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Relativistic Invariance of Electromagnetic Fields and
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Abstract We re-examined the four-dimensional spacetime formulation of invariance of electromagnetic fields between
two inertial frames under Lorentz transformation, which predicts a pure electric (magnetic) field in one inertial frame is
composed the Cartesian components of a pure both electric and magnetic fields in another inertial frame. This contradicts the
Lorentz invariance condition which requires that the vector quantities in one inertial frame must have the same form in
another inertial frame. In this work, we introduce a three-dimensional quasi-time vector to modify the classical
four-dimensional spacetime (3+1) to a new six-dimensional spacetime (3+3) and derive spacetime metric equation and
relativistic velocity. We use the classical vector transformation theory to derive expressions for Cartesian components of
relativistic velocity and net electromagnetic force vectors. Considering two massive inertial frames form a closed system, we
integrated the transformed relativistic velocity with the law of conservation of energy to prove that contrary to the common
belief, the electromagnetic field that appears as a purely electric (magnetic) field in one massive inertial frame, it also appears
as a pure electric (magnetic) field in another massive inertial frame under Lorentz transformation. As an application of the
proposed six-dimensional spacetime theory, we prove Lorentz invariance of Maxwell’s equations with and without charge
and current source. We also prove the scalar electromagnetic wave equations with and without charge and current source and
the conservation laws of the continuity equations of current and densities of electromagnetic energy and linear and angular
momentums between two massive inertial frames under Lorentz transformation.

Keywords Six dimensional spacetime, Lorentz transformation, Massive inertial frames, Relativistic velocity
transformation, Invariance of electric and magnetic fields, Maxwell equations, Scalar electromagnetic wave equations,
Conservation laws for current continuity and electromagnetic energy and momentum

1. Introduction

Maxwell’s equations and Lorentz force are the foundations
of the electromagnetic theory and describe how the charge

and current sources with densities p and J generate

electric and magnetic fields (E and B ), and Lorentz force
( F ) acting on a charge g moving with velocity v [1]:

V-E =ple, (Gauss law of electrostatics),

V-B=0 (Gauss law of magnetism) (@))

VxE = —% (Faraday’s law),

VB = J =
C2

(Ampere-Maxwell Law) (2)

2| R
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F=q (E +Vx é) (Lorentz force) €))

Maxwell’s equations lead to several conservation laws in
electrodynamics [1], such as equations of current continuity
and laws of conservation of electromagnetic energy and
momentum.

Historically, Einstein [2] proved the validity of Maxwell’s
equations in inertial frames by using Lorentz transformation
[3] and proposed two postulates; (i) The laws of physics are
invariant in all inertial frames moving with uniform
velocities relative to one another. (ii) The speed of light in
vacuum is the same in all inertial frames and is independent
of the direction of the motion of the emitting body. Einstein
combines the rates of change of linear momentum (dp/dt)

and energy (dE/dt) and, after some complicated algebra,

finds expressions for the Cartesian components of electric
and magnetic fields in inertial frames moving relative to each
other along the x-direction [2]
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Ex=Ex, Ey=y(Ey-VvB,), Ej=7r(E,+vBy),
: : 2 : 2 “)
B, =B,, Byzy(By+(v/c )EZ), Bzzy(BZ—(v/c )Ey)
Ex=Ey, Ey=y(Ey+vB;), E,=y(E;-vB}),

, , 20e , 2\e ®)
B, =By, By:y(B ~(v/c )EZ), B, =7(BZ+(v/c )Ey)

where y =1/ (1—v2 / 02)1/ 2 is known as Lorentz factor. Here v is the speed of the inertial frames moving relative to each

other and c is the speed of light in vacuum. Equations (4) and (5) state that electric and magnetic fields are Lorentz invariant
along the direction of motion (x-axis) while there is a change along the perpendicular directions (y, and z-axes). Close
inspection shows that although the scalar product of electric and magnetic fields is invariant, their vector product is not
invariant between two inertial frames under Lorentz transformation. This has serious impact on the invariance of Maxwell’s
equations, electromagnetic wave equations, and conservation laws such as continuity equation of current and electromagnetic
energy and momentum between two inertial frames. Therefore, current formulation of the invariance of electromagnetic
fields and Maxwell’s equations between two inertial frames under Lorentz transformation remains to be one of the century
long unsolved problems [4]-[7].

In this article, our aim is to prove the relativistic invariance of electromagnetic fields and Maxwell’s equations between
two inertial frames under Lorentz transformation. The outline of the presentation is as follows. In section 2 we introduce a
three-dimensional quasi-time vector to modify the classical four-dimensional spacetime (3+1) to a new six-dimensional
spacetime (3+3) and derive spacetime metric equation and relativistic velocity. In section 3 we use the classical vector
transformation method to derive Cartesian components of position, relativistic velocity and electromagnetic force vectors in
six dimensional spacetime. In section 4 we use the transformed velocity in the law of energy conservation to prove that
contrary to common belief, the electric (magnetic) field in so called a massive inertial frame is composed of electric
(magnetic) field in another massive inertial frame. In sections 5 and 6 we prove the invariance of Maxwell equations and
electromagnetic wave equations between two massive inertial frames.

2. A six-Dimensional Spacetime Frame

In this section, we introduce time as a three-dimensional quasi-time vector t = (t,,t,,t,) and t'=(t;,t,t;), along with
three dimensional position vector 1 =Tr(x, y,z) and uniform velocity V = (vy,Vvy,V,), in three-dimensional space to modify

the four-dimensional spacetime (3+1) to define a six-dimensional spacetime (3+3). This idea was first proposed by Mignani
and Recami [8] and used by others [9]-[16]. They added two extra time coordinates in the primed and unprimed

4-dimensional inertial frames E’:Z'(x’,y',z’,t’) and z:z(x, y,z,t) to interpret the imaginary quantities in the
superluminal Lorentz transformations. Time is taken as a vector in the Euclidian 3-dimensional space T2, so that an event
can be represented in Euclidian 6-dimensional space M8 = R3><(icT3) as P=(x, y,z,citx,city,citz) . Cartesian
components of position vector do not have any physical meaning for tachyons [8], but the magnitude of time vector
t=(tf +tf +t)%)1/2 is observable for bradyons [9]. Pappas [13] later on proposed the time vector as f:(tx,ty,tz) in

Euclidian 3-dimensional time space T3 50 that an event is represented in a 6-dimensional Euclidian spacetime
MG:R3><(cT3) as point P =(x, y,z,ctx,cty,ctz)described by the set of linear equations [13]-[16]

’ . !’ v- . 1A \ « ’ V- ’
X =r(-viti);  t=x _C_szi)v X =y +vit); =5 +C—'2Xi) (6)

where =1/(l—vi2 /cz)ﬂ2 is Lorentz factor, which is anisotropic along the x{ = x',y’,z" and X =X,y,z axes in the so
called six-dimensional massive inertial frames X' = i’(x', Y, z’,t)’(,tg,,t;) and = :i(x, Y, z,tx,ty,tz) rather than inertial

frames. A laboratory or an observatory in which a free body is observed to retain its motion is considered as examples of
massive inertial frames.

