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Abstract The present paper is devoted to an illustration of effective behavior on a classical torsion problem of a
fiber-reinforced composite beam with debonded fibers but still in contact with the matrix. We show that the solution in
displacement (which is given explicitly), of such problem, is independent on the microscopic variable and it is identical to
that of a composite whose fibers are perfectly bonded to the matrix. It is not the same for the bending and traction problems
where the associated solutions depend both on microscopic and macroscopic variable and which are different to that of a
composite whose constituents are perfectly bonded. Consequently, the debonding of fibers in a composite beam but still in
contact with the matrix has therefore not importance when and only when it comes to a torsional loading.
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1. Introduction
The use of unidirectional fiber-reinforced composite
materials does not cease to grow in various domains and
particularly in the domains of aerospace and aeronautics.
This is due to their various properties and especially to their
interesting mechanical behavior in terms of their specific
effective stiffness in the direction of the fibers. The effective
elastic behavior of such composites is now well known and
well modeled by the homogenization theory as long as the
fibers are assumed to be perfectly bonded to the matrix [1]
[11-14]. By cons, not many studies have been made in the
case where the constituents are debonded (see [8] [10] [15]
[16] [17]). The results that we obtained in this last case are
new and generals (see [3]). Specifically, the obtained
effective behavior of a composite material in the case where
the fibers are debonded but still in contact with the matrix is
formally similar to a generalized continuous medium whose
kinematics is not described only by the usual macroscopic
displacement field but also a other displacement field
describing the sliding of the fibers.
The objective of this paper is therefore to illustrate this
effective behavior, found in [3], on a classical elastostatic
torsion problem of a fiber-reinforced composite beam.
Although simple, the torsion problem, one of the three
famous classical problems (traction/compression, bending
and torsion), is of paramount importance for practical
applications.
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The paper is organized as follows. The next section is
devoted to the setting of the problem which consists to
study the torsion problem of a fiber-reinforced composite
beam with debonded fibers but still in contact with the
matrix. The third section is devoted to a brief general recall
of homogenization results obtained in [3] and adaptation of
these results to our torsion problem of a “debonded”
composite beam by formulating the homogenized problem
associated with our torsion problem which consists to solve
an equilibrium equations system (coupled and not classic).
We solve therefore this system in the fourth section. And
we end with a conclusion in the fifth section.

2. Problem Statement
We study in this paper the torsion problem of a
fiber-reinforced composite beam with debonded fibers. To
do this, let us retake the example of the composite structure
presented in [4] and [5] (for the traction and bending
problems). The notations and the description of the
“debonded” composite part are the same (see Figure 1.). It is
a composite beam with a circular cross-section, of length L
and radius R, and which the fibers are debonded but in
contact with the matrix. We assume that in addition, the
fibers can slide without friction (see [2] [3] [6]) for a torsion
loading. The fibers and the matrix are assumed
homogeneous, isotropic and having respectively the Lamé
constants (λf,µf) and (λm,µm). No action is exerted on the
lateral surface ΣLat and the density of volumetric efforts f is
assumed to be negligible. By cons, on both bases of the beam,
Σ0 and ΣL, are exerted surface efforts forming a torsional
torque. More specifically on ΣL, they form an equivalent
torsor to the given torque Me3, and on Σ0 they form an
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equivalent torsor to the torque −Me3. Therefore, M defines a
torsional torque applied on the composite beam. This torque
can be achieved by imposing, instead of these surface forces
defined on Σ0 et ΣL, the following conditions (in
displacements and in stresses):
u1(x) = u2(x) = σ33(x) = 0 on Σ0,
u1(x) = −αLx2, u2(x) = −αLx1, σ33(x) = 0 on ΣL,
σn(x) = 0 on ΣLat.

