛾
). By comparison theorem, we have 

𝑥𝑥(𝑡𝑡) ≤ 𝛾𝛾
1+𝑐𝑐𝑒𝑒−𝑡𝑡

 for all 𝑡𝑡 ≥ 0, where 𝑐𝑐 = 𝛾𝛾
𝑥𝑥0
− 1. This implies 

that 𝑥𝑥(𝑡𝑡) ≤ 𝛾𝛾, for sufficiently large 𝑡𝑡. 
Considering �𝑥𝑥(𝑡𝑡),𝑦𝑦(𝑡𝑡)�,  be any solution of the system (3) 

with positive initial condition, we define 
𝑊𝑊 = 1

𝑎𝑎
𝑥𝑥(𝑡𝑡) + 1

𝑏𝑏
𝑦𝑦(𝑡𝑡). 

That is  𝑑𝑑𝑊𝑊
𝑑𝑑𝑡𝑡

≤ 2𝑥𝑥
𝑎𝑎
− 𝑥𝑥

𝑎𝑎
+ (𝜉𝜉 − 𝑑𝑑

𝑏𝑏
)𝑦𝑦. 

Thus  𝑑𝑑𝑊𝑊
𝑑𝑑𝑡𝑡

+ 𝜃𝜃𝑊𝑊 ≤ 2𝛾𝛾
𝑎𝑎

 , where 𝜃𝜃 = min {1
𝑎𝑎

, 𝑑𝑑
𝑏𝑏
− 𝜉𝜉}. 

Applying the theory of differential inequality, we obtain 
0 < 𝑊𝑊 ≤ 2𝛾𝛾

𝑎𝑎𝜃𝜃
�1 − 𝑒𝑒−𝜃𝜃𝑡𝑡 � + 𝑊𝑊(𝑥𝑥(0),𝑦𝑦(0)). 

For 𝑡𝑡 →∝, we have 0 < 𝑊𝑊 ≤ 2𝛾𝛾
𝑎𝑎𝜃𝜃

. 
Hence all solutions of the system (3) that initiated in 2

+ 
are confined in the region  

𝑆𝑆 = �(𝑥𝑥,𝑦𝑦):𝑊𝑊 = 2𝛾𝛾
𝑎𝑎𝜃𝜃

+ 𝜂𝜂, 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝜂𝜂 > 0� , which means that 
all species are uniformly bounded for any initial value in 
2+. 

2.2. Stability Analysis 

The system (3) possesses the following steady states: 
i) The trivial state 𝐸𝐸0 ≡ (0, 0). The variational matrix 

𝑉𝑉(𝐸𝐸0) at 𝐸𝐸0 is given by 

𝑉𝑉(𝐸𝐸0) =  �
1 0

0
𝑏𝑏𝜉𝜉

1 + 𝛼𝛼𝜉𝜉
− 𝑑𝑑�, 

which has one eigen value 1 and so 𝐸𝐸0 is unstable. 
ii) The axial state 𝐸𝐸1 ≡ (𝛾𝛾, 0). The variational matrix 

𝑉𝑉(𝐸𝐸1) at 𝐸𝐸1 is given by 

𝑉𝑉(𝐸𝐸1) =  

⎣
⎢
⎢
⎢
⎡−1 −

𝑎𝑎𝛾𝛾𝑛𝑛

1 + 𝛼𝛼𝜉𝜉 + 𝛾𝛾𝑛𝑛

0
𝑏𝑏(𝛾𝛾𝑛𝑛 + 𝜉𝜉)

1 + 𝛼𝛼𝜉𝜉 + 𝛾𝛾𝑛𝑛
− 𝑑𝑑⎦

⎥
⎥
⎥
⎤
, 

which has one eigen value -1 and other is 𝑏𝑏(𝛾𝛾𝑛𝑛+𝜉𝜉)
1+𝛼𝛼𝜉𝜉+𝛾𝛾𝑛𝑛

− 𝑑𝑑. 
The equilibrium point 𝐸𝐸1  is said to be unstable if 
𝑏𝑏(𝛾𝛾𝑛𝑛+𝜉𝜉)