In this work, we extend our recent work on special relativity [17], [18] to study the relativistic invariance of
electromagnetic fields. The theory is based on a six-dimensional spacetime in which two massive inertial frames

i’zi’(x', y’,z’,t;(,tg,,t;) and izi(x, y,z,tx,ty,tz) initially coincide with an absolutely stationary inertial frame
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20 =20 (X0 Yo, 20.tp) attime t'=t=t, =0. We assume that Einstein’s two postulates are also valid in the 6-dimensional

spacetime in which we allow time (space) change in all three Cartesian coordinate axes. We assume that the massive inertial
frames ¥ and ¥ move relative to each other with a three-dimensional uniform velocity v = (vX,vy,vZ) . Time is taken as

three-dimensional —quasi-vector f:(tx,ty,tz) . Here v, =vcosgsing , vy =vsingsingd , v,=vcos¢ and
t, =tcosgsing, ty =tsingsing, t, =tcos@ in spherical polar coordinates. The magnitude of quasi-time vectors in the

72)]J2

massive inertial frames ' and X (t4t|= (t)% +t§ +t)%)1’2 and t't'|= (t)’<2 +t§,2 +t, ) is measurable and Cartesian

components  (ty,t,,t;) and (ty,ty,t;) are treated just as mathematical tools in the formulation [9]-[16].

We adopt Einstein’s four-dimensional spacetime formulation of the special theory of relativity [2]. We consider an event of
sending a light signal from point Pl(xl,yl,zl,txl,tyl,tzl) and second event of the light signal arrival at point

P (X2, Y2, 22,1y, by, t7)) inthe six-dimensional massive inertial frame ¥ . The coordinates of the events are related to each
other by the following relation

2 2 2 2 2 2 2 2 2
(X =) +(Y2—y1) +(z2—7)" —c (tx2 —txl) -c (tyz—tyl) -c (tZz_tzl) =0 (7a)
We can write the following relation for the same two events at points R(q, 1,7t .ty .t;) and

P3(x3,¥5,25,t),,ty,,t;,) taking place in the second six-dimensional massive inertial frame =’

’ ’ 2 ’ ’ 2 ’ ! 2 72 ’ ’ 2 !2 ! ’ 2 72 ’ ’ 2
(% —X) +(va-W) +(2-2)" —c(t, ~ty, ) —c(ty, -5, ) —c?(t, -5, ) =0 (7b)
where ¢=c’' according to Einstein’s second postulate. Defining the coordinates of two events as (Xl,yl,zl,txl,tyl,tzl) and
(X2, Y2, 22,1, by, ,t,)) in Z and (4, y1, 21t .ty .17 ) and (X5, Y2, 25,t, .t ,t7) in X', we can write the following
six-dimensional spacetime intervals

2 2 22
ASZ‘:(XZ_Xl)Z+(y2_y1)2+(22_21)2_cz (th _tx1) ~¢? (t)’z _tY1) ~c? (tzz _tzl) } (8a)

2 2 2 1/2
As' = {(Xé XY +(ys - i) +(z5-74)" ¢ (t;2 —t§<l) —c"? (t;,2 ‘t§/1> —c? (t;2 —t;l) } (8b)

as the intervals between the events taking place in the six-dimensional massive inertial frames £ and X'.

Just as in the case of four dimensional spacetime theory of special relativity [2], the intervals describing the motion of the
simultaneous events in six-dimensional massive inertial frames can be positive (space like separation), negative (time like
separation), or zero (null separation). A pair of events with null separation can be connected by a signal at the speed of light.
The intervals of two event infinitely close to each other in the massive frames = and X' are written as

ds? = dx? +dy? +dz? - ¢? (dtf + dt§ + dtzz) (9a)
ds? = dx? +dy? +dz? —? dt? + dt + it ?) (9b)

where the differential spacetime along the coordinate axes are defined as [17], [18]
dx'=dx—v,dt,, dy'=dy-vydt,, dz'=dz-v,dt,

2 ’ 2 (10a)
dty =dty, — (v /c%)dx, dty =dt, —(v,/c7)dy, dt, =dt, —(v,/c")dz
dx=dx'+v,dt,, dy=dy'+v,dty, dz=dz'+v,dt;; ;
10
dty =dty + (v /c?)dx’, dty, =dty +(v, /c?)dy’, dt, =dt; +(v, /c*)dz’ (100)
The intervals in Egs. (9a) and (9b) are related to each other by a metric equation [17], [18]
dx® +dy? +dz? —c® (dtf +dt] +dt?) = 45, (dx’® +dy? +dz’?) - 7, ¢’ (dt)? +dtyf +dt?)
(11)

=2, dx'% +ay,dy”® +a,,dz'? —c”? (atxtx dt’? + atytydtg,2 +ay, dt;z)
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where a,, are speed dependent coefficients and are given by the following coupled equations

2 2 2 2 2 2 2 2 2
axx:(7xx_7txtxﬂx), ayy :(7yy_7tyty,3y), 8z :(72 -7 ﬂzj (12a)

7 tt,

(.2 2 2 (2 2 a2 (2 22
atxtx_(;/ x‘?’xxﬂx)v atyty_[Vyy_Vtylyﬁij atztz_(ytztz _722132) (12b)

tyt

Setting a,,, =1 transforms covariant equation (11) into the following invariant form
dx® +dy? +dz? —c?(dt? +dt] +dt?) = dx +dy'? +dz'? —c’? (dt)? +dt;” +dty?) (13)

which states that, just as in the three dimensions, the relativistic quantities (such as velocity and electromagnetic field) should
be invariant between two massive inertial frames under Lorentz transformation. Solving the coupled equations (12a) and (12b)

for a,, =1, one then finds

u
2 2 2
Y =, =HNI=Bc0 7y =Ny, =U\1=-8y ., ra=ns =1\1-5; (14)

which are 6-dimensional analogue of classical Lorentz scaling factor. Square of Lorentz scaling factor ;/fw forms a (6x6)
orthogonal boost matrix and metric Eq. (11) can be written as

»>» 0 0 0 0 O

XX

0o > 0 0 0 0
yy

ds? = y2,ds'? = % dx'“dx" = N dx'#dx" (15)

0 0 0 43 0 0

00 0 0 x 0

0 0 0 0 0

We then write the following matrix equation for line elements in the massive inertial frame '

dx’ Vo 0 O 0 0 0 dx —v,dt,
dy’ 0 7y O 0 0 0 dy —vydty
dzr O 0 7ZZ 0 0 0 dZ _VZ dtz
d, [ |0 O neg, O 0| dty—(vy /c?)dx (16)
dt, 0 0 0 0 ny O |ldt,—(v,/cP)dy
dty 00 0 0 0 7wy fld,—(v,/cA)d
In frame X, one replaces V. with —Vy, and primed and unprimed subscripts in Eq. (16). One then writes
dx’ =y (dx—vydty),  dy'=dyy (dy—vydt,), dz'=y,(dz-v,dt,) 17
, , , 17a
dty = Nt (dty — Bydx/c), d'[y =Nty (dty _ﬂydylc)! dt; = Nt, (dt, - B,dz/c)
dX =y (dX' +Vvydty),  dy =y (dy+vydty),  dz=y,(dz+v,dt;); (17b)

dt, = N, (dty + pydx'/c), dty =Ny, (dt;, + ﬂydy’/ c), dt,= Ny, (dt, + g,dz'/ c)
Figure 1 shows the variation of Lorentz scaling factor components y,, and y,, with azimuthal angle ¢ for polar angle

#=nm/2 and speed ratio g=v/c. Figure 1 suggests the replacement of classical Lorentz scaling factor » in four
-dimensions with its analogue Y uv in six-dimensions.
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Y, (8:6:6)

¢ (rad) . # (rad)

Figure 1. Angle variation of Lorentz scaling factors yy (red line) and yy (blue line) for (left) O=rl16,714,713,712 and (right)

