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Abstract In this paper we consider a bilateral oligopoly on whose fringe there is a market comprising price taking buyers.
The sellers in both markets are the same. The sellers and the buyers in the bilateral oligopoly behave strategically as in a
Shapley-Shubik market game. We define the concept of an exact active equilibria and show that if the economy is replicated
giving rise to a convergent sequence of (type) symmetric exact active equilibria (i.e. exact active equilibria where all replica
of an agent in the original economy choose the same strategy) then the corresponding sequence of price-allocation pairs
converge to a competitive equilibrium for the original economy. In a final section we discuss an example of an economy
where all buyers have Cobb-Douglas utility functions and show that the concepts introduced in this paper (as also the

convergence result) are non-vacuous.
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1. Introduction

The model of strategic market games due to[1],[2] and[3]
is based on the assumption of strategic behaviour on the part
of buyers and sellers. Unlike Cournot who assumed that
buyers are price takers, in strategic market games all the
agents are assumed to behave strategically. A particular case
of the more general strategic market games is the case of a
bilateral oligopoly.

In this paper we are concerned with the version of bilateral
oligopoly due to[4]. However, we assume that on the fringe
ofthis bilateral oligopoly is a market in which the buyers act
as price takers. Thus in our model there are two goods X and
Y. X is the numeraire good and also plays the role of money
in our model. The other good is ¥ which is a consumption
good. Thesellers of Yare initially endowed with Y and no X;
the buyers of Y are initially endowed with X and no Y.
Ordinarily, with price-taking behaviour on the part of buyers,
and all agents caring for both X and Y, our model would be
no different from the one proposed by[5] and reproduced
in[6] and[7]. In this paper we assume that while buyers care
for both X'and Y, sellers care only for X and hence are profit
maximizers. The sellers are assumed to behave strategically
and there are two types of buyers- those who behave
strategically and those who are price takers. In the bilateral
oligopoly, each seller offers a portion of his initial
endowment of Y to the buyers who submit bids in units of X.
Ifthe totalbids and offers in this market are positive, then the
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price of Y is determined solely by the ratio of bids to offers.
This also determines the price of ¥ in the market where
buyers are price takers. In fact ifthe price of Y differed on the
two markets there would always be scope for arbitrage-
someone could buy Y on the market where it is cheaper and
sell it for a profit on the market where it is more expensive.
The price-taking or competitive buyers express the quantity
of Ythat they demand at this price. Since the sellers have no
use for ¥, they offer to the competitive buyers whatever of ¥
that remains after they have made offers to the strategic
buyers.

The allocation that is determined after the bids and offers
are submitted is as follows. Each seller recovers the value of
his offer in the bilateral oligopoly from the strategic buyers.
Each strategic buyer gets the quantity of Y that he can
purchase with the bid that he has placed in the market for Y.
The amount that the sellers offer on the competitive market is
distributed among the buyers by using a proportional rule:
each buyer obtains an amount of Y that is proportional to the
quantity of ¥that he demands. Each competitive buyer pays
for the Y that he has purchased its value in units of X at the
price determined by the bilateral oligopoly. Each seller sells
an amount of Y that is proportional to the quantity of Ythat he
offered on the market and recovers from the competitive
market its value in units of X. There are two possibilities in
the competitive market: (a) there is excess demand for Y so
that the buyers are rationed; or (b) there is excess supply so
that each buyer gets whatever of ¥ he demanded but the
sellers sell only a portion of what they offered in the
competitive market. We look for an equilibrium in this
model where each seller is satisfied with the quantity he
offers in the bilateral oligopoly, given the bids and offers of
all otherstrategic players and each strategic buyer is satis fied
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with his bid, given the bids and offers of all other strategic
players. In other words the equilibrium is self enforcing.

It turns out that in this model there is a trivial equilibrium:
one in which no bids or offers are submitted. Hence we
narrow our scope to a particular case of non-trivial
equilibrium, ie. an active equilibrium, one in which all
strategic players submit either a positive bid or a positive
offer. In this class we further narrow down our interest to
only those equilibria where no one is rationed in the
competitive market. We call such equilibria, exact active.

Our main result says that if the economy is replicated
giving rise to a convergent sequence of (type) symmetric
exact active equilibria (i.e. exact active equilibria where all
replica of an agent in the original economy choose the same
strategy) then the corresponding sequence of price-allocation
pairs converge to a competitive equilibrium for the original
economy. This result is analogous to the asymptotic
convergence of Cournot equilibria that is discussed in [§]
o1[9]. In other words as the number of agents become large,
there is at least one sequence of equilibrium price-allocation
pairs that approximates a competitive equilibrium, provided
there exists a convergent sequence of symmetric exact active
equilibria. In a final section we discuss an example of an
economy where all buyers have Cobb-Douglas utility
functions and show that the concepts introduced in this paper
(as also the convergence result) are non-vacuous. Similar
analysis for oligopoly in the context of pure exchange
economy can be found in[10].

