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Stress Concentration Near a Half-Plane Weakening Hole
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Abstract

In the paper, stress state of an elastic, isotropic and homogeneous weighty half-plane weakened by an elliptic

hole with two rectilinear cracks is considered. The domain S occupied by a body consists of a “lower” half-plane bounded
by the straightline L, and a contour of the hole L,. The elastic medium, in addition to its specific weight at the infinity is
subjected to the action of uniformly-distributed pressure of intensity q on the segment -a< t < a of a rectilinear boundary L,
of the half-plane. The hole’s contour is free from external forces. Many aspects of such problems have been considered in
the papers[1; 3; 6; 7; 8; 10]. But the case that we investigate is considered for the first time (this is connected with defini-
tion of the mapping function and also complexity of acting force factors).

Keywords Weighty Half-Plane, Specific Weight, Elastic Medium, Compatibility Conditions, Additional Stress Uni-
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1. Introduction

The problem solution is reduced to definition of two
analytic functions ¢(z) and w(z) satisfying the bound-
ary conditions. After some mathematical transformations
and reasonings, we get two systems of infinite linear alge-
braic equations with respect to the expansion coefficients
a, and f, ofthe functions ¢(z) and y(z).

In order to illustrate the obtained solution, numerical
examples are considered.

The centre of the hole coincides with the origin of coor-
dinates oxy, the linear cracks are arranged symmetrically
along the axis OX, the coordinates of the end points of the
cracks are denoted by #e (fig.1). The domain S occu-
pied by a body consists of a “lower” half-plane bounded by
a straight line L, and contour of the hole L, (an ellipse
with two linear cracks).

The problem on definition of stresses in domain S oc-
cupied by an elastic medium has a great value in such a
statement in the practice of mining, tunnel building (metro-
building) and also in many problems of hydro engineering.

2. The Problem for a Weighty
Half-plane
On the base of the known principle of mechanics — inde-

pendence of actions of applied forces, the problem may be
divided into two separate cases, the problem for a weighty
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half-plane, and a problem for a weightless half-plane under
the action of uniformly distributed pressure P .
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Figure 1. Cross-section of a half-plane with the elliptic holes and two

cracks.

In the domain S of a half plane bounded by the straight
line L, and contour of holes L, (ellipse with two linear

cracks) the stress components o, ,0,, and 7, satisfy

the differential equilibrium equations and compatibility
conditions (for the first case of the weighty half-plane).

0o, GTU}_ o é‘rm_ . 601}, pog=0:
Ox oy Ox Oy
Al +0,,)=0 (2.1)

where p is density of elastic medium, g is free fall ac-
celeration.
The boundary conditions:
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7, =0, 0,=0

on the linear boundary L, (2.2)
o, -cos(n,x)+1,, cos(n,y)=0
7, -cos(n,x)+o,,, cos(n,y)= 0}

on the contour of the hole I, (2.3)

where n is normal to L, and L, directed from the
interior of the domain § to the outside.
Each of the stresses o, ,0,, and 7, may be
represented in the form of the sum [3:9]:
©) 4 Gl(i) o,(I)=0, = " +o

r (I)=1, =1\ +7!) (24)

1xy ’
(0)

Ly

(1)

Gx(])IO']X =0 W

(0) _(0)
holes) weighty hélf-plane with the indicated above acting
forces (uniformly distributed pressure on the segment
—a <t<qa of the linear boundary L,) and are some spe-

where: o'/, and 7’ are stresses in solid (without

cial solutions of differential equations (2.1).

and 7" are additional

Ly

The constituents o-l(l),al(lv)

stresses stipulated by the availability of the hole L, in me-

dium that weakens it.

Since the components o, o

L0 and T.(j.) satisfy equa-
tions (2.1), (as special solution of these systems of equa-
tions), we can take them in the form[3;9]:
ol =y-p-g(y+e”);
V= peg(y+el)
Here, ¥ is a constant dependent on medium’s property,
so called a distance piece factor; for a considerable depth,

Y is very close to a unit.

;=0

ol (2.5)

The integration constants cl(o) and cgo) should be de-

fined from the condition of inversion of the components

Gl(f) and 0'1(3) in ¢ =0 and o*l(f) =0, respectively on

Ix
the linear boundary L,. In (2.5), by accepting y=h, we

get

) _ () _

o' =-y-p-gh; g =—pgh (2.6)

Thus, the components o' and o will take the

x 1y

form:

o =y-p-g(y-h);

o)) =p-g(y-h); 2.7

The stress components 0'(1),0'1(1) and 7" satisfy the

homogeneous system of equilibrium equations and com-
patibility equations (2.1) assuming that they vanish at infin-
ity and on the linear boundary L, .