B =Vv/cC ratio=0.60,0.70,0.80and 0.90and & =7z /2 insix-dimensional spherical spacetime coordinates as 3’ frame moves relativeto > frame

Using Egs. (17a) and (17b) with y,, = Mo Yy =y, and y,, = 7t » We can write the following expressions for

Cartesian components of the relativistic velocities G’ and G of an event taking place in massive inertial frame 3 and
observed in another massive inertial frame =’ [17], [18]

u’ —d_X/—(u —V. )di——(ux _VX) u —%—(u' +V )ﬂ—M (18&)
X = - — \Mx X , = ’ X = —\YX X -
dt; dty  1-u,v, /c? dt, dty  1+upv, /c?
' dt uy, —Vv dt; uy, +v
b= (uy v ) BTy :ﬂ:(urywy)_v:(y—y)z (18b)
d'[y dty ]__uyvy /c dty dty 1+ Ug,Vy /c
' - ! uy +v
uézd_z’:(uz_vz)dif:uz—vzz’ uzzﬂz(ué-}-vz)di:(z—z)z (18¢)
dt; dt; 1-u,v, /c dt, at, 1+ uv, /c

When ' moves parallel to x axis of X at the speed of light, Eqgs. (18a) - (18c) give uy =—c and u, =c (ug, =—C
and uy =c, u; =—c and u, =c), in agreement with 4-dimensional theory [2].

In order to extend the range of the validity of Egs. (18a), (18b) and (18c) to any relative speed we combine Eqgs. (17a) and
(17b) and write x, y and z of &’ and 4 inframes X' and X, respectively

2 2
' dX|, in dXi in ,
Uy, = E =Txi% 1_0_2 E‘?”t)thi Vi, = V%% 1_0_2 (uxi +Vy, )_7/txitxi Vx, (192)
i i
2 2
dX VXi dxl’ VXi
Uy _E = %% 1_C_2 E—H/txitxi Vi = 7% 1_0_2 (uxi ~Vx )+7txitxi Vx; (19b)

which gives the velocity of an event taking place in frame X (T') and observed in frame X' (%)

2 2
Vx_ , VX- '
1| 1-—% [uy == L= 1-— | vy, = Uy ==V (20a)
c c
vi Vi
1- 1_C_2' uy =|1- 1—0—2' Vi, o Uy =V (20b)
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The negative sign means that an event is taking place along + direction in the in frame T and observed in -x direction in
frame X'. Equations (20a) and (20b) can explicitly written as

Uy =—Vy =-VCosgsing, uy =-vy =-vsingsing, u; =—-v, =-vcoso (21a)

Uy =Vy =VCOsgsing, uy =v, =vsingsing, u, =v, =vcosd (21b)
Figure 2 shows plot of Egs. (20c) and (20d) for x and y components of G’and G at speed of light. As the polar angle
increases from @=7x/6 to /2, the magnitude of components of G’ and G velocity increase and become unity at

0 =12 . The overlapping values of the x and y Cartesian components of G’ and G suggest an interaction effect between
the events. Equations (20c) and (20d) suggest that uy, ug,, u; components of 4’ and uy, uy, u, components of u

can be determined by using the relative speed of two frames, without requiring one of the unknowns to be known.
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Figure 2. The plot of x- and y- components of U’ (Fig.2a)and U (Fig. 2b) of an event taking place in massive inertial frame Py (i' ) and observed in
massive inertial frame X' (I ) as a function of azimuthal angle ¢ for polarangle 8 =7 /6,7/4,7/3,712

3. Relativistic Vector Transformation

In this section, we discuss the classical vector transformation [19] to lay down the groundwork for the study of the
invariance of electromagnetic fields between two massive inertial frames. For now, we momentarily set aside the relativity
and focus on the transformation of ordinary vectors (i.e., space position, velocity, and force) in three dimensions. The massive
inertial frames X' and X coincide with a rest (an absolutely stationary) inertial frame ¥, at t'=t=0 and have common

z-axis (z = z', in Fig. 3). We define unit vectors (1’, ], IZ’) in the massive inertial frame X' in terms of unit vectors (i, j, IZ)
in the massive inertial frame ¥ by using the following linear transformation matrix equation

i) [cos(-i) cos(l-]) cos(-K) )i (cosg sing 0)i
i"1=] cos(j’-i") cos(j’-]) cos(j"-K) || j|=|-sing cosg O j (22a)
k') | cos(k'-1) cos(k’-j) cos(k-k) |\ k 0 0 1)k

Setting ¢ =—¢ in Eq. (21a) we can relate (i, j,k) inframe £ to (i,],k) inframe &’
i) [cosi) cos(i-]) cos(-K) )i} (cosg -sing O}
il=]cos(j’-i") cos(j'-]) cos(j’-k)|| j'|=|sing cosg O J’ (22b)
k) |cos(k’-) cos(k’-j) cos(k’-k) |\ k' 0 0 1)k
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(a) (b)
Figure 3. The schematic diagram of unit vectors in a rotation through azimuthal angle ¢ in counterclockwise of (X, Y) planeinto (X', y") plane (a)

and in clockwise of (X', y") into (X,y) planefor 0< @ <27 and @=7/2.Inbothcases Z or Z' axes are kept the same

We now consider the transformation of Cartesian components of position, velocity and force vectors. The translation of a
position vector does not affect its Cartesian components [19], which transform under rotation according to Egs. (22a) and
(22b). We define three-dimensional stationary position vectors ' =(x’,y’,z") and ¥ =(x,y,z) in the inertial frames X’

and T relative to unit vectors (i", j’,k") and (i, j,K), as shown in Fig. 4, by the following equations
F'=xT+y) +2k' = (xcosg+ ysin )i +(-xsing+ycosg) j +zk (23a)
F=xi +Yyj+2k =(Xcosg—y'sing)i" +(X'sing+y'cosg) ' + 2k’ (23b)
which can be written in the form of transformation matrix equations for Cartesian components
cos¢g sing 0)(x

X/
y' |=|-sing cosg Oy (24a)
z' 0 0 1)\z

X cos¢g —sing 0)(x
y|=|sing cos¢g O]y (24b)
A 0 0 12

' Ty (7
y r(r)

(a) (b)
Figure 4. The schematic diagram of I’ and F in terms of unit vectors in a rotation through angle ¢ in counterclockwise of (X, y) plane into

(X, y") plane (a) and in clockwise of (X', y") into (X, y) planefor 0 <P <27 and @=7/2.Inbothcases Z or Z' axesare kept the same
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212!

The scalar product of ' withitselfin ' (or ¥ in ) frame leadsto r'-f' =r-r, which states that the magnitude of
the position vectors " and F Lorentz scalar and have the same length |’ |=| | from the origin. The spacetime metric

equation is also invariant relative to the rotation of coordinates about third axis (ds’? = ds? ) for any coordinate rotations of

reference system [19].
Likewise, one can write the following transformation matrix equations for Cartesian components of relativistic velocity
vectors G’ and @ inthe massive inertial frames X' and I, respectively

Uy cosg sing 0)[ uy
Uy |=| —sing cos¢g 0| uy (25a)
ué 0 0 1 u,
Uy cos¢g —sing 0 uy
Uy |=|sing cos¢ O uy (25b)
u, 0 0 1 ué
from which the relativistic velocity vectors in the massive inertial frames 3’ and ¥ are written as
U =ugl +upj rugk = (uX COS $+Uy sin ¢)f+(—ux sing+uy cos¢) jruk (26a)
U = Uyd +uy J+U K = (uy cos g —uy sing)i"+ (uj sing+uy, cosg) ' +ujk’ (26b)

Figure 5 compares the Cartesian components of the transformed relativistic velocity of an event taking place in frame ¥
(Z") and observed in frame X' (). As the light source at the origin of a frame is flashed on and off rapidly, observers in both
frames see a spherical shell of radiation which expands outward from the origin in all directions [2].