Ordinarily the justification for competitive price taking
behaviour is the presence of a large number of agents on the
same side of the market. However, here we see that even
with a small number of agents there is the distinct possibility
of price-taking behaviour being sustainable. We do not need

an auctioneer to call out the prices on the competitive market.

The price is determined by strategic interaction that takes
place in a bilateral oligopoly on whose fringe the competitive
market is located. Hence this is one case where competitive
price formation is possible without either an auctioneer or
the assumption of a large number of buyers.

Our model should be contrasted with the line of research
that originates with the work of Gabszewicz and Vial in[11]
where in there is sequential trading between the large traders
and the competitive buyers. In this paper we are less
concerned with modelling the interaction between buyers
and sellers. Our main emphasis is on competitive price
formation on the fringe of a bilateral oligopoly. This is an
issue that is completely ignored by the literature on imperfect
completion irrespective of whether the economy is finite as
is usually the case or large as assumed by Shitovitz in[12]
and the research that follows from it.

2. The Model

We consider an economy with two goods X and Y. The
players are partitioned into two sides of the market for Y. The
set of players is a non-empty finite set H with H =y U 3
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where w3 = ¢. Players in y are sellers and those in 3 are
buyers of good Y. The initial endowments ofthe two goods
are (e;, 0) if heP and (0, e;) if ey, where e, >0 for alls eH.
Payments for Y are to be made in units of account of X. X is
the numeraire good. It is assumed that the sellers have no use
for Y and are only interested in X. Thus sellers maximize
profits measured in units of X.

An allocation is a list {(xj, y1)}nen, such that forall he H,
G yn) € REL, ZpenXp = Lpepen and Xpey v
ZhEd) €.

We assume that each player h e has a utility function
u:RZ2—R such that:

(i) uy, is continuous on RZ.

(ii) uy, is smooth, strongly increasing (i.e. both first partial
derivatives are positive) and strongly concave (i.e. the
Hessian matrix is negative definite) on R%,.

(iii) limg,, o lim o
0

L 0%up(xy)

@iv) “axdy >0 forall (xy)e RZ,.

For (x,y)eﬁ%_zH, let duy, (x,y) denote the marginal rate of

up
substitution 75 2
ox

(iv) along with the assumptions that uy is strongly
increasing and strongly concave implies that if (x,y) and
(x"y") are distinct points belonging to R% ,with x >x’"and y
<y’ then Ouy, (x,y) > Ouy (x'y"). Further this implication of
(iv) implies that the goods X and Y are gross substitutes.

The setof buyers B is further divided into two disjoint sets
B°and B°,ie. B = BUB® with B°B° = ¢. The players in H° =
yUB® behave strategically. The buyers in B° behave
competitively.

In what follows we assume that [y| > 2 and |B°|> 2 and
B> 1.

The strategy set of each player he H° is [0,e;].

A strategy for hey denoted g, is the quantity of Y that
seller h offers to sell to the buyers in B° and consequently e;,
— gy, is what he offers to sell to the buyers in B°. We write Q
to denote X, ey g, and EY to denote X ¢, €,. Forhey, we

=0 =+oo forallx, y >

evaluated at (x,y). It is easy to see that

use O, to denote O -q;, and Eibh to denote E¥ - ep.

A strategy for heB°® denoted by, is the quantity of X that
buyer h bids for Y. We write B to denote the aggregate bid
Yhepo by, and for heB® we write B_, to denote B — by,

A strategy profile is an array ({ga}ney » {br}nego) Where

for h ey,qy, is a (offer) strategy for seller 2, and for h €f°, b,
is a (bidding) strategy for buyer 4.

3. The Competitive Buyers

The procedure that the competitive market adopts is the
following. Given a price p > 0, a competitive buyer hef°
being a price taker solves the following optimization
problem:

Maximize uy(ep-pyn, ¥n)-

Given our assumption on preferences, we know that for
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all p > 0 and hef® there exists a unique y;(p)e(0, ep—h)

which solves the problem.
Under our assumptions, the function y,;:R,,—R,, is

continuously differentiable and dy;—p(p) <Oforallp > 0.

Let ¥: R, ,—R, . be the function such that forall p > 0,
Y(p) Yhepe Yo @) . Clearly Y is  continuously

differentiable and for all p > 0, _dep(p) <0.

