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Abstract

We study the single-particle (sp) properties of asymmetric nuclear within the framework of the
Brueckner-Hartree-Fock (BHF) approach extended by including a phenomenological three-body force (3BF). These
properties are the single-particle energy, the nucleon effective masses and the nuclear symmetry potential. Two kinds of
realistic nucleon-nucleon interactions have been extensively used in the present BHF calculations. One is the
charge-dependent Bonn potential (CD-Bonn) and the other is local soft core Argonne (V18). It is demonstrated that the
single-particle potential becomes more attractive for the proton and more repulsive for the neutron at higher asymmetries.
Also, the symmetry potentials at the normal density for different asymmetry parameters are in good agreement with the
empirical value constrained by the experimental data. Finally, the neutron and proton effective masses show strong isospin
splitting with m*n > m*p on the whole range of asymmetry parameters. So the 3BF force has effects turn out to be crucial for
predicting reliably the sp properties within the Brueckner framework.
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1. Introduction
One of the fundamental points of nuclear physics and
nuclear astrophysics is to study the single particle (sp)
properties of asymmetric nuclear matter in a wide range of
density. The momentum dependence of the single-particle
(sp) potential in nuclear medium is described by nucleon
effective mass. The nucleon effective masses assumes a
significant part in understanding many intriguing physical
quantities in nuclear physics and astrophysics [1], like the
properties of nucleon superfluidity in nuclear matter [2],
nucleon-nucleon (NN) cross sections in thick nuclear matter
[3] and the dynamical advancement of heavy-ion collisions
(HIC) at intermediate energies [4].
The determination of the momentum-dependence of
symmetry potential and the neutron-proton effective mass
splitting in neutron-rich nuclear matter is receiving more
and more attention [5]. These properties are depend on the
structure of asymmetric nuclear matter at densities around
and below the nuclear saturation density. The properties of
asymmetric nuclear matter can be anticipated by embracing
different nuclear many-body approaches, including
phenomenological methods and microscopic approaches.
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It is well known that the non-relativistic approaches
using realistic two-body NN interactions are not reproduce
the correct saturation point of symmetric nuclear matter,
and three-body forces (3BF) are required [6]. In recent
years, the sp properties of asymmetric nuclear matter
have been investigated extensively within the framework
of various microscopic approaches including the
Brueckner-Hartree-Fock (BHF), and the extended BHF
approaches [7,8], the relativistic Dirac-BHF (DBHF) theory
[9], the in-medium T-matrix and Green function methods
[10], and the many- body variational approach [11]. There
are two kinds of 3BF, the phenomenological 3BF such as
the Urbana 3BF [12] and the microscopic one [13].
The paper is arranged as follows. In the next section we
discuss the BHF approach of asymmetric nuclear matter,
then we extend it to include the 3BF rearrangement
contribution in calculating sp properties in asymmetric
nuclear matter. Our numerical results are reported in Sec.
III, we will concentrate on the discussion of the effects of
the 3BF rearrangement on neutron and proton sp properties
including the sp potentials, the isospin splitting of the
effective mass and the density dependence of the symmetry
potential, based on the BHF approximation and BHF with
the inclusion of phenomenological 3BF using two realistic
nucleon-nucleon potentials are the CD-Bonn potential
and Argonne (V18) potential. Finally, we summarize our
present investigation in Sec. IV.
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2. The BHF Approach of Asymmetric
Matter