90 90
120 60

=116 f=n/2 120 _ 0 p=rp2

150 30

180 -

O=mld O=mi3 O=ml4 o=x/3

210

330 330

240 300 240 300
270 270

@ (b)
Figure 5. Polar plot of u)’( and Ug,components of U’ (a) and Uy, Uy components of U (b) plotted as a function of azimuthal angle ¢ for

O=rl16,714,7/3,712, respectively [17], [18]

The upper limit for the relative speed in both frames is equal to speed of light in vacuum

ds? o 20 0 2
= =uZ+uf+uf-c? i |-c? =0, = |0'|=c
dt’
@7)
ds? " _
—2:uf+u§+u22—02:|u|2—02:0, = |Ul=c
dt

which proves that the speed of light is Lorentz scalar (¢’ = ¢ ) between massive inertial frames.
Furthermore, similar to defining stationary position vectors r’ and r in Fig. 4, we define stationary net force vectors

F'=(F.Fy,F;) and F=(Fy,Fy,F,) relative to unit vectors (i, k") and (i, j,k)in the massive inertial frames '

and X, respectively. We then write the following matrix equations
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Fy cosg sing O\ Fy
Fy |=|—sing cosg 0| F, (28a)
F, 0 0 1 3
Fy cosg —sing 0)f Fy
Fy |=|sing cosg O] Fy (28b)
F, 0 0 1 F,
from which, similar to writing Egs. (21a) and (21b), we can write the net force vectors as
Fr=Fd'+F) ]+ FK = (FX cos ¢+ Fy sin ¢)f+(—FX sing+Fy cos¢) j+Fk (29a)
F=Ri+F/j+ F,k = (F)g cos¢ — Fy sin ¢)f’+(F)( sing+ Fy cos¢) i+ FK (29b)

The scalar product of F' with itself in the massive inertial frame =’ leads to the scalar product of F with itself in the
massive inertial frame : F'-F'=F-F , which states that net forces have the same length (| F'|=| F |) from the origin, so
vector transformation is identified as a rotation if it causes no change in vector’s magnitude [19].

4. Relativistic Invariance of Electromagnetic Fields

Considering the massive inertial frames ¥’ and ¥ form a closed system in the six-dimensional spacetime, the rate at
which work is done by the net force on a particle are written as [17], [18]

& Ry Uy, = Ry +Fyuy +Fu, (30a)
dE, =1 ’ot 1ot ot
E =R Uy = Feuy + Fyuy + Fu; (30b)

where If){i and lfxi are the Cartesian components of Lorentz force massive inertial frames ' and X
Fe=q(Ex+uyB; —usBy),  Fy=q(Ey+u;By—uiB;), F/=q(E;+uiBy—uiBy) (31a)
Fo=q(Ec+uyB, —u,By), Fy=q(Ey+U,B,~uB,), F, =q(E,+uBy-uyB,) (31b)

where u’j (ug)and u; (uy)arex,yandzcomponentsof u’ and u, given by Eqgs. (25a) and (25b).

Since the massive inertial frames ¥’ and T form a closed system in six-dimensional spacetime, we can write the
following relation for Lorentz invariance of the conservation of relativistic power law (rate of relativistic energy change)

between the massive inertial frames ¥’ and >, [17], [18]
dE' dE MU MU !
E = a Feuy + Fyuy + Fu; = Ruy + Fyuy + Fu, (32)
Combining the velocity transformation matrix equations (25b) and (25a) with the conservation of power law in equation
(32) we can write the following explicit algebraic equations
Feuy + F);ug, + Fu; = Fuy + Fyuy +Fu,

1 ’ H ’ UTY (33a)
= (FX cosg+Fysin qﬁ)uX +(—FX sing+Fy cos;zﬁ)uy + Fu;

Feuy +Fyuy + FU, = Feuy + F);ug, +Fuy
. . (33b)
= (F)g cos¢— Fy sin ¢)ux +(F); sing+Fy cosqﬁ)uy +Fu,
Component by component matching both sides of Eq. (33a) and then (33b), respectively, one obtains the transformation
matrix equations (28a) and (28b) for the net electromagnetic forces.
Substituting Egs. (31a) and (31b) into Eq. (33a) we write the following set of equations
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(E)’( +uyB; —u;B;):(EX +Uy B, —uZBy)cos¢5+<Ey +u,B, —u,B, )sin¢ (34a)
(Eg, +uy By, —u;B;):—(EX +UyB, —uZBy)sin¢+(Ey +U,By —uXBZ)cos¢ (34b)
E; +uyBy —uyBy =E, +u,By —uyB, (34c)

Using Eq. (25a) for uy, ug,, and uj in Egs. (34a) - (34c), we write the transformation equations

Ey cosg sing 0)[ E,
E;, =|-sing cos¢ O] E, (35a)
E} 0 0 1){E,
By cos¢g sing 0} By
By |=| —sing cos¢ 0| B, (35b)
B; 0 0 1)(B,
which allows us to write the following expressions for electric and magnetic fields in frame X’
E'=Eyi'+E{ ] +Ejk = (EX cos ¢+ E, sin ¢)f+(—EX sing+E, cos¢) j+E,k (36a)
B' = Byi"+ By J'+ Bjk' = (B, cos g+ By sin g )i +(~By sing + By cos¢) j + B,k (36b)

Likewise, using Eqg. (25b) for u,, uy, and u, inEqg. (33b) and following the steps in writing Egs. (35a) and (35b), we
then write the following transformation equations

E, cosg -—sing 0)[ Ey

Ey [=|sing cos¢ O] Ej (37a)
E, 0 0 1 E
By cosg —sing 0} By
By |=|sing cos¢ 0| By (37b)

B, 0 0 1)\ B,
from which the electric and magnetic field vectors in the inertial frame T are written as

E=E+E, j+Ek= (E; cosg—Ey sin qﬁ)f’Jr(E)’< sing+Ey, cos¢) ' +Ek’ (38b)
B=B'+B,J +B,k = (B)'( cos ¢+ By sin ¢)f+(—B)'( sing+By cos¢) j+Bjk (38b)

Equations (35)-(38) are in full agreement with the first postulate of special relativity: Just as with three dimensional
quantities, the relativistic vector quantities such as electric and magnetic fields should not change between two massive
inertial frames under Lorentz transformation.