1+𝛼𝛼𝜉𝜉+𝛾𝛾𝑛𝑛
> 𝑑𝑑. i.e. 𝛾𝛾𝑛𝑛 > 𝑑𝑑(1+𝛼𝛼𝜉𝜉 )−𝑏𝑏𝜉𝜉

𝑏𝑏−𝑑𝑑
, for 𝑏𝑏 > 𝑑𝑑  and 

1 + 𝛼𝛼𝜉𝜉 − 𝜉𝜉 > 0, which is the existence criteria of interior 
equilibrium point. 

iii) The interior equilibrium point 𝐸𝐸∗ ≡ (𝑥𝑥∗,𝑦𝑦∗), 
where 𝑥𝑥∗𝑛𝑛 = 𝑑𝑑(1+𝛼𝛼𝜉𝜉 )−𝑏𝑏𝜉𝜉

𝑏𝑏−𝑑𝑑
  

and 𝑦𝑦∗ = �1+𝛼𝛼𝜉𝜉+𝑥𝑥∗𝑛𝑛 �
𝑎𝑎

�1 − 𝑥𝑥∗

𝛾𝛾
� 𝑥𝑥∗1−𝑛𝑛 . The existence crite-

ria of 𝐸𝐸∗ reveals that 𝑥𝑥∗exists if  𝑏𝑏 > 𝑑𝑑, 1 + 𝛼𝛼𝜉𝜉 − 𝜉𝜉 > 0 
and 𝑦𝑦∗exists provided 𝑥𝑥∗ ≤ 𝛾𝛾, from theorem 2.1. 

Now, we study the stability criteria around 𝐸𝐸∗. The varia-
tional matrix of 𝑉𝑉(𝐸𝐸∗) is given by 

𝑉𝑉(𝐸𝐸∗) =  �
𝑎𝑎11 𝑎𝑎12
𝑎𝑎21 𝑎𝑎22

� , 

where     𝑎𝑎11 = 1 − 2𝑥𝑥∗

𝛾𝛾
− 𝑛𝑛𝑎𝑎 (1+𝛼𝛼𝜉𝜉 )𝑥𝑥∗𝑛𝑛−1𝑦𝑦∗

�1+𝛼𝛼𝜉𝜉+𝑥𝑥∗𝑛𝑛 �
2 , 

𝑎𝑎12 = −
𝑎𝑎𝑥𝑥∗𝑛𝑛

1 + 𝛼𝛼𝜉𝜉 + 𝑥𝑥∗𝑛𝑛
, 

𝑎𝑎21 =
𝑛𝑛𝑏𝑏(1 + 𝛼𝛼𝜉𝜉 − 𝜉𝜉)𝑥𝑥∗𝑛𝑛−1𝑦𝑦∗

(1 + 𝛼𝛼𝜉𝜉 + 𝑥𝑥∗𝑛𝑛)2 , 

and             𝑎𝑎22 = 0. 
The characteristic equation of 𝑉𝑉(𝐸𝐸∗) is  

𝜆𝜆2 + 𝜎𝜎1𝜆𝜆 + 𝜎𝜎2 = 0, 
where 𝜎𝜎1 = −𝑎𝑎11  and 𝜎𝜎2 = −𝑎𝑎12𝑎𝑎21.  

The eigen values are 𝜆𝜆1,2 =
−𝜎𝜎1±�𝜎𝜎1

2−4𝜎𝜎2  

2
. 

Here  𝑎𝑎12 < 0 ,  𝑎𝑎21 > 0 and if 𝑎𝑎11 < 0  , then both 
𝜎𝜎1 > 0 and 𝜎𝜎2 > 0. Therefore, two eigen values are nega-
tive. Thus the system may be locally asymptotically stable 
around  𝐸𝐸∗ if 𝑎𝑎11 < 0 otherwise it is unstable. Thus de-
pending upon system parameters; the system may exhibit 
stable or unstable behaviour in this case. 
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3. Numerical Results 
In this section, we have done bifurcation analysis of the 

system (3) with a set of hypothetical ecosystem parameters, 
most of which are taken from Srinivasu et al.[8]. The pa-
rameter values are taken as γ = 6.0, β = 0.3, d = 0.2, which 
are remain unchanged throughout simulations. We have 
done bifurcation analysis with respect to Holling parameter 
𝑛𝑛 as well as quantity of additional food 𝜉𝜉. 