Given a strategy profile ({g}ney » {bh}hfﬁo), let Y(p) =
Min{Y’(p), E¥-Q}. Since the competitive buyers cannot

purchase more than EY-Q, any excess demand requires to
be rationed.

4. The Market Game

Given a strategy profile ({gn}ney » {br}nege) for which
BQ >0, we define a price p =p(B, Q) = %’

The allocation {(xs, ¥1)}ren corresponding to the strategy
profile ({ga}ney » {batnepo) is the following.

For hep©:
_ yr(®) yr®) . y
o ) = (en — PRy, X2 y00) it BO(EY -0) > 0
o 1) = (s =P ¥(p), 2B (p)) it BO(E-0)
= (ep, 0) otherwise.
For hep’:

by, .
(Xn, yn) = (en- b, p—h) ifBO>0

= (ep-by, 0) otherwise.

Forhey: ~ ~
Chyn) = Plan + e YO elan + T a V) if
BO(E"-0) >0,

=(pey, 0)ifBO>0,0=E¥
=(0, e;-qp) otherwise.

Note that for hef, };i‘—ggY(p) = yu(p) if and only if Y(p) =

Y°(p). Otherwise we use the proportional rule to ration the
competitive buyers.
For h'ey and strategy profile ({gx}ney » {Dntnepo) we will

write 4 ({gi}hey - {(Didnepe) to denote : () plgn + 2o

Y(p)), it BO(EY-Q) > 0; (ii)pey,if BO> 0, Q =E¥; and (iii)
0, otherwise.

For h'eP°, we shall denote the consumption bundle of 4’
corresponding to a strategy profile ({gn}ney » 1bilnege) bY
@i 3 dibney + ibnego)ie. () (eq- by 2) i BO > 0;
and (ii) 0, otherwise).

Given a strategy profile ({gn}ney » 1br}nepe) and h'eH°
we shall write:

(i) ({g-n}nepny » {bilnegolqn ) to denote the same
strategy profile with the strategy g, of i’ replaced by g},
provided A'ewy.

(1) ({gntney » {b-h’}hggo\{h'}\b;ll') to denote the same
strategy profile with the strategy b, of &' replaced by b} ,
provided A'ep°.

An equilibrium is a strategy profile ({gn}ney » {Drtnepo)
such that:

(1) For all h'e\vi Xn '({qh}hew ) {bh}hsﬁo) 2 Xy '({qfh'}hew )
{bi}nepolqn ) whenever qjh €[0.e;].

(i) For all 2'eB’ up (s ya){gntney > {bn}nepo) 2
un(Gens Yo )Aqntnepny » {bntneporewylbh) for all bl €[0,
e ]

The following proposition is easily established.

Proposition 1: Let ({gn}tney » {Dilpego) be a strategy
profile such that B = 0 = 0. Then ({gs}rey » {br}rego) is an
equilibrium. It is called a trivial equilibrium.

In view of Proposition 1 we have the following
definition.

A non-trivial equilibrium is an equilibrium strategy
profile ({ga}ney » {ba}nepo) such that BO> 0.

A non-trivial equilibrium ({gs}sey » {bh}hsﬁ") is said to
be an active equilibrium if:

(i) Forallhey: e, > q,> 0.

(ii) Forall heB°: b, > 0.

(i)Y @)< EY-0.

An active equilibrium ({g;}rey » {br}nepe) is said to be an
exact active equilibrium if Y'(p) = EV-Q0.

Proposition 2: Let ({gh}hey > {ba}nepo) be an exact active
equilibrium. Then

e
. dp eh
i)For allhey: = .
® v E¥-Q eh—qh
(ii)For all hep®:
oun(en—babhTE—)  OunChDRPRTTE ) gy
dy ax B_p '
Thus for all 2eB°:
_Q _Q
dup(en—bp .bhbh+3_h)/0uh (er=bnbry 55— -
p.

ay dx

5. Replications of the Basic Economy

Let us refer to the model that we have discussed above as
the basic economy and denote it by E;. We are primarily
concerned with the consequences of expanding the basic
economy FE;. One way to do this is to simultaneously
replicate all the agents in the economy a finite number of
times. We let IN denote the set of natural numbers. Let
keIN. The replicated economy Ej consists of (jy|B))k
agents, where for each seller 4 in E; now there are £ sellers
each having the same utility function u;, and the same initial
endowment of Y, ¢,>0; and for each buyer 4 in E; now
there are k£ buyers each having the same utility function uy
and the same initial endowment of X, e, > 0. In E; each
seller ie{/,....k} of type h is denoted by (h,i) and each
buyer je {/,...,k} of type h is denoted by (%,/). The (offer)
strategy g,y of seller (A,i) to the non-competitive buyers
belongs to the closed interval[0O,e;,]. Thus the aggregate
supply of good Y to the non-competitive buyers in Ey is