As verification, let us consider a static point charge Q that is at rest at the origin of the massive inertial frame £ which is
assumed to coincide with the absolutely stationary inertial frame X, and second massive frame X’ moves relative to first

massive frame with uniform velocity U = (uy,uy,u,). The produced electric fields in the massive frames = and X' are

written as
*_ Q f _ Q ) 2 ~ _ o~ 2 ~
E= o t 12 (XI +Yj +zk)_ Ed +EyJ+EK (39a)
= _ Q F' _ Q IR "r wr | _erér r A ot
E S 7 PR |:XI +Y)'+7k ]_ EX'+EyJ +Ezk (39b)

where r'2 =r?. Using the unit vectors (1", j’,k’) described in Eq. (22a) we can re-write Eq. (39b) as
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A A

g Q ,3/2[xf+yj+zk] Exi +Eyj+Ek=E (39¢)

o Q
2

Are, v'c  Aner

which states a pure electric field in one frame appears as a pure electric field in another frame.
Since observer in frame X’ sees the charge Q in frame X as moving with uniform velocity U=(ux,uy,uz), the

magnetic field produced by charge Q in frames £ and X’ can be written as

. A Q GXF A ~ 2 ~ a 2 ~ a 2 ~
B:%%:f—”ﬁ%(uxl +Uy]+uzk)><(XI +yj+zk)=BX| +ByJ+B,k (40a)
o o Q u'xf’ o r o YA ’ o1 "y >
B'= Zlﬂ' (rr2 ): Zlﬂ' rSZ |:(uyz —Uzy)l +(_UXZ +UZX)J ( y ~Uy X )k] (40b)

Substituting unit vectors (i", j’,k") from Eq. (22a) into Eq. (40b), one can write

I§’=4::2/2 [(u&,z’—u;y’)(cosﬁ+sin¢j)+(—u)’(z'+u;x’)(—sin¢f+cos¢j) ( W' —u x)kﬂ

(40c)
=By cos¢—By sing)i +(Bysing+By cosg) j+ Bk = Byi +By j+B,k =B
which states a pure magnetic field in one frame appears as a pure magnetic field in another one.

One can easily show that scalar and vector products of electric and magnetic fields are Lorentz invariant between the
massive inertial frames. The scalar products of E' and B’ in the massive inertial frame ¥’ ( E and B in the inertial
frame X ) are written as

E'-B' = EyB} + EyBy +E}B; = (E, cosg+E, sing)(By cosg+ By sing)+

. . Lo (41a)
+(~Exsing+E, cosg)(~Bysin g+ By cosg)+(E,B, ) = EBy + E,B, +E,B, =E-B

E-B=E«B+E,B,+E,B, = (E)'( cosg—Ey sin ¢)(B)’( cos¢—B;, sin¢)+

- (41b)
+(Egsing+Ey cosg)(By sin g+ By cosg) +(E;B} ) = ExB; +EBy + E;B; =E'-B'

which are Lorentz scalars between two inertial frames. Likewise, the scalar product of electric field E’( E ) with itself and

magnetic field B’ (B ) with itself in the massive inertial frame ¥’ (I ) yields

E"E'=EZ +E +E; =(Eycosg+E, sm¢) +(- EXsin¢+Eycos¢)2+(Ez)2
(42a)
=Ef +Ej +Ef =(Ey cosg— sm¢) (E;sin¢+E;cos¢)+(E;)2:E.E
B'-B'=B{ +B, +B;> = (B, cosg+B, sm¢) +(- Bxsin¢+Bycos¢)z+(BZ)2
(42b)

2 2 2 ' 2 [ ' 2 1\2 =}
=By + By +B; (B cosp—B sm¢) (Bxsm¢+Bycos¢) +(By) =B-B
which state that E'=E and B'=B (Lorentz scalarinvariants).We can then write

(e om)- L(xe e xs )= L (Ser ot nep)-

iz(é'%c'zé'z) 43)

2c 2c'2 2c
where x; =X,Y,z. Equation (43) is important for determining electromagnetic energy density.
The vector product of electric and magnetic fields can be determined by using Egs. (36a) and (36b) for E' and B' and
Eq. (38a) and (38b) for E and B, which yield the following equations
E'xB'=(EyBj; —ByE} )"+ (ByE; —EBy) J'+(EB} —BYEy K’
=((EyBZ—EZBy)cos¢+(EZBX—EXBZ)sin¢)f’ (44a)
+((E;Bx ~ExB; )cosg +(E,By —Esz)sin¢) j'+(ExBy —EyBy )k'=ExB
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ExB=(EyB, —E,By )i +(E,By —ExB, ) j +(ExBy —EBy )k
=((E;B; ~E} By )cos g+ (ExB; — E; By )sin ¢)i‘ (44b)
+((E;B; ~E;B; )cos¢—(E; By —E'yB;)sin¢) j+(ExBy —EyBy )k =E'xEB’

which states that the vector product of electric and magnetic fields is Lorentz invariant between two massive inertial frames
3’ and I (E'xB’'=ExB), which is essential in proving the Lorentz invariance of Poynting vector and conservation laws
for charge (current) continuity equation and electromagnetic energy and momentum. This eliminates the non-invariance of
electric and magnetic fields (E'x B') # (E x é) according to classical four-dimensional spacetime theory [2].

5. Relativistic Invariance of Maxwell’s Equations

Maxwell’s equation of electrodynamics must take the same form (invariant) in every inertial frame. And it is quite tedious
to demonstrate this invariance explicitly by using the transformation rules in the classical four-dimensional theory of special
relativity [2]. This motivated us to demonstrate the Lorentz invariance of Maxwell’s equations between massive inertial
frames by using the vector transformation rules described in the previous section. In doing so, we begin with the differential
forms of Maxwell’s equations in the six-dimensional massive inertial frames = and X', written as

. - 0B . - 1 ¢E
Vi-E=ple, V;-B=0, VixE=-———, VixB=uJ+——
i P i i atxi i H 2 atxi (45a)
o o B Y
Vi-E'=p'le!, Vi-B'=0, VixB'=——, VixB'=pg4J +——
i P i i 8t)'(i i H o2 at)'(i (45b)

Recall that Gauss’ theorem relates the flux of a vector field V (F) through a closed surface to the volume integral of its
divergence inside the surface [20] in massive inertial frames are written as

O=VdA=GV Vv ="Gpdv, @ = VAR =V Vv == pav (46)

5 v fy 5 V' €0y

Since any scalar function, such as electric and magnetic fields, is continuous at any point in space in both frames (¢ = ¢")
[21], we write the following chain rules for differential operators

’

o9 _0¢ _Xop M o0 _aop M xNop . Op

=gy 47
o oG o oK oG ot O o o5 ot dx o oK (“4ra)
dp 09 O o' X bp' o¢ O ag Oty ax Oty o'
T A T o o ot A A A St (47b)
ot Oty ot Aty ot ox oty ot At Ox oty ot i oty
’p 0 (op \ox o (og O ’p 0 (og |ox o (o |t
v v P Rl 2 Al A & T A A (47c)
a)(i 8xi aXi aXi 6txi aXi 8Xi a‘[X‘ aXi 8txi 6txi atxi 6txi 6txi

_,2 2 g2 =yt
where ay =T "N, ﬁxi and &, t, =7t t

Xi X

—yf_x_ ﬁf_ are given in Egs. (12a) and (12b) with yf_x_ = 7t2t given by
iNT A i Xj "Xj

EQ. (14). In the following we will use Stokes theorem and chain rules to prove the Lorentz invariance of Maxwell’s equations

between two massive inertial frames.

5.1. Gauss Law of Electrostatics

Since the electric field wave function is continuous at any point in space in both frames, taking ¢ =E and ¢'=E’ and
applying the chain rule in Eq. (47a) we write

- = 2 2\ OE’ 2 2\ OE’ 2 2\ OE’ 2 2\ £
p=eVE=erh(1- 5 )&m)yw (1-5; )Wﬁ-goya (1- 5 )E N (1—ﬁxi |ViE @8)
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where 7x2ixi 1- ﬂxzi)zl and V'.E'= p'/&!. Matching both sides of Eq. (48) yields syp =sop’. Since &) = &y, We have

p' = p. Consequently, covariant Eq. (44) is transformed into invariant form
VE-PL_vE_£ (49)

which is the Lorentz invariant Gauss law of electrostatics between the six-dimensional massive inertial frames ¥ and '
(or between four-dimensonal inertial frames £ and %'). Here we should keep in mind that p=p,/ 1—,82 and
p=p,1 \/1— ,8’2 defined with respect to the rest charge density p, in the absolutely steady inertial frame X, in static
equilibrium.