and (3) is achieved, the energy per particle can be calculated
as
𝐸 𝐵𝐻𝐹

The BHF approach of asymmetric nuclear matter [14-18]
starts with the construction of all the G matrices describing
the effective interaction between two nucleons in the
presence of a surrounding medium. They are obtained by
solving the well-known Bethe-Goldstone equation
𝑘𝑞 𝐺 Ω 𝑘𝑞
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where 𝜏 = n,p indicates the isospin projection of the two
nucleons in the initial, intermediate and final states, V
denotes the bare NN interaction, 𝑄𝜏𝜏 ′ the Pauli operator
that allows only intermediate states compatible with the
Pauli principle, and ω, the so-called starting energy,
corresponds to the sum of non-relativistic energies of the
interacting nucleons. The single-particle energy 𝜀𝜏 of a
nucleon with momentum 𝑘 is given by
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The BHF calculation carried out in this work uses the
realistic nucleon-nucleon interaction as two-body force (2BF)
supplemented with a three-body force of Urbana type [11]
which for the use in BHF calculations was reduced to a
two-body density dependent force by averaging over the
third nucleon in the medium [21]. This three-body force
contains two parameters that are fixed by requiring that
the BHF calculation reproduces the energy and saturation
density of symmetric nuclear matter. Explicitly, the 3BF is
written as the sum of two terms:
2𝜋
𝑅
𝑉𝑖𝑗𝑘 = 𝑉𝑖𝑗𝑘
+ 𝑉𝑖𝑗𝑘

(8)

where the first one is an attractive term, due to two-pion
exchange with excitation of an intermediate Δ-resonance,
and the second one is a repulsive phenomenological central
term. The two-pion exchange contribution is a cyclic sum
over the nucleon indices i, j, k of products of anticommutator
{,} and commutator [,] terms
2𝜋
𝑉𝑖𝑗𝑘
=𝐴

(2)

The single-particle potential 𝑈𝜏 𝑘 or self-energy of a
nucleon with isospin τ, represents the mean field "felt" by
a nucleon due to its interaction with the other nucleons
of the medium. In the BHF approach, 𝑈 𝑘 is calculated
through the "on-shell energy" G-matrix, and is given by
𝑈𝜏 𝑘, 𝜔 = 𝑅𝑒
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where
𝑋𝑖𝑗 = 𝑌 𝑟𝑖𝑗 𝜎𝑖 . 𝜎𝑗 + 𝑇 (𝑟𝑖𝑗 )𝑆𝑖𝑗

(10)

is the one- pion exchange operator, σ and τ are the Pauli
spin and isospin operators, and 𝑆𝑖𝑗 = 3 [ 𝜎𝑖 . 𝑟𝑖𝑗 𝜎𝑗 . 𝑟𝑖𝑗 −
𝜎𝑖 𝜎𝑗 ] is the tensor operator. Y(r) and T(r) are the Yukawa
and tensor functions, respectively, associated to the onepion exchange, as in the two {body potential. The repulsive
part is taken as

where the sum runs over all neutron and proton occupied
states and where the matrix elements are properly
𝑅
𝑉𝑖𝑗𝑘
= 𝑈 𝑐𝑦𝑐 𝑇 2 (𝑟𝑖𝑗 )𝑇 2 (𝑟𝑗𝑘 )
(11)
anti-symmetrized. In this equation 𝑛𝜏0′ (𝑞) refers to the
The constants A and U in the previous equations can be
occupation probability of a free Fermi gas of protons (𝜏 = p)
and neutrons (𝜏 = n). This means for asymmetric matter adjusted to reproduce observed nuclear properties [22].
with a total density ρ and asymmetry α
When 3BF are included in BHF calculations, these enter at
two levels. First, a density-dependent effective two-body
𝜌 = 𝜌𝑝 + 𝜌𝑛
interaction is added to the bare nucleon-nucleon interaction
𝜌𝑛 − 𝜌𝑝
𝛼=
(4) in a standard G-matrix calculation. In addition, the total
𝜌
energy has to be corrected to avoid double counting of the
this occupation probability is defined by
3BF contribution [23,24]. At the lowest order this can be
1 𝑓𝑜𝑟 𝑞 ≤ 𝑘𝐹𝜏
0
𝑛𝜏 ′ 𝑞 =
(5) achieved by subtracting the Hartree-Fock contribution
0 𝑓𝑜𝑟 𝑞 > 𝑘𝐹𝜏
due to 3BF only [25]:
𝐸3BF
E
1 3 kF 2
with Fermi momenta for protons (kFp) and neutrons (kFn)
= 2BF −
k dk 3BF
(12)
HF k .
𝐴
A
12
k 3F 0
which are related to the corresponding densities by
1
We stress that the Hartree-Fock self-energy 3𝐵𝐹
𝐻𝐹 coming
𝜌𝜏 = 2 𝑘𝐹3𝜏
(6)
3𝜋
from the 3BF is calculated from an effective two nucleons
In solving the Bethe-Goldstone equation for the G-matrix, potential at the lowest order, in keeping with the procedure
we adopt the continuous choice for the single-particle established Ref. [22].
potential Uτ(k) since it has been proved to provide much
Regarding Un/p as functions of the asymmetry parameter α,
faster convergence of the hole-line expansion for the energy one can easily verify that the following approximate relation
per nucleon of nuclear matter up to high densities than the applies [26]
gap choice [19,20]. Once a self-consistent solution of Eqs. (1)
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𝑈𝑛