So, we have:
ol = 0; 0'1('1,) =0 on L,

1x
-cos(n,x)+ 71(1,) -cos(n,y) = —[}/pg(y—h)}cos(n,x)

(2.8)

o/
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0 -cos(n,x)+ o-,(;,) -cos(n,y)= —[pg(y—h)} cos(n,y)

(2.9
Since the contour L, is free from external forces, then
for releasing the stresses 0(0),0(?)

1x 1y

T

on L.

and 79 from this

contour we should apply the forces with opposite sign
() and (1)

In the present case, we are interested mainly in the stress
state in the vicinity of the contour L, (ellipse with two
linear cracks) including at the end points of the cracks ze.
Therewith, taking into account the conditions % >>1[>>b
(for considerable depth of medium), not making any series
error, we can reject exact satisfaction of boundary condition
(2.8) and in expression (2.9) neglect the quantity y con-
tained in parenthesis of the right hand side. Thus, condition
(2.9) is reduced to the form:

01(,? -cos(n,x)+ 11(2 ~cos(n,y) = [h . ypg] . cos(n,x)
1(2 - COS (n,x) + O-l(,lw) - COS (I’l,y) = [h . pg] - COS (l’l,y)
We can introduce the functions ¢(z) and W(z) of the

complex variable z =x+iy that are regular in domain S

(2.10)

T

and connected with stress components 0(1),0(') and rl(l)

by Kolosov — Muskheleshvili — Sherman formulae:
o +o" =4R 4 (2);
(1) ~ol42i) =2[(7-2)-¢"(2) 4w (2)] @11)

1x

o

Taking into account these expressions, boundary condi-
tions (2.10) are transformed to the following form:

() +(1=1)-¢'(t)+w (1) = /i (67)

on L, (2.12)

3. Problem for a Weightless Half-Plane
under the Action of Uniformly
Distributed Pressure P

In the second case, when a uniformly — distributed load
of intensity P acts on the linear boundary L, on the

segment —a <t<a, the stresses 0'(0),0'59) and 7% for

an entire weightless half-plane are determined by the ex-
pressions [1;6]:

Gi(j):al+bl-(y—h);
ai?)=a1+bl-(y—h),
e =b,(y-h); (3.1
where a1=—§'(91—92);
by=2pa AE0) 2P0 g iay;
Pi P2 PP

6, and 6, are the angles under which the loaded seg-
ment —a<t<gq fromthe point Z of ahalf-plane is seen,
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p, and p, are the distances from the point Z to the end
of the segment —a<¢t<a (ie. to the point —a and «
on the linear boundary L,).

1)

In the present case, the additional stresses o, ,GS) and

zg‘x)y , stipulated by availability of a hole satisfy the follow-

ing boundary conditions (similar to the first case, i.e. for-
mulae 2.4). Each of the stresses o(ll)=o0,,, o,(ll)=0,,

and 7 (Il)=7,, arerepresented in the form of the sum

O'SY) ~cos(n,x)+r§;)v -cos(n, )

:—[a, +(y_h).b1].cos(n,x)+[bz(y+h)cos(n,y)] (3.2)

g‘j} -cos(n,x)+ aél}? -cos(n,y)

==[b,+(y—h)]-cos(n,x)~[ a, b, (y—h)cos(n,y)]
Similar to the first problem, the stress components

O'Ei) , O'E]’) and ril)

T

are defined by analytic functions by the

known formulae (see. 2.11). Then, boundary conditions (3.2)
are transformed also to the following form

(1) +(t—=17)-¢'(t)+w (1) = f,(2,7) (3.3)

In equations (2.12) and (3.3), the variable ¢ is an affix

of the points of the contour L, as for a weighty half-plane
(the first problem):

A

1
k1=5(1+7)pg'h;

)=k t+ky T

1
k, =5(1—7)pg~h; (3.4)

At a considerable depth y =1, then we get k, =pgh;
k,=0

For a weightless half-plane, under the action the uni-
formly-distributed load of intensity P, on the segment
—a<t<a, of the boundary L,, the right side of equation
(3.3) has the form [1;6;7]:

L(t0)=a-(y=h);

=_Pp_
a, = ,T(H‘ 6,) (3.5)

It is seen that boundary conditions for determining addi-
tional stresses at both variants of active external forces are
reduced to determining two analytic functions ¢(z) and
w(z) (by comparing 2.12 and 3.3 it is seen that the left
side are same in both cases, the right side has the form of
3.4 and 3.5, respectively).

For both variants, the desired functions ¢(z) and
w(z) are representable in the form [3-10].