5.2. Gauss law of Magnetism

Since magnetic field wave function is continuous at any point in space [21], taking ¢ =B and ¢’ =B’ and using the
chain rule in Eq. (47a) we write

o5 _ 2 2\ 0B’

VB = (1— )—

Vxx Px '

B

A1) S A ) =7 (18 B (50)

Matching both sides of Eq. (47), one finds V%% =1/ (1—,8)’(_2)1/2 , which transforms Eq. (46) to

VB=V'FB (51)
which is Lorentz invariant Gauss law of magnetism between the six-dimensional massive inertial frames * and X' (or
between four-dimensonal inertial frames £ and X').

5.3. Faraday’s Law of Induction

Let us write the differential form of Faraday’s law of induction in Eq. (45a) in x directions of system of Cartesian polar
coordinates
oE, OEy 0B, OE, OE, & (?x E) oky _@: _ 0B,

(7€), -T2 D, (vue) - O

: 2
y T o a, P

Applying the chain rule for differential operators in Eq. (47a) and (47b) to x, y, and z components in Eq. (52) for the
differential form of Faraday’s law of induction we write

GEXi 6E),(i aE),(i X aE),(i at;(i aE;ﬂ Vx; aE;‘i ox; O 2 aE),(i
= = ’ ~ T ’ Y ! T ! __!=(1_ﬁx )_r (53&)
axi 6xi 6xi 6xi 8txi aXi aXi C’Z aXi 8xi 8txi i aXi
8txi atxi Otxi oty % 8txi Otxi 6txi oty (¢’ OX; atxi i 8txi
where x; =X,Y,z.Combining Egs. (49a) and (49b) side by side, we write a covariant equation
v, = aéxi 2 2 S 208 =l 2 2 ag),(l
(VxE), T (1—ﬂxi )(v <E )Xi e, (1—ﬂXi )_at' (54)

' %; %;
Matching both sides of Eq. (54), one finds Txx =Tt = 1/ (1—v§_ /c’z)ll 2 in Eq. (14) for Lorentz factor. When ¥ and X’
move along +x axis, 6-dimensional spacetime (3+3) becomes 4-dimensional (3+1) with y,, = :7/:1/(1—v2 /0’2)”2
and Eq. (54) reduces to four-dimensional invariant form

VxE+ B _vxE B (55)
ot ot’

which is Lorentz invariant Faraday’s law of induction between four-dimensonal inertial frames £ and X' frames in
vacuum.
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5.4. Ampere-Maxwell Law

We write the following forms of Ampere-Maxwell’s law (extended form of Maxwell law of induction in Eq. (45a) to
include the current) in x, y and z-directions

- .\ 0B, OBy oE oE
VxB) ==2——Y =y ), + 6 —2 = u.oE, + e —= 564
(VxB), sl = moBt e (56a)
(ﬁx é) ~ B By Jy+ 8Ey =u,0E, +u.¢e E o
y az 6X #o /’lo o aty /'lo y #o o y
. oB 9By oE oE
VxB) =—L X = 10, + pr.e, —2% = y.0E, + pr.e, —% 56¢
(VxB) = S NS (56¢)

where o=0,/ 1—ﬂ2 and ¢'=0,/ 1—,8’2 are the conductivities in the massive inertial frames £ and I’ and o,
is the rest conductivity in the absolutely steady inertial frame X, . Applying chain rule in Eq. (47a) and (47b) to the

differential form of Ampere-Faraday’s law in x, y, and z-directions and write first, second and third terms in Egs. (56a), (56b),
and (56c¢), we write

0B, OB 0By ox OB ot 0B vy OB o¢ o | V2 |oB;

i i i — i AN i M . T s 573
o ox  ox o at o oX 2 ox ox oty c? | ox (572)
OE, OB, OBy O OBy oy OBk ax b, (v b, |OEx . v2 ) oEL .

1 — 1 — 1 _|+ LI — 1 T — T 1 57
&, o, o o o at, ot ot ot o2 ax, o, c2 | ot (57b)

Combining Egs. (57a), and (57b) side by side and adding “OGEXi and ,u'G'E' on the left and right sides we write the
Ampere-Maxwell law which is covariant between two massive inertial frames

6E V2 V2 —

o~ =} — X _ 2 X 1= 2 ' X X
(Vx B)xi +u,0Ey +e, &, = 1—C7 ( x B’ )x +p 0By + ytxitxi &, 1—C—2 o (58)

i i

Matching both sides of Eq. (58), one finds Txx =Tt =1/ (1—v§_ /c'2)1/2 in Eq. (14) for Lorentz scaling factor, which

transforms covariant Eq. (54) into the following invariant form
I = E . E'
VixB+,u00'E+goa—=V{><B'+u0'E +ga— (59)
oty, 6t'
When frames £ and ¥’ move in one dimension (e.g., along x axis), 6-dimensional spacetime (3+3) reduces to
4-dimensional spacetime (3+1). Consequently, the Lorentz scaling factor reduces to y,, =y =y =1/ (1—v2 /c’z)ﬂ2 and

Eg. (59) then takes the following 4-dimensional invariant form
VxE+ aB_v E'+ & (60)
ot o

which is the Lorentz invariant Maxwell law of induction between four-dimensonal inertial frames £ and X' in vacuum.
Recall that E(B) and E'(B') are invariant vectors and 4,,c and x/,c’ are invariant scalars (.0 = /o) between
two frames.

6. Relativistic Invariance of Electromagnetic Wave Equations

One of the consequences of Maxwell’s equations are the scalar wave equations [20]. Using the formula
VxVx=VV--V? [20], we write Faraday’s law of induction in a charge free medium
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- E 0 (o v oE 1 0°E

VI(VI-E)—VI E—— at_xl_at_xl( i B)——Uﬂat—)(l—c—zg (613.)

a4 v =l 12 _ ’ raE, 0 8V ~14 T ’ ;aé, 1 GZE’

Vi(Vi-E")-V{"E'=-cu at_i(i_at_;i(viXB)__aﬂ at_)'(l_cﬁat_f (61b)
i

where V;(V;-E)=0 and Vj(V;-E')=0. Using the chain rule in Egs. (47a), (47b), and (47c) for differential operators one
then writes each component of Eq. (61a) and (61b) as

~ o (oE\x o (oE\O 2\ 0°E’
V2E = Sy = 1A (l— )
i ox (6'x ]axl at)'(i [axi j ox; 7% ﬂxi ax),(z (62a)

OB _OE'_ OB OETON OB 0K [V O |OE' _ o (1_,32)5_9 (62b)
M, B ot d  oq b, d ot o |2 oK Jat, il Tw e

1| 6%E 1 o [eE |ox o [oE |0t 1 5 2\ 0°E’

_ - __— + - - 1— - _—

2 atz c'? oxi [at ]atxi 'ty [atxi J aty, c'? Vit ( Py ) at)'(Z (62¢)

In a charge free medium, covariant form of Faraday’s law between two frames is then written as

- oE 10°E 2\O°E" 2 E 1, 2\ 0°E’
ViE—ou_——-—=—=7; .(1—ﬁ.)——6u% .(1—ﬁ ) ——— (1—ﬁ )—
i aty, c2 6t§ XX % aXi,z X% oty 6t)'(2

(63)

2

c

ty Uy

Matching both sides of Eq. (63) one finds Yxx =7V . =1/ (1—ﬁf_ )1’2 in Eq. (14) for the components of Lorentz scaling

factor and Eq. (63) becomes Lorentz invariantsince E and E' are invariant vectors (E=E')and x,,o and u,o' are
invariant scalars ( u,0 = go’ ). Maxwell’s scalar wave equation (63) for the electric field in the six-dimensional spacetime
can then be written as

2 2 2 2 2E 2*
s 182 8% 2. (2 5, NE (5 o, .2)0% o2E
ViE— 2 2+ 2+ 2 E= )/XX_y ﬂX '2+ 7/yy_7/ ﬂy -2+ ﬁZ 2
2l of oty ot ) ox vy ) oy a i

2E 2E 64)
1 2 2 52 0°E 1 2 2 2 0°E 1 2 a E
Cz (ytx‘x 7XXﬂX ) 8‘:;(2 Cz }/tyty 7yyﬂy atlyz Cz ytzt ZZﬂZ 6’[2
Component by component matching both sides of Eq. (64) then yield the components of Lorentz scaling factor given by Eq.