𝑘, 𝜌, 𝛼 ≈ 𝑈𝑛

𝑘, 𝜌, 𝛼 = 0 ± 𝑈𝑠𝑦𝑚 𝑘, 𝜌 𝛼, (13)

asymmetry parameter α. All the results discussed in this
with the ± referring to neutron/proton, respectively. The work have been computed for the charge-dependent Bonn
difference between the neutron and proton potentials then (CD-Bonn) potential, defined in [27], which is nonlocal and
gives an accurate estimate for the strength of the isovector or exhibits a softer tensor component compared to another
realistic nucleon-nucleon potential such as the Argonne
symmetry potential in asymmetric nuclear matter, i.e.,
V18 [28], which are local. As well, it represents a
𝑈𝑛 −𝑈𝑝
𝑈𝑠𝑦𝑚 =
,
(14) phenomenological parameterization in real space, including
2𝛼
18 spin-isospin operators. It is a typical example of a
which is of particular interest and importance for nuclear
particularly strong, but finite, short-range core.
reactions induced by neutron-rich nuclei.
In order to discuss clearly the 3BF effects, firstly, we
Another quantity which characterizes the single-particle
compare in Figure 1. the single-particle potentials or
potential is the effective mass. It is a measure of the nonlocal
real-part of the on-shell self-energies in symmetric nuclear
nature of the single-particle potential felt by a nucleon
matter for both approaches obtained in four different
in a strongly interacting nuclear medium. It describes the
densities ranging from 0.08, 0.16, 0.32 to 0.48 fm-3. In
momentum dependence of the single-particle potential and is
the case of CD-Bonn interaction, it is seen that the
evaluated from the slope of U at the Fermi momentum.
single-particle potential at the BHF level (solid curves)
Combining Eqs. 2 and 3 can easily yield the following
without including any 3BF is most attractive. At low
expression of effective mass,
densities below and around the normal nuclear matter
ℏ2 𝑘 𝐹 𝜏 𝑑𝜀 𝜏 (𝑘) −1
𝑚 𝜏∗
𝑚 𝑑𝑈𝜏 −1
= [1 + 2
]𝑘=𝑘 𝐹 𝜏 =
[
]𝑘=𝑘 𝐹 𝜏 (15) density, the 3BF effects (red dashed curves) are reasonably
𝑚
ℏ 𝑘 𝑑𝑘
𝑚
𝑑𝑘
small.
The 3BF effects turn out to become significant rapidly as
the
density increases. In particular, the depth of the potential,
3. Results and Discussion
i.e. U0 (k = 0), reduces from -56.26 to -53.06 MeV at ρ = 0.08
As a first step we would like to discuss the single-particle fm-3, whereas at the normal density ρ0, i.e., at ρ = 0.16 fm-3,
potentials or the real part of self-energies as a function of the it begins from -90.02 and reduces to -84.51 MeV. This
asymmetry parameter of nuclear matter α. For that purpose difference increases at high density, where the depth has the
we consider nuclear matter at the empirical value for the value -138.41 MeV and becomes -118.80 MeV when the
saturation density of symmetric nuclear matter (ρ = 0.16 fm-3) 3BF included in BHF approach at density ρ = 0.32 fm-3.
and consider the self-energies for various values of the
𝑝