(1)
(2)
(3)

debonding of fibers from the matrix, the first term u0 of the
asymptotic development uε depends both on macroscopic
variable x and microscopic variable y (with y=x/ε), in
contrast to what one found in the existent literature where
this field depends only on the macroscopic variable x (as in
[7] [9] [10] and [15] [16] [17]). Therefore new macroscopic
fields come into play in the effective kinematic of the
composite structure. Specifically, the kinematic is described
not only by a classical vector field u, representing the
displacement of the matrix, but also by a new scalar field
noted δ, interpreted as the relative sliding of the fibers
relative to the matrix (it is also called, internal sliding of the
composite structure).
The first term u0(x,y) of the asymptotic expansion [1] of
ε
u (x) is then written, as in [4] and [5]:
u0(x,y) = u(x) + χf(y)δ(x)e3, ∀ (x,y) ∈ΩxV

Figure 1. The composite beam with debonded fibers

Specifically, the torsional problem of the composite beam
with debonded fibers but in contact with the matrix, thus
defined, is formulated as follows: it is to seek the
displacement field uε(x) and the associated stress field σε(x),
solutions of the following torsion problem:
Div σε = 0 in Ω\Iε,
ε

ε

ε

σ = Α ε(u ) in
ε(uε) =

(11)

where χf(y), with y ∈ V, is the characteristic function of Vf
(equal to 1 on Vf and 0 on Vm). V=Vf∪Vm (reunion of the
part fiber Vf and the part matrix Vm) is the basic cell
associated with the composite beam (see Figure 2.).

(4)
ε

Ω\I ,

1
(▼uε + ▼Tuε) in Ω\Iε,
2

ε
= 0 on Σ0,
u1(x) = u2(x) = σ 33

(5)
(6)
(7)

ε
= 0 on ΣL, (8)
u1(x) = −αLx2, u2(x) = −αLx1, σ 33
ε

σ n(x) = 0 on ΣLat,
[uε]•n=0, [σε]n = 0, σεn∧n = 0 on Iε,

(9)
(10)

Let us adopt the following notations: ε is a parameter
related to the microstructure of the composite beam (report
of the period by the length L of the beam, assumed small
enough), Div being the divergence of a tensor (here it is the
stress tensor σε), Aε indicates the linear elasticity tensor of
the composite beam, ε(uε) the strain field associated with the
displacement field uε, n the outer normal of Σ0(n=−e3),
ΣL(n=e3) or ΣLat(n=n1e1+n2e2 with n12+n22=1) and [uε] the
jump or discontinuity of the displacement field uε across the
interface Iε (reunion of all debonded interfaces,
fibers-matrix). The three relations of the last line (10), reflect
the continuity of the normal displacement field, the
continuity of the stresses vector and the nullity of the shear
on the debonded interfaces Iε. Ω being the open domain of
IR3 occupied by the composite beam.

3. The Macroscopic Problem
As has been shown in [2] and [3], because of the

Figure 2. The base cell V=Vf∪Vm

And the couple of fields (u(x),δ(x)) is a solution of a
coupled elasticity problem, posed on an equivalent
homogeneous structure (see Figure 3.), having as tensor of
hom
homogenized elasticity A (calculated in [3] on the basic
cell V):
Div (σ +

∂δ
Σ )= 0 in Ω
∂x 3

∂
( Σ.ε (u) + K ∂δ )= 0 in Ω
∂x 3
∂x 3

σ(x) = Α
ε(u)(x)=

hom

ε(u)(x) in Ω

(12)
(13)
(14)

1
(▼u + ▼Tu)(x) in Ω
2

(15)

u1(x) = u2(x) = 0 on Σ0,

(16)

u1(x) = −αLx2,

u2(x) = −αLx1 on ΣL

(17)

(σ3j +

∂δ
Σ3j )nj=0 on Σ0,
∂x 3

(18)

(σ3j +

∂δ
Σ3j )nj=0 on ΣL,
∂x 3

(19)
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(σ +

∂δ
Σ)n=0 on ΣLat,
∂x 3

(20)

( Σ.ε (u) + K ∂δ )n3=0, on Σ0,

(21)

( Σ.ε (u) + K ∂δ )n3=0, on ΣL,

(22)