(14). When the massive inertial frames £ and X' move along x axis, the 6-dimensional spacetime (3+3) reduces to the

4-dimensional spacetime (3+1). Lorentz scaling factor reduces to y,, =4 =y =1/ (1—v2 /c'z)ﬂ2 and Eqg. (64) reduces to

the following four-dimensional invariant form
. 1(0°E) _,p= 1[&%FE
VE-— w1 era =VPE - — (65)
ot ot’
which is the Lorentz invariant Maxwell wave equation between four-dimensonal inertial frames £ and X' in vacuum.

Likewise, using the formula from vector analysis V xVx=VV--V?2 [20] one writes the differential equations for
Ampere-Maxwell law in frames £ and X' in charge free medium as

S (V. .B)— .26 B 0o B 10°B

Vi(Vi.B)—Vi B=-0 'uat_xl_at_xl(v XB) 'uat_xl_c_atZ (66a)

' (! B 125 ’ !8§, a ! o/ v !aB, 1 aZE’

Vi(vi'B)_vi B =—0ou E—E(ViXB)Z—O’ at’ —CTF (66b)
i i X

where V;(V;-B)=0,and V;(V;-B")=0. Following the steps in writing Eq. (63), we write
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V25 0 B \ox o (Bt z)azé'

B= Sk R e e R 1- B2 5=

Vi o (axi ]axi oty \ dx ) o r Xixi( Py o2 (67a)
BB EH B B AN ENE
atxi atXi at' a'[Xi 5Xi' ati at)’(i atXi atXi C aXi’ at)'( 5 % % at;q

1|%E | 1 afoE |aq 0 [oE |9 1 5 2\ 0°E’
S A N LN b, I )_

¢?| at? 20X [8t ]& o'ty {atXJatxi 27 :xi:xi( Py a2 (67¢)

In a charge free medium, combining Egs. (67a), (67b) and (67¢) covariant form of Maxwell’s wave equation in six
dimensional spacetime between two massive inertial frames is written as

25 B 1|3°B 2 2?8, 2 aé;ﬁ 1 2 2\ %8’
ViB—oy———Z > _7xx(l_ﬂx,)_2+o-'”7x-x- (1—ﬂx )&—,_TVtXitXi (1_ﬂxi)8t_2 (68)

o, 2| at RN oy T ot ¢

Xi i Xi
Matching both sides of Eq. (68), one finds Yxx =Tty =1/(1—v§_ /c'2)1/2 in Eq. (14) for Lorentz scaling factor and

Eq. (68) becomes invariant. Since B and B’ are invariant vectors (B=B') and 1,0 and u,care invariant scalars
(u,0 = o'), wave equation (68) is then written as

2 2 2 257 25 257
25 1 0 0 0 |z (.2 2 2 0°B 2 0B’ 2 2 2)\0°B
VI B Cz at)% + 8‘{2 +at2 B - 7XX 7‘)([)( ﬂX a)('z + yyy ﬂy ay + 722 ytztz z '

1( 5 B 1( , °B 1( , 0°B’
_C_Z(ytxtx xxﬂx j _6’[;(2 _c_z()/tyty Wﬂyj_ﬁtyz _C_Z()/tzt zzﬂz ) at-z

(69)

Component by component matching both sides of Eq. (68) yield the components of Lorentz scaling factor in six
dimensions given by Eq. (14). When ¥ and ¥’ move along x axis, the 6-dimensional spacetime (3+3) reduces to the
4-dimensional spacetime (3+1) and Lorentz factor reduces to y,, =y =y =1/ (1—v2 /C’Z)U 2 and Eq. (69) reduces to the
following four-dimensional invariant form

2
VZB—— o8 =Vi2g' - o8 (70)
6‘12 72 8[’2

which is the Lorentz invariant Maxwell wave equation between four-dimensonal inertial frames X and X’ in vacuum.

7. Results and Discussions

Throughout previous sections, we demonstrated that use of classical vector transformation allows one first to derive
expressions for Cartesian components of relativistic invariant vector quantities, having the same length from the origin, so
that a vector transformation is identified as a rotation if it causes no change in the magnitude of a vector [19]. With
transformed velocity components used in the law of conservation of electromagnetic energy in a closed system, we proved
that the electromagnetic fields and Maxwell’s equations and scalar wave equations are Lorentz invariant between two
massive inertial frames. In this section we will give a summary discussion about the applications of the proposed theory in
deriving the expressions for the relativistic invariance of the electromagnetic wave equations in the materials medium and the
conservation laws of charge (current) continuity equation and continuity of electromagnetic energy and linear and angular
Momentums between two massive inertial frames under Lorentz transformation.

7.1. Relativistic Invariance of Electromagnetic Wave Equations in Materials Medium

One can easily extend the six-dimensional spacetime theory to material medium wherein D=¢E and H=B/u by
replacing the speed of light in vacuum with that in material medium as ¢, =1/ ./ unen and ¢ =1/ pimén  in the massive

inertial frames ¥’ and 3. As an example, the covariant Maxwell’s scalar wave equations for the electric and magnetic
fields in material medium between two massive inertial frames under Lorentz transformation can then be written as
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2 2 2 2 2 2
v?ﬁ—i(a—+a—+a—JD vrzD'_i(a_ i +6_]@

c2latf ot atf Zlag? o ot
2R 2 2R
2 2 2)0°D 2 2 0°D 2 2 219°D
- _ - - 71a
(7m,xx ymtxtx x) o2 +(7m,yy 7m‘t . ﬂyj ay (7myzz 7mrtztz B j 522 (71a)
2R 2R 2R
|7 =7 S 5|7 e By |— 5|7 —7 Br |—>
c2\Tmut TR S gp2 o2 Tmayy T g2 2 Ty TS 2
2 A2 2 2 2 2
Vizﬁ—iz 6_2+6_2+6_2 H= V’ZH’——2 8_2+6_2+6_2 H'
2|2 a2 ot 2l a?
2 ar 237 257
2 2 H 2 2 \0°H 2 2 2\0°H
_ _ o _ o 71b
(?’m,xx 7mtt ﬂx) 2 ()/m Yy 7/m,tyty ﬂyj ay’z +(}/m,zz 7m,tztz ﬂz) 82'2 ( )
L, 7 z)@_i[yz R ﬂJﬂ 3 it
C:ﬂZ Mtyty m,Xx~x 8'[)'(2 C:nZ m,tyty m,yy~y 5t§,2 ;nz Mgt zmz z até

where g, (&) and g, () are the Lorentz scalar dielectric constant and magnetic permittivity of a material medium in
massive inertial frames ¥’ and X.Here yy g are the Lorentz scaling factors

2 . 2 . 2
Ymxx = Vmtt, =1/\1- B Tmyy = 7mptpt, =1/\’1_ﬂmy v Ymzz T Vmptpt, =1/\1- S (72)

where By =Vy /Cn, Bmy =Vy!Cn, Bm; =V, /Cpyare the normalized x, y, and z components of relative velocity of the
massive inertial frames ¥’ and T ina material medium.