𝑝

Figure 1. Single-particle potentials calculated in symmetric nuclear matter within the BHF approach with and without 3BF forces and given by Eq. (3).
Results are carried out using both the CD-Bonn and Argonne V18 interactions at different values of typical densities ρ
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As well, when the density has three times of the normal
density ρ0, i.e. ρ = 0.48 fm-3 = 3 ρ0, the depth decreases from
-173.83 to -142.52 MeV. This means that within the
framework of the Brueckner theory, the 3BF is expected to
affect the predicted single-particle potential or self-energies
in two different ways: first, it influences the self-energies at
the BHF and the extended BHF levels directly via its
modification of the G-matrix. This means that, the full
single-particle potential contains two parts, i.e., U (k) =
UBHF (k) + U3BF (k), where UBHF (k) corresponds to the
lowest-order BHF single-particle potential; whereas
U3BF (k) is the contribution induced by the 3BF. Secondly,
it may induce a strong contribution as a repulsion to the
single-particle potential especially at high densities. Finally
we can decide that the 3BF effect via its modification of
the G-matrix at the BHF level provides a moderate repulsion
at high densities which is more pronounced at lower
momenta and weakens the momentum dependence of the
single-particle potential.
In the case of Argonne V18 interaction, one finds a
different scenario: Argonne V18 has a harder short-range
core compared to CD-Bonn interaction and thus leads, in
general, to a repulsive nature for the on-shell self-energy, not
only at low or near to the normal density ρ0 but for all higher
densities in the case of the BHF level. This behavior is
observed in detail in Figure 1. where that results for
single-particle potential shown by the dotted dashed lines.
One finds that the Argonne V18 interaction yields much less
attractive self-energies, the values of the self-energies at k=0,
are -54.63, -85.34 , -122.79 and -140.20 MeV, compared to
resulted by CD-Bonn interaction. This is already a first
indication for the differences between the two interactions
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considered, the local interaction Argonne V18 is stiffer than
the nonlocal CD-Bonn potential. Also, one can see from
Figure 1. that the BHF self-energies do not have a simple
parabolic shape as a function of the momentum.
In contrary to the CD-Bonn interaction, when the 3BF
included in the G-matrix with Argonne V18 interaction at the
BHF level as an effective interaction (dash-double dotted
lines), the situation is different. Compared to the BHF results,
the BHF plus 3BF does not shows any an additional
repulsion for the single-particle potentials especially at low
densities. Also, at normal density, the 3BF effect is relatively
small. Whereas inclusion of the 3BF effect via the G-matrix
alone provides a moderate repulsion at high densities and
shifts up the potential in the whole momentum region.
As well, this repulsion is more pronounced at lower
momenta and thus weakens the momentum dependence of
the single-particle potential.
In general, we can say that compared to the BHF results,
the BHF plus 3BF exhibits an additional repulsion for
the single-particle potentials. This repulsion in effective
three-body interaction may be induced from the effects of
sub-nucleonic degrees of freedom, like, e.g., the many-body
effects arising from Δ excitations of the nucleons [12,13].
As a consequence, it has been shown in Refs. [29,30]
such a strongly repulsive and momentum-dependent
contribution induced by the 3BF is crucial for reducing the
disagreement of the large-density and high-momentum BHF
single-particle potential in symmetric matter with the
parameterized potential for describing elliptic flow data [31]
and those predicted by the Dirac Brueckner-Hartree-Fock
approach [32].

Figure 2. Single-particle potentials calculated within the BHF approach with and without 3BF forces and given by Eq. (3). Results are carried out using
both the CD-Bonn and Argonne V18 interactions at density ρ = 0.16 fm-3 for different values of asymmetry parameter α
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Figure 3. The proton and neutron single-particle potentials as a function of the asymmetry parameter α at various densities and momentum equal to zero,
i.e. potential depth

Figure 4. The isospin symmetry potential as a function of the nucleon kinetic energy at ρ = 0.16 fm-3 for different α using both the CD-Bonn and Argonne
V18 interactions. The closed gray area is the empirical information from Lane potential [33]. The results are compared with the Dirac Brueckner Hartree
Fock (DBHF) approach using Bonn B potential [34]