(D) epx{,..k} A(h.i)-

Let p > 0 be the price of good Y in terms of good X that
the competitive buyers face. Then each competitive buyer
(h)eBx{1,2,...k} solves the following optimization
problem:
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Maximize u,(x,y)
subject to x + py <ey,
x2>0,y2>0.
Under our assumption on preferences there is a unique
pair (xu®), Yujp))e R: which solves this problem.
Further x(, j(p) + pyw,p) = ex for allp > 0. Thus (xp (@),

YoP) =), yu(p)) forall je{l, ... k}.
The aggregate quantity of Y demanded by the competitive

buyers is kX, cgo Yi (D).

Each non-competitive buyer (k,7) eB°x< {/,....,k} submits a
bid b j)€[0, e] in units of X.

A strategy profile is a list ({ q(h,i)}(h,i)ewx{l,...,k}'
1bhj) Yhpep® x(1,...ky) such that for each (h,i)eyx{l,...k},
qeni 18 the offer of seller (4i) and for each
(h,j)eBox{l,...,k},b(h’j) is the bid of the non-competitive
buyer ().

If (X ) ep xqt,iy Py B deyxin,..iy donpy) > 0, then
(h,j)eﬁox{l,...,k}b(h:f)

the price of ¥, p* = :
Zhepx(L,..k)d (h.i)

At strategy profile ¢

q(h,i)}(h,i)ed;x{l,...,k}l
{b(h,j)}(h,j)eﬁ" x{l,...,k})
(i) each (h,i)eyx{l,...,k} consumes
. = A+
Vi) (g KEY =3y inye(ux{d, kDA i')

min{ k Zh’ €p® Yn '(p) kEY _Z(h’,i')e(wx{l,...,k}) UICED) 1]
Z(h’ ,j)egoxu,...,k}b(h' J) e(h,i)=4 (h,i)

€(h,)—q(h,i)

iy

, (en —qi) -

S el kD AH i) KEY =Sy irye(ux(d, kDA (i)

(i1) each (h,j) eB°x{1,...,k} consumes

I ie(px{1, .. kDACH i)
X YD) = €n=bingys ings; y

W jHeROX(, P ")
(iii) each (h,/)eBx{I,....,k} consumes
Yr(p) : 1
J)» A = - ; I epo ,
i Yop) = €n = prg=" s sorn @ min { kX ego ¥ '(p)
! Yr (@)
’ k Xy egoyn’ @)

min { kzh’ ep® Vn '®), kEYV — Z(h',i’)e(yxx{l,...,k}) q(h’,i’)})'
An equilibrium for FE; is a strategy profile

(1) For all
(it v
N

(hi)eyx{l,...k}:
min{ k Zyego yp' (@)

L yepOxt, .. P 0

KEY =Sy iy e(ux(d, kDA i)

S iy eyl .k A0 i)
€(h,i)~q (hi)

[ Uni KEY—[Z 0w i"ye(ux{l,.kDa ,i’)_Q(h,i)+ql(h_i)]

Z(h’ ,j)eﬁ0x{1,...,k}b(h' J)

1'1'1111 k Zr o ! 7
{ Wepo Y ( (X i) epx {1, .kPa@E i) =9(hidTd i)

kEV — [Z(h’,i’)e(q/x{l ..... D Aw iy~ Qy t q(h’i)] 1
Zw epOx(,.. . P )

7 forall g, . €[0, e
@ ie(px(1,.. k¢ i)Y ~ah,DF (ki) Anp [0, ex]

(ii) For all (hj)ePx{l,...k}: up(en-ba ),
I eyl kDACK ") .
2 un(ep- b(h‘j) >

b
@) L e x(l, kb & 1

: Lo i 1, kDAH i ,
. WDy g gy g
DR i9ep0 %1, kP 0 i ~P@ )P ] -

eh].

b

€[0,
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A non-trivial equilibrium for Ej; is an equilibrium
strategy profile ({q i) }nnepx1,..k3» {Dehj) Y pepoxis,...xy)
such that
(Z(h’,j’)eﬁ" x{1,..,k} b(h’,j’))( Z(h’,i’)e(y/x{l,...,k}) q(h’,i’)) > 0.