We can extend the derivations carried out above to the cases in which charge and current densities are not zero. Using
Vi-E=pnlen, Vi-E'=phley, with B=VixA and B'=V|xA', with E and E' which are defined in the

massive inertial frames ¥ and X' according to

E=-V,®-06A/d; E'=-V,0'-6A'/ot (73a)
-~ 1 od - 1 oD
Vi-A+5-—=0, V;j-A+——=0 (Lorentz gauge 73b
i 2 o [ c? ot ( gauge) (73b)
- O .9
Vi-Jmi+%=0, Vi-JImi+ gtm' =0 (Continuity equation) (73c)

i i
with i, j,k =x,y,z, respectively. Here ® (®') and A(A’) are the scalar and vector potentials. jmi = Pmilmi  and
Jli = philii are current densities with charge densities pp = po /\1- B2 and phi = po  1- B2 in a material

medium in the massive inertial frames X' and X with p the charge density in the absolutely stationary inertial (rest)
frame. We can then write the following equations

1 0% 1 6°

Vi = O+ py [ o =| VP == | + plyi | &y (74a)
5 ot Cm Ot
1 0% - - 2 182 ). -

Viz——z—z A+ pmImi = Viz—jﬁ A+ pmJi (74b)
m ati Cm ati

which are invariant between the massive inertial frames X' and . Setting pf, = omi in Egs. (68a) and (68b) one finds
Umy = Uy, Umy =Umy and Up, =Up, , respectively, for the velocity components.

7.2. Relativistic Invariance of Conservation Laws in Electrodynamics
Since electromagnetic waves are associated with propagation of energy and momentum in space [19], the proof of the
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relativistic invariance of the following relations is essential

= 0 =, 0p . L .
V;-J +a—f: =0, vi-J ’+§ =0, Electric charge continuity equations (75a)
ol aUém T = o Q 6uem T B S H
V'.S'+ ot +J'-E'=0, V.S + ot +J-E =0, Energy continuity equations (75b)
agl T, ag T . f
ra V'T'+f'=0, E_V'T + f =0, Maxwell energy-momentum stress tensor (75¢)

where S'= (E’x E’)/y; and S= (Ex é)/,uo are the energy fluxes, known as Poynting vectors, and
Ug = (E”? +C"*B'?)/ 2 and Ugy = (E* +c”B?)/2 are the electromagnetic energy densities, §'=é, (E'xB')=S"/c"?
and g=¢,(ExB)= S/c?® are the electromagnetic linear momentum densities and f'=p'E'+J'xB’ and
f= pE+JxB are the Lorentz force per unit volume exerted by the fields on the electric charge. Finally, T and T are

Maxwell energy-stress tensors, written as

1

T = (EfEj +c BB )—55“- (E2+c?B?), Ty=z(EE;j+c’BiB; )—%5“- (E?+c%8%)  (750)

where the indices i and j refer to the coordinates x, y and z. &;; is the Kronecker delta which is unity if the indices are the

same (Oyy = Oyy = 7, ) and zero otherwise ( Sy, = Jy, = 55 = 0). Maxwell energy-stress tensor T s the force (stress) per

unit area acting on a surface in both inertial frames with diagonal elements representing pressure and off diagonal elements
are shears. In the following sub-sections we will discuss the invariance electromagnetic energy and momentum densities
between two inertial frames under Lorentz transformation.

7.2.1. Current Continuity Equation

We start with employing the chain rule to differentiation in Egs. (47a) and (47b) to write the following differential relations

0 op' vy 0p' Vy 0p' v, dp’ 2\ 0p'

B B | BB I P2 (1_ﬂx_2)_/f (76a)

8txi tyi by 8txi ity Cc OX Cc ay c oz ity 1 atxi

o7 2(r_ a2\ 2 2\ o o\

v-J—?/xx(l Px )ax,+7yy(1 ﬂy)ay,+7/zz(1 ﬂz)@z' (76b)
Side by side additions of Egs. (76a) and (76b) allows us to write the following equation

. 1 ap_ 2 V2 Sk 1 2 !Z)ap,

Vid+ =7 [1 7 Vit (t-5; o @)

where X =x,y,z and ¢’ is the Lorentz scalar speed of light (c'=c) . Matching both sides of Eq. (76) yields
Txx =Tty =1/(1—,6’)’(_2)”2 in Eq. (14). When the massive inertial frames £ and T’ move in one dimension (e.g., along
X axis), the six-dimensional spacetime (3+3) reduces to the classical four-dimensional spacetime (3+1). Lorentz scaling

factor reduces to yy, =y =1/ @-v?/c?)Y2 and covariant Eq. (77) is then transformed into the following
four-dimensional invariant form

Vi+ Lo P (78)
ot ot’'
which is the Lorentz invariant current continuity equation between four-dimensonal inertial frames ¥ and X’ in vacuum.

7.2.2. Electromagnetic Energy Continuity Equation

Since Poynting’s theorem [20] states that the power flowing out of the volume and the time rate of increase of energy
storage inside the volume equal to the total power delivered by the source to a closed electrical circuit and they can be
summarized according to the following relations in the massive inertial frames X and ¥’
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Gudas [Smav=—[(ETpy,  us"dar [ Bemay = [(E.5 ) 79
S v oK v s’ v

i i Vv

Considering E and J are in the same direction (E.J = oE?) using Ampere-Maxwell equation, the differential forms of
Eq. (79) in the massive inertial frames X and X' are written as

Ll e 0B - 0E -- o -

V. (ExB)=B.(V;xE)-E(V.xB)=-B.L ¢ L _Ej-_Lem ¢

(ExB)=B{ViE)-E(VixB) =832 X ° (802)

Ui (EB) =B (VixE) £ (Vix8)- 8. e E gy Min per gy
%; %; X

where @.(éxﬁ) = 5.(?xé)—a’.(?x5) [19] is used. Since E'xB’=ExB, one can easily show that the Poynting vector is
Lorentz invariant between two massive inertial frames
.01 . - 1/,= =\ = - L Lo
S'==(E'xB)=—(ExB)=S < §=c%;(E'xB')=c’(ExB)=S (81)
ILlO ILJO
which states that direction of light propagation is independent of massive inertial frames. Since E'xB’=p'S',
ExB=uS, Uem = (E'2+C'ZB'2)/2 and Ug, = (E2+c B )/2 letting @ =S or Uy, and ¢'=S" or ugy,, the first
and second terms on the left side of Eq. (80a) in frame T are

VS = (1 /3'2)53, (1 By )ay + Zz(l Ji2 ) s (82a)

OUgm _ 2 AU )2 (Vx M Yy oty Ve oty Jauem 2 (1_ﬂ,2)auém
atxi ity 8t)'(| ity

2o 2oy 2o X, =7tXitXi 2, (82b)

Side by side addition of Eqgs. (82a) and (82b) allows us to write the following equation for the invariance of the continuous
electromagnetic energy between two massive inertial frames