For asymmetric nuclear matter or neutron-rich nuclear
matter, the single-particle potential can be split into two
components that are called the neutron and proton
single-particle potentials. Moreover, as shown in of Figure 2.
the on-shell values of them are presented as a function of the
momentum, for various values of the asymmetry parameter α
ranging from 0.2 to 0.8. Both the CD-Bonn and the Argonne
V18 interactions have been used to generate the results for

this figure at fixed density ρ = 0.16 fm-3 which agrees with kF
= 1.333 fm-1 of symmetric nuclear matter. As expected, the
BHF single-particle potentials for protons are more attractive
than those for neutrons and that the depth of the potential
for the protons is more attractive as the neutron excess α
increases. Also its momentum dependence is too weak
at large densities and high momenta for describing the
high-energy elliptic flow data. This reflects the fact that the
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effective interaction is more attractive between protons and
neutrons than between nucleons of the same isospin. This
means that the SD tensor interaction felt by a neutron from
the surrounding protons is weaker than that felt by a proton
from the surrounding neutrons [14,15]. Also, from Figure 1.
in the case of Argonne V18 interaction, it is seen that at
asymmetry parameter α = 0.2, the 3BF effect is negligibly
weak, while it gives an overall repulsive contribution to the
proton and neutron at high values of α.
In order to concentrate on only the isospin dependence, we
present in Figure 3. the BHF (black lines) and BHF+3BF
(red lines) single-particle potentials with respect to the
asymmetry parameter α at the momentum k = 0 fm-1, i.e., the
single-particle potential depth. It can be seen clearly that
with and without 3BF contributions for proton and neutron
potential depths versus asymmetries both have the distinct
linear behavior when the two different interactions are
considered, i.e., CD-Bonn (left panel) and Argonne V18
(right panel). Going from symmetric (α = 0) to near of
neutron matter (α = 0.8), the proton single-particle potential
for two cases is significantly decreased and until disappears
as a consequence of the reduced number of the protons.
As discussed in Ref. [29], the above predicted different
behavior of proton and neutron potentials or self-energies
versus asymmetry parameter α is mainly caused by the
isospin-singlet T = 0 SD tensor component of the
nucleon-nucleon interaction and is readily understood as
follows. According to the experimental data on the phase
shifts of nucleon-nucleon scattering, the SD channel is
strongly attractive at low energies. As the neutron excess
increases, the attraction of the SD interaction between two
unlike nucleons becomes stronger for protons and weaker for
neutrons at relatively low momenta. The isospin T = 1
channel contribution is associated with the variations of the
neutron and proton Fermi surfaces in neutron-rich matter. Its
effect on the splitting of the neutron and proton potentials is
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opposite and much smaller as compared with the SD channel
contribution at low momenta. The attraction of the SD
channel decreases with energy, so that for high enough
momenta, the splitting of the proton and neutron potentials in
neutron- rich matter may vanish and even become opposite
due to the competition between the T = 0 and T = 1 channel
effects.
The results for the isospin symmetry potential which
describes the difference between the neutron and proton sp
potentials in neutron-rich matter as a function of the nucleon
kinetic energy at the normal density ρ = 0.16fm-3 for
different asymmetry parameters α are shown in Figure 4. it is
calculated using Eq. 14. The closed gray area is the empirical
information from Lane potential [33], we compare our
results with the Dirac Brueckner Hartree Fock (DBHF)
approach using Bonn B potential [34].
The results increase with increasing Ekin until it reach a
maximum value then it decrease with increasing Ekin. The
differences between the curves be more apparent at low Ekin.
It is seen that when using the Argonne V18 potential at the
BHF without including any 3BF has low results for the
isospin symmetry potential for all kinetic energies, the 3BF
effects make the results more repulsion. We compared our
results with the empirical information from Lane potential, it
is seen that the isospin symmetry potentials at the normal
density for different asymmetry parameters are in good
agreement with the empirical information from Lane
potential. Our results which are consistent with the empirical
information and the DBHF results.
The nucleon effective mass m*/m is of great interest in
nuclear physics and nuclear astrophysics. It describes the
momentum dependence of the obtained single particle
potential in nuclear matter. We used the Eq. (15) to obtain
the effective mass. The effective mass can be evaluated from
the slope of the single particle potential.