 
Figure 1.  The bifurcation diagram of the system (3) with respect to 
Holling parameter 𝑛𝑛 without supply of additional food 

 

 
Figure 2.  The bifurcation diagram of the system (3) with respect to 
Holling parameter 𝑛𝑛 in presence of additional food to predator 

The figure 1 is the bifurcation diagram of the system (3) 
with respect to Holling parameter 𝑛𝑛  for 0.2 ≤ 𝑛𝑛 ≤ 2 
without supplying any additional food. From the figure 1, 
we observe that the prey species has stable dynamics where 
the predator species extinct for  0.2 ≤ 𝑛𝑛 < 0.61.  Within 

0.72 ≤ 𝑛𝑛 ≤ 2, both prey and predator species have limit 
cycle oscillations. On the other hand, figure 2 is the bifurca-
tion diagram of the system (3) with respect to Holling pa-
rameter 𝑛𝑛 in presence of additional food to predator. The 
figure 2 shows that both prey and predator species have 
limit cycle oscillation within  0.97 ≤ 𝑛𝑛 ≤ 1.12  and both 
settles down to steady state for 1.12 < 𝑛𝑛 ≤ 2 in presence 
of additional food 𝛼𝛼 = 1.1429, 𝜉𝜉 = 1.4. Again from the 
figure 2, we observe that prey species have steady state 
while the predator species extinct from the system for 
0.2 ≤ 𝑛𝑛 < 1.19 in presence of additional food 𝛼𝛼 = 2, 𝜉𝜉 = 1 
and both the species have stable dynamics for 1.19 ≤ 𝑛𝑛 ≤ 2. 
Figure 3 is the bifurcation diagram of the system (3) with 
respect to quantity of additional food 𝜉𝜉 to the predator for 
different values of 𝑛𝑛 and 𝛼𝛼 = 2. The figure 3 indicates that 
the system have either limit cycle or steady state in ranges 
of 0≤ 𝜉𝜉 ≤1. From figure 3, it is important to note that there 
are no eradication effects in the system in presence of addi-
tional food for different functional responses. Therefore, 
survival of the species in a system depends on interaction 
functions as well as supply of additional food. 
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Figure 3.  The bifurcation diagram of the system (3) with respect to 
quantity of additional food 𝜉𝜉 for different values of Holling parameter 𝑛𝑛 

4. Conclusions 
We have formulated a predator-prey model with general 

Holling interactions in presence of additional food to 
predator. We have discussed the dissipativeness of the sys-
tem under certain conditions. The stability criteria of all 
equilibrium points of the system are derived. The numerical 
simulation is also shown here. We have seen that the dy-
namics of the system (3) highly depends on Holling pa-
rameter. There is extinction possibility for small values of 
Holling parameter without supply of additional food. Srini-
vasu et al. [8] defined that the supply of additional food 
should be high quality if 𝛼𝛼 < 1.5  and low-quality if 
𝛼𝛼 > 1.5. Here, in figure 3, we have shown that there is no 
extinction possibility in presence of high quality of addi-
tional food (𝛼𝛼=1.1429, 𝜉𝜉= 1.4) but for low-quality of addi-
tional food (𝛼𝛼=2, 𝜉𝜉 = 1) the system has extinction risk for 
0.2 ≤ 𝑛𝑛 < 1.19. Therefore, the existence of species in a 
system depends on interaction functions as well as quality 
of additional food. Here, we have shown that the model 
with Holling type-II or type-III is not always realistic. Be-
cause the model with Holling type-II or type-III is a par-
ticular case of general Holling interaction and this assump-
tion is made for only simplicity of the model construction. 

There is no reason for construction of such special type of 
interaction function. Therefore, we suggest that choice of 
interaction function is a very important part of realistic 
model for prediction of future determining biological strat-
egy. Our study will be useful for construction of a real bio-
logical model and pest control. 
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