A non-trivial equilibrium
for E; if:

(i) For all (h,i)eyx{l,...k}: ey >qai> 0.

(i) Forall (h,j)eB°x{I,...k}: by ;> 0.

(iid) k2 epo Yo '(P) < KEY = X inelyxts, b A i1y

An active equilibrium for Ej, ({ qenn}tnep xq1,...i}
by} pepoxqr,..ky) 15 said to be an exact active
equilibrium (for Ep) if k Xy epoy'(@) = kEY —

An allocation in Fy is a list {(X¢.i), Vi) (hi)eHx 1, ..k}
such that for all (h,i)EHX{I,...,k}, (X(h,i), y(h,i)) ER_Z'_,

Z(h,i)eHx{l ..... KX i) = kzheﬁ e, and Z(h,i)eHx{l ..... Kk} Y(h,i)

= kzheweh.

For kelN, let ( A, Y hDepx(L,...kp

Ter e = 1
;Zf»‘zl Aeni) for_all hey and bfl =_;Zf‘=1b(h,i) for all
heB®. Thus {giheye [lhe, [0.es]. {bfInepe €llpepo[0,e4]

and ({q_ﬁ}hew,{ﬁ}heﬁa ) is a strategy profile for E;.

Note that if
(Z(h,j)eﬁo (1,0} Dy Z(h,i)ez//x{l ..... K} q(h,i)_) > 0, then the
. i ZepOxt,. P Zpego b
price of ¥, p* = = =
Zhiepx ah,i X k
JEYX{L,...k} (h,i) hey dp
For  kelN, say that a  strategy  profile

if @) forall hey and ie{l,...k}: qmi = q_,’f, and (ii) for all
heB’andje{l,....k}: b,y = b

keIN be a sequence of strategy profiles in the successive
economies  {Eg}ken. Suppose that the corresponding
sequence of average strategies ({qi]f}hew}’{bﬁ}(h,k)eﬁ" )eN
satisfy (Zheﬁo bfl) (Zhew q,’f) > 0 and converges to some
point ({@y tneys {Prnepe) With (Zpego by) (ZpeyTr) > 0.
Then the sequence of prices
{pk({qé(h,[)}(h,i)ewx{l,...ka{blgh,i)}(h,j)eﬁox{l,...,k})}kElN converges
to p’ = P({Ty theys{bpnege )- Moreover, (i) for every
sequence {q'k }xev with ¢’k €[0,eq] for all keIN, and for
every sequence of integers {i;}renv With 1 <i; < k for all
keIN, the sequence of prices {pF len with pk =
p({QE(h,ik)}(h’j)ewx{l,..4,k}a{bl(ch’,j)}(h’,j)sﬁo x{l,...,k}|q']ﬁ) for all
keIN also converges to p°; (ii) for every sequence (b5 Ve
with b",‘le[O,eh] for all k€IN, and for every sequence of
integers {i;}rern With 1 <i; <k forall kIN, the sequence of

prices { p* FelN with p* =
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kzheﬁﬂgl}{ Eheﬁo;E
e lc}_qlfh.i) - m - m B
PUAS Sheys bk Y iyepo ) for allkeIE B
Now since the sequence ({ q}’f }he\w{blft}(h,k)eﬁ" YkelN
converges to ({qy }they{ H}he’i) with_ ( Zheﬁ" b, )

QheyTr) > 0, the sequence (P({Gf ey (D)} iyepe Dken
Yhego by
< ! o Thepelr
Zhew dp
P({Th they-{bnInege) = p°. Thus the sequence of prices

Yhey Tn
P ay  Yonewn
converges to p°.
Further pk =
p({ Q(h ) b l)e\yx =
0t jyepox(t,... bl .n—b(h,lk)“’ h

% (hj)epox .k Pln)

X (h ey x(1,...,

3
Zhepobp

VkeIN converges

okt bl({h,i)}(h,j)eﬁ"x{l,...,k} )} keIN

dod b_(hlk)}(h’])eﬁox{l ..... wlb'h ) =
k Zhepo bli— b(h,tk)+bh

T ey {1,k i) k Sheyp af
bk _pk
— PR
Shego bl +— L
— for all kK €IN.
Zhew qn
Since the sequences (blgh,ik))kEIN and (b’(‘h,ik) Yeen both
. b’ﬁ _bl({h'ik)
belong to[0,e;] and are thus bounded lim,_, Y -
1k _pk
- b h_b i
. e . Zpepo by +4_klk B
Thus  limy . P = limy = =
. Zhezp dp
Y epobk
limyo —— =p°. Q.ED.
Zhew qp

6. Asymptotic Convergence to
Competitive Equilibrium

A price-allocation pair[p; {(x, y1)}ren] where the latter is
a feasible allocation in E; is said to be competiti ve if:

() Zpepe (X dn) = Lhepo €Y (), Y(P))
(ii) for all 7B°: (xj, y») solves Maximize u;(x’, ') s.t.