Figure 5. The nucleon effective mass for symmetric nuclear matter as a function of density ρ in fm-3. The results are carried out within the BHF with and
without 3BF using both the CD-Bonn and Argonne
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Figure 6. Proton (left- panel) and neutron (right- panel) effective masses as a function of the total density ρ in fm-3 using CD-Bonn potential within BHF
(black lines) and BHF+3BF (red lines) approaches at different values of the asymmetry parameter α = 0.2 (solid lines), 0.4 (dotted lines), 0.6 (short dashes
lines) and 0.8 (dot- dashed lines)

Figure 7. The same as Figure 7. but using Argonne V18 potential

We calculate the nucleon effective mass for symmetric
nuclear matter at the Fermi momentum k = kF as a function of
density ρ, it is shown in Figure 5. The results are carried out
within the BHF with and without 3BF using both the
CD-Bonn and Argonne V18 interactions, CD-Bonn potential
without 3BF (black solid line) with 3BF (red dotted line),
Argonne V18 potential without 3BF (green dashed line)
with 3BF (blue dashed-dotted line). When using the BHF
approximation only the results are decrease with increasing
density, begin with 0.85 at small density until it reach 0.5
at density approximately equal to 0.7 fm-3, for both the
CD-Bonn and Argonne V18 interactions the results are close
to each other for different values of ρ.
However when we using the BHF approximation with the
inclusion of 3BF the values of the effective masses first

decrease with increasing density then it begin to increase
with increasing density, at low density the values of the two
potentials are close to each other’s while at high density the
values of the effective masses for CD-Bonn potential are
greater than the values of the Argonne V18 potential. At
density equal to 0.7 fm-3 the value of the effective mass reach
to 0.95 for CD-Bonn potential.
The nucleon effective mass for asymmetric nuclear matter
as a function of density ρ in fm-3 at different asymmetry
parameter α is displayed in Figure 6. using the CD-Bonn
potential, left panel for proton, right panel for neutron, the
BHF (black lines) and BHF+3BF (red lines). It is clear from
Figure 6. that the values of the effective mass for proton
always less than that for neutron 𝑚𝑝∗ < 𝑚𝑛∗ on the whole
range of asymmetry parameters.
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It is seen that the results for the effective mass increase
with increasing the asymmetry parameter α. In the left panel,
when we using the BHF approximation only the results begin
with 0.85 at ρ = 0.1 fm-3 then it decrease until it reach 0.62
at density equal to 0.4 fm-3. The inclusion of 3BF leads to a
significant and global enhancement of the effective mass
at density above 0.2 fm-3. The 3BF effect is to increase
significantly the effective mass at large densities due to
its strongly momentum-dependent contribution to the sp
potential. In the right panel, the effect of the 3BF at high
densities is lower than that compared to the proton.
In Figure 7. the same as Figure 6. but using Argonne V18
potential. When we use the 3BF effect the results for the
effective mass decreases at low densities below and around
the saturation density and its density dependence becomes
quite weak, the effective mass is larger than the BHF only,
strong effect of the 3BF at high densities especially for
proton more than the neutron.

4. Conclusions
The sp properties of asymmetric nuclear matter within the
BHF approach with and without the inclusion of 3BF are
studied. It is found that the 3BF make the results of the
single-particle potential more repulsion than BHF only and
the Argonne V18 potential is more repulsive than CD-Bonn
potential. It is demonstrated that the single-particle potential
becomes more attractive for the proton and more repulsive
for the neutron at higher values of α. The isospin symmetry
potentials at the normal density for different α is calculated,
the results are in good agreement with the empirical
information from Lane potential. We have predicted the
nucleon effective masses and their isospin dependence in
asymmetric nuclear matter, at low densities, the 3BF effect is
fairly small. Also, the neutron and proton effective masses
show strong isospin splitting with 𝑚𝑝∗ < 𝑚𝑛∗ on the whole
range of asymmetry parameters.
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