∂x 3

∂x 3

The homogenized problem thus defined is a system of
equilibrium equations coupled non-classical: it contains
additionally of homogenized tensor Ahom (of the composite
structure) new homogenized tensors K and Σ. K is
interpreted as the effective stiffness tensor in extension of the
debonded fibers and Σ as an effective stress tensor. These
two tensors are calculated in [3] by solving new cell
problems ignored in the existent literature. They appear in
the homogenized problem equations by coupling the two
displacement fields u and δ.
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The reader can easily verify, taking into account (23)4 i.e.
δ(x) = 0, that the stress field (25) satisfies well the static
equilibrium equation (12) and the boundary conditions (18),
(19) and (20), imposed on Σ0, ΣL et ΣLat. The equilibrium
equations (13), indexed by (x1,x2), and the conditions (21)
and (22), imposed on Σ0 et ΣL, are also satisfied because of
(23)4, (24) and the fact that only the terms Σii 1≤ i ≤3 are
nonzero (Σ being the tensor resulting internal stresses
generated in the basic cell by an internal extension of the
fiber, calculated in [3]).
Remark: If (P;e1,e2,e3) is the local orthonormal reference
associated, in point P, to cylindrical coordinates r, θ and z,
one has on ΣL:
hom αre ,
F + σ(x)n(x) = A 1313
2

(26)

and the torsor of efforts defined by the surface force density
(26) on ΣL is well a torque of axis Ox3 and of moment Me3,
with:
Ρ

π

0

2

hom
M = ∫ r.A1313
αr.2πrdr =

hom
αR4A 1313

(27)

The torsion torque M is proportional to the torsion unit
angle α of the cylinder:
Figure 3. The homogenized composite beam

hom Dα, with D =
M = A 1313

We verify that the proposed couple of displacements field
(u(x), δ(x))= (u1(x), u2(x), u3(x), δ(x)) defined explicitly by:
(23)

where α is a given real constant, defining the rotation angle
imposed on the bases Σ0 and ΣL, define well a solution of the
torsion problem above (12)-(22). Indeed, first note that (u(x),
δ(x)) is a kinematically admissible field, i.e. it verifies well
the boundary conditions (16) and (17) of the problem
(12)-(22).
Furthermore,
the
deformation
tensor
corresponding to the displacement field u(x) is defined as
follows:

 0


ε(u)(x) = 
 0

 − 1 αx 2
 2


0
0
1
αx1
2


1
− αx 2 

2
.
1
αx1 
2

0 



(24)

According to the law of behavior (14), the stress tensor
σ(x) is written as follow:
hom 

0
0
− αx 2Α1313


hom
.
0
0
αx1Α1313
σ(x) = 


hom
hom
− αx 2Α1313 αx1Α1313
0



2

R4.

(28)

hom D is by definition the modulus of rigidity in torsion
A 1313

4. The Displacement Field Solution
u1(x)=−αx2x3, u2(x)=−αx1x3, u3(x)=0, δ(x)=0,

π

(25)

of the cylinder; it is the product of the stiffness modulus at
hom by a factor D, of geometrical nature, that is no
shear A 1313

other here that the moment of inertia of the circular section
with respect to the axis Ox3, assumed constant basis weight
and equal to unity. The effect of debonding of fibers is felt in
the report between the moment M to exercise and the torsion
angle α. This report involves the homogenized coefficient A
hom
1313 of the debonded composite beam, which is strictly
smaller than that of a composite beam whose fibers are
perfectly bonded (see [3]).

5. Conclusions
The couple (u(x), δ(x)) defined by (23) is a solution of the
homogenized problem (12)-(22). The displacement field
defined by (11) is therefore solution of the torsion problem
(4)-(10). Any other solution is obtained by adding to the
expression (11) a rigid displacement field considered
unimportant for the envisaged mechanical. This solution is
identical to that of a composite whose constituents are
perfectly bonded (because δ is zero), unlike those of the
problems of bending and traction (see [4] and [5]) where the
field δ is nonzero. The debonding of fibers in a composite
beam but still in contact with the matrix has therefore not
importance only and only where it is of a torsional loading.
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