= erpy”
(iii) forall hey: pXy ep Vi = pen.

The orem 1: Let

sequence of symmetrlc exact actlve equilibria in the
successive economies {E;}icin. bet[p({q_;]f}hew,{b_k}(h 1)ep® )
{(x" iy Y (hJ))}(h iYeHx 1l .. k}] be the pnce -allocation pair
Then for all k<IN, heH there exists ( xh , yh )eR such
that for all ie{/,.. k} (x i) Y (h,z)) =( xh , yh ). Assume
that the sequence ({qh Yhey)s {b Yhjoyepe ) converges to

some ({@y, bhey»{bndnege) With (Zpego bp)Xney 1) >O0.
Then the price sequence {pk}kGIN where pk =
p({qh }hau,{b Ynyepe) for all keIN converges to some p’>
0, and for all heH: {(xh,yh)} keIN converges to some
(xh s yh). Further[p ; {(xh Vi )} ner] 1S a competitive
equilibrium of the economy E;.

Proof: Note that the allocation corresponding to the

symmetric exact active equilibrium is the following:
For (hi)eyx{l,..k}: o V) = @'en
Cxh s )
For (h,i)eP>x{1,...
= ok Ok
yi@O=C Xy Yy ).

For (hi) eB’*{l,...

0 =

gy W Y e P,

Ky P V) =(en- B, p_k):
Cxp s )
Now by condition (ii) of Proposrtron 2, for each (h i)

dup (en—bf, —EL) dup(en-b, )
eB’>{1l,...k}: T = ( T )
kpk Xy €po bﬁr
Ge—Dbf +k Ty cgonmy bl
Since({ q_,’f Yhey>t E}(h,k)eﬁn ) converges to some

({ T heyd Drdnege) with  ( Zpepo bp)Zpey a1) >0,

. K Zh’ ﬁobﬁ
lim,_,, p*= lim ——— = p°>0.
k=00 Xp ey qly _
kpkY,, b 2z ky, bk,
P* 2y egoby P" Zp epo Dy
However, — = = Tk=1l% ok
(k=Dbj +k Ty egorpnyble bk +Z egorinybi
k-1
Now lim,_,— p =I.
L Eﬁoblfl,

Thus lim = =
ke (_)bh +2y E[)’U\{h}bh

kpk Zh epo bh

Hence, lim — = p’
K2 (k—Dbf +k Ty eporgn bl
N3 — Pk
dup (e b, —ﬁ-) dup (ep—bl, ;ﬁ-)
Thus lim =p°lim
k- ay__ k- o dx
— b b
dun(en=bh, 78 dun(en=bi, &)
Hence =p

ay ox
Since preferences have been assumed to be C' on
RZ,and since marginal utililites have been assumed to be
unbounded as the consumption of a commodity goes to zero,

it follows that forall hB: e - by, > 0and Z—h > 0.

Since for all ke, y,(.) is C', lim,_ ., ¥, (p%) = yi(p°)
and  Xjepe () = limy, Zhepe (") =
I}H{.}J[Ew'zheﬁﬂ k1= E¥-Zpepo vy

) = @en 0).

¥ = (en—pyi),yup°)):
) = (e~ By .
Clearly limy ., (xk,yf) =(x0 ,y0) forallheH.

Forhey, let (xh
For hef®, let (xh
For hef®, let (x)

Also  Xyeyp°ey  t  Dpepelen — 0%y @]+
Zhe[fﬂ[eh b, 1] Yhepen t+ PIE'-Lpepeyn @°) -
Zheﬂ" L) = g en t PE -Zhepe vn @°) -Lpepo yh]
thﬁ eh. _

dup(en—bp, Eﬁ')

Since for all heH we have Tp =

dup (ep—bp, Z) )

° i L~ it must be the case that for all

hep® (xh , yh) solves Maximize uj(x', y') s.t. x'= e,-p°y".

Thus [p°, {(xh , yh)}heH] is a competitive equilibrium.
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Q.E.D.

7. The Cobb-Douglas Economy

Suppose y = {I,...,.N},B°={I,..., M} and B= {,..., L}.
Suppose e, = [ for all he H and there exists y and n€(0,1)
such that forall (x,y)e R%:

(i) up(x, y) = x" y'" whenever hep°.