#(z) = (2)+4(2);
v(z)=w,(2)+w (2)- (3.6)
Here, ¢,(z) and y,(z) are analytic functions regular

everywhere in the lower half-plane, with a rectilinear
boundary L,, ¢ (z) and w,(z) are holomorphic func-

tions in domain outside of the hole L, (ellipse with two
rectilinear cracks).

The functions ¢, (z) and w,(z) regular outside of the
contour L, (outside of the hole) are representable in the
form [1;6;9;10]

S k
:zak '51_ ’

Z):iﬂk’él_k

Assuming that the coefficients ¢, and f, in expan-

sions (3.7) are known, by the Muskheleshvili method '(the
method based on the use of a Cauchy type integral) on the
linear boundary L, from the boundary condition 2.12 or

from 3.3 for f,(1,7)=f,(¢,7)=0 we find the functions
¢ (z) and y,(z)

k+1 k+l

b(2)=3(1) —Zi(zr2m) 3 ()

(3.7)

1

k=1 (Z—21h) k=1 (z 21h) w(z—2ih)
© k+1
o (2)=Y(-1) —Z— (7 +2ih)-¢. (z +2ih) (3.8)
=1 (Z—2ih)

We should recall that the following expressions hold on
the linear boundary L,:t=-f ; t=x+ih; x+ih ;
t=x—ih ; t—t=x+ih—x+ih=2ih ; t=1+2ih ;
t=t-2ih.

Now, pass to boundary conditions on the contour of the
hole L.

The exterior of the contour L, (ellipse with two recti-

linear cracks) is mapped onto the exterior of a unit circle by
means of the function [4;5].

b,
Z_A§1ZH T %:
-b
m:Z+b (3.9)
where IT, Zj/n] ;
n—0
To= 3w,

=V 72E(%‘]

The quantities L, are determined according to[4;5]
from the following condition

! The method elaborated by N. I. Muskheleshvili [6] is based on the use of a
Cauchy type integral For example

I¢ Iu/(f)df I¢

27i : 27i T 2mid r- f
J‘ [ 7) ( )dT 0 ; when ‘g‘ <1 L ﬁ —

27 @' ) 27n T

27” I3 ( ) ) w'é) ¢’(§) when ‘f‘ >1 and etc.
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L+YL , -g"=0

n—n n

(3.10)

=1

where g +Zgn. g m) gV _ Y

n

=0 7o
The function &= f(z) inverse to the mapping function
(3.9) is found in the form [4;5]:

Z < AY
& :;an(_j

(3.11)

The quantities ;(,(,”) are determined similar to the quan-

tittes L, replacing in (3.10) g,(f) by aik), moreover
a\" will be defined from the recurrent formula (3.11)

(k)

having taken ¢, instead of g,(f).

For an ellipse, the first six quantities a,(f), g,(f) are

found and arranged in the table (see. [4;5]).

Allowing for expansions (3.6), (3.7), (3.8) and (3.9),
boundary condition (2.12) or (3.3) on the contour of the
hole L, isreduced to the form (after some mathematical

transformations and reasonings, passing to a new varia-
ble 7, and taking into account that -7 =1 holds on a
unit circle):

Zak 4t Zz"" (k)+z? Zz’ T, (k)
—irk-];(k)+;ﬂk-rk

k=1 k=1
=5,1+68,1=6-A-7- Y I, -7

n=0

(3.12)

+68,-A4-7”" -ZHn " on L

n=0
where 6, =k, =%(7—1)-p'g~h ; 0,=k, =%(y+1)-p-g-h
for a weighty half-plane.

51:—a=2£-(6’1—02) , 6,=0 for a weightless
bd

half-plane under the action of a uniformly distributed load
of intensity P on the segment —a <t <a of the rectilin-
ear boundary Z,.

In equation (3.12) having equated the coefficients under
the same degrees of T, we get the following two systems
of infinite algebraic equations for determining the coeffi-
cients o, and f,:

o +T, (k-2)-

& =641l ,+6,4-11, ¢, (3.13)
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T,(2-k)-&,+T,(k-2)-¢
=5, -ATl, &, +5,-A-11
where:
|0 for k<2 |0 for k=2, 0 for k>?2
s &, = N
YN for k>2 27 for k=27 [l fork<2
The values of the quantities 7,(k)+T, (k) are not cited
here because of their bulky form.
Solving jointly systems of equations (3.13) and (3.14)
(having taken some first terms from each system), the coef-
ficients «, and p, are determined. Analytic functions

~T(k)+ B +T(k-2)-¢ = (3.14)

k+12

¢ (z) and y,(z) are determined for each of indicated
problems respectively, from formula (3.7).
Having known the values of the functions ¢(z) and

M 50 (1)

w(z), the additional stresses o,’,0,’ and 7, are de-

termined by formula (2.11).