(ii) up(x, y) =x7y"7whenever h ep‘.

Thus forall 7€ and p > 0: (x4(p), yu(P)) = (M, 1_7”)'

a-mlL drt(p) (1-n)L

Hence Y(p) = . and .

By the symmetry of the problem within each type of
agent, at any active equilibrium ({gs}rey > {ba}pepo) there

exists g, b > 0 such that: (i) for all hey: g,= ¢; (ii) for all
heB®: by, =b.
Condition (ii) of Proposition 2 says that for all Aep:

dup(ep—bp.bpT—7) oup(ep—bp.bp—=7—)
bp+B_p bp+B_p° Bp

ay dax ZB,h'
Thus for all heB®: ——— = ———— Hence 1-y =
by =g 1=bp QB—p
b A-pn—1

L(M_) Thus b = —X22—2
1-b “M—1 e M—1+y

Thus B= ——L¢-DY

M-1+y

At an exact active equilibrium total amount of Y

consumed by the buyers is V.
(1-pIM-1)M

B .
Thus " +YC(p)—N(,1.e; 1ty +(1-m)L = Np.
Thusp _ (1-n)L T 1-y. (M—l)M.

N(M—1+y)

Note that the profit of each seller is the price p.
Further by the symmetry of the problem the offer that

each seller submits in the bilateral o ligopoly is 1\%'

We need to verify that no seller can benefit by a
unilateral deviation from offering ¢. There are two
possibilities: (a) a unilateral deviation that leads to a
decrease in the price of Y, and (b) a unilateral deviation that
leads to an increase in the price of Y.

Since each seller exhausts his entire supply of ¥ at an
exact active equilibrium, it is not possible for any seller to
sell any more. Thus a decrease in price could only lead to a
fall in revenue for the sellers and any unilateral deviation by
a seller that leads to a decrease in the price that prevails at
an exact active equilibrium could not be beneficial for him.
Hence we have to see whether a unilateral deviation by a
seller that leads to an increase in the price of ¥, is beneficial
for him. Such a unilateral deviation would involve making
an offer less than g. Since such a price rise would lead to a
decrease in the quantity of ¥ demanded in the competitive
market, there would be a situation of excess supply in the
competitive market and the suppliers would have to be
rationed. Since the preference of a competitive consumer is
Cobb-Douglas with parameter m, each such consumer
would spend (I-n) on Y and hence the aggregate
expenditure of the competitive consumers on Y is (1-n)L
irrespective of the price. Hence for ¢, <(0, ¢], the revenue

Bilateral Oligopoly with a Competitive Fringe

that seller # gets by offering g, when all other sellers offer ¢

B (A-aqn)
5 W-Dq+an * N—(N-Dg—qp (L.
The derivative of the function q,l> ————
(N(—l)q;—qh
_Q=an) 4. : . o _BWN-Dq
N_(N(_l)q)_qh (Im)L with domain (0,q] is [(N_l)q(+qh]§
=[N-(N-1)q—gp]+(1-qn) _ BWN—-1)q
[NE(N—)I)q—qh]z (Im)L - [(N-1)q+q;1
N-D(1-q) _ g —Ba
IN—-(N—1gq—qp]? ()L N-DI [((N-Dq+qn]?
1=
IN-(N-1)g—q4 1 (I-m)L].
The second derivative of this function is
AN- - il 14 = (I)L] < 0. Hence

(N-Dg+q,1?  IN—(N—Dg—qp
this function is concave. If we show that its first derivative
at g; = ¢ is non-negative then we are done, since it would
imply that the function is maximized at ¢; = ¢, and thus
there is no unilateral deviation from q that is beneficial to
the deviator.
Bq 1—q

[(N—Dg+qp2  [N-(N-Dg—qp,

=g Tti lto —— L=nr
qn =q.Itis equalto 5= — N(Z (1_)?). )

Now 2 =Np = (1)L + 1_;1_—1::/“” . Thus :; -

(1-pm-Dm  (-pL

=(1- + -

(1 T])L M-1+y 1—q
_ (1-y) (M-DM

Further, ¢ = M -1+ @ -PL+A-PM-DM

(M=14y) (1—pL

M=-14+p) Q= L+Q—p) (M=DM’
-y (M-DM

Hence (1-n)L + 1ty

Let us calculate 7 (1m)L at

(1-nL
1-q

. Thus I-q =

(-pL
1-q

q
=L L+
(1-p)M-DmM

M—1+y

Hence (N-])[NBTq - %] =0.

In view of'the above we have the following proposition.
Proposition 3: At an exact active equilibrium for the

Cobb-Douglas economy the price p of Y is —(1_[;’)L +

-y (M-1)M

N(M—-(1—p)) Each ‘Zon')competltlve buyer consumes
My 1-yIN (M—1)

( M--y) > La-pM-G0-p)+t-pPWm-DM ) and each

competitive buyer consumes

M Q-pnNm-G-y)) )

La-m) M-0-)+0-p) (M-DM
(a) The price p goes up if N (the number of sellers)

remains fixed and either M (the number of non-competitive

buyers) or L (the number of competitive buyers) goes up.

(b) The price goes down if N goes up with M and L being
held fixed.

(c) As N goes up (with M and L held fixed) each buyer is
better off and each existing seller is worse off.

(d) If L goes up (with N and M held fixed) then each
existing buyer is worse off and each seller is better off.

(e) If M goes up (with L and N held fixed) then again
each existing competitive buyer is worse off and each seller
is better off. Each non-competitive seller is eventually
worse off.

Proof: Since (a) to (d) are quite obvious we will prove
(e). Suppose M goes up. Consider the price p which is also
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a-nL 1-pWm-1)M
N NM-(1-y))
—L_ increases (towards 1) and M also

M—(1-y)

increases. Thus p goes up and each seller is better off.
Consider a competitive buyer. His consumption of X

the profit of a seller. Now p = .As M

goes up

remains fixed at m. His consumption of Y is
A-pPNM-(1-y) _ (-pN
M—-1
La-PM-G-»)+Q-pWm-Dm L(1—n)+(1—y)M(M_(1_y))M
As before, with an increase in Y, — increases
M—(1-y)

(towards 1) and M also increases. Thus a competitive
buyer’s consumption of Y decreases and each existing
competitive buyer is worse off.

Consider a non-competitive buyer. As M increases
M My
M—(1-y) M—(1-y)
towards y). Thus, as M increases his consumption of X

decreases.

decreases (towards 1) and so (decreases

. . . (1-yINM-1) _
His consumption of Y is La-pM-G-p)+G-p WM -DM

(1-y)N
L —n)(M;l(il_y))+(1—y)M :
M—-1+y

Now[ La-np(E)+@-pM] [ LG-

pM+yM+1—yM+1)] = yL(1-np)M(M—-1)- 11—y <0 if
and only if M(M-1)> (1-y)y(1-m)L.

Thus a non-competitive buyer’s consumption of Y
. (A—y)NM-1)
(e D (M=) + Gy G1—D
M(M-1) > (1-y)y(1-n)L. Hence as M increases each existing
non-competitive buyer is eventually worse off. Q.E.D.

In order to compare the consumption of Y between
non-competitive and competitive buyers, set M = L and y =

N. Then the consumption bundle of each competitive buyer

) decreases if and only if

is  (y, 11)1) and the consumption bundle of each

M (11— M-1)
M—(1-y) V' p[M-(1-7)]
> 1, each non-competitive buyer consumes more of

non-competitive buyer is ( ). Since

M—(1-y)
X than the competitive buyer. Since

< 1, each
M—-(1-y)

non-competitive buyer consumes less of Y than each
competitive buyer.

What happens ifthe above economy is replicated k times,
where k is any natural number? In the k-replica of the above
economy there are kN sellers, kM non-competitive buyers
and kL competitive buyers. As before each seller is a profit
maximize and is initially endowed with 1 unit of Y. Each
buyer is endowed with 1 unit of X. The utility function of
each non-competitive buyer h is u,(x, y) = x” y'7 and the
utility function of each competitive buyer z” is u;, (x, y) =x"
b
Proposition 4: At an exact active equilibrium for the
k-replica of the above Cobb-Douglas economy the price p

. - (1-y) (kM- .
of ¥ is SRk L G pach non-competitive
N (kM —(1-y))
kMy
buyer consumes ( —_— ,
kM —(1-y)

(1—Y)N(kM 1)
LA- (kM -1 -9))+U—p) kM -1DM

) and each competitive

- N(kM —(1—-y))
La- (kM -(1-9))+U-p) kM -1DM )- As k
. . . (1-n)L (-ym
goes to infinity the price converges to — + —
buyer’s
(1-pN

La-p+G-ym ). As k

goes to infinity each competitive buyer’s consumption
(-pnN
).

La-p+G-ym
From Proposition 4 it is clear that as & tends to infinity,

the sequence of price-allocation pairs converges to the

unique competitive equilibrium of the original economy.

buyer consumes (1,

k goes to infinity each non-competitive

consumption bundle converges to (7,

converges to (1,
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