The )

50y
components 0,.=0, 10

i i iv >

found  stress

s, =0 +o! 2+l

w > =12 for each of the
mentioned variants of actlve loads are given below (calcu-
lated at typical points of the holes z==ib; z=a for
! =a,where [ is the length of the aperture and also at the
points z=e,for [=e—a).

On the base of force action independence principle, by
the superposition method we can determine stress state un-
der simultaneous action of loads indicated in both cases:

and 7, =

o, =0, (])+0'x (H);
o,=0, (1) +o, (H) ;
r, =1, (I)+7, (1), (3.15)
where o (1), o, (1 ) and 7, (/) belong to the first,
o (ll), o, ([I ) and 7,,(1) to the second problem.

4. Numerical Results

4.1. Uniformly Distributed Pressure of Intensity P
Acts on a Rectilinear Boundary L, of a Weightless

Half-Plane on the Segment—a* <¢<a’

For an entire (without hole) half-plane, this problem has
been solved in [1;6;7;8]. Using the obtained results for an
entire half-plane by the method indicated above, i.e. solving
the system of equations (3.13 and 3.14) for the right side in
the form (3.12), by the known formulae (2.11) we find ad-
ditional stresses stipulated by the availability of a hole. The
value of complete — total stresses for different variants for
dimensions of a hole and depth % are the followings: (for
typical points of the hole)

Variantl: h=a; a=2b;

e=a; [=0; z=a;the point « 4 » in the draft

P P
o =462-—. — L
¥ s O 1,18

27
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z=ib atthe point « D ».

ar:6,94£; o, =10,74- L
’ 2 7 2
for e=a+l;I=b; at the point Z=a+b;q\:3,93~2£;
T
P P P
=1,26-— —ib: 0 =5.65—: o =18.—
o, =1 . for z=ib;o, 5,652”, o,=182 P
for e=a+l;[=2b, at the point z=a+2b ;
o =301 6 =142 2.
’ 2 2
Variant II: h=2a; a=2b; a =a; [=0;e=a; at
. P
the point z=a; GX:3,213-£; c,=0,35-—;
’ 2r . 2
~ ot P .
For z=ia o, =2, Z i o, =—0,68-—
: 27
. P
l=b; e=a+l; at the point z=a+b ; ax=2,57-2—;
Vs
0V=0,57~£;
’ 2r
Variant III: A=10a; a=2b; a " =a [=0; at the
points z=a; z=ib, O'S): S):O

i.e. at considerable depths the additional stresses equal to
zero (influence of a hole and load on a rectilinear boundary
L, almost doesn’t influence the stress distribution).

4.2. A weighty Half-Plane Weakened by a Hole L, (El-

lipse with Two Rectilinear Cracks) is Subjected
Only to the Action of Gravity

The contours L, and L, are free from external forces.
Solving the system of equations for the right side in the
form (3.12), we define the desired coefficients ¢, and g,

for different relative dimensions. Then, by formula (2.11)
we find additional (as the result, total stresses) stresses:

o 50 U]
o

Ix > 1y 1xy
(since we are interested only in stress concentration at the
points of hole’s contour). Below we give the found values
of these stresses for different variants:

Variant I h=2a ; [=a ; b=0 for

o) =1,81H ; H = pgh ; ") =0,81H jfor z=ib=0 ;
o' =2,3H ;6" =1,3H.
Variant II: h=4a;l=a;b=0 for z=a; o =117H;

U)(cmrul) =0,17H Tpu z=a; O'(l) =1,27H ; o‘(tota/) =0,27H .

X x

and 7, at the typical points of the hole L,

z=a ;

Variant III: A=0; y=1 (distance piece factor equals

to one), then at all the points of the contour L, we have

(7)((1) — pgh : O_(tatal) — O )

X

5. Conclusions

The quantities of additional o-f) and total stresses on

the G(s[dex)

x

of a rectilinear aperture (i.e. at the end points of

the crack and in the middle of this crack when

x= i; v =0) considerably increase when the crack of L,
a

approaches to the linear contour Z,.

As calculations show, such type stresses have a particular
local character and as a rule, they rapidly drop (weaken)
when they are removed from the vertex of the crack, where
they have maximal value. When /=0, a/b =2; e=a

the internal contour L, will become an ellipse, and the

problem on definition of additional stresses will be similar
to that in the paper[9]. Therefore, here we don’t cite the
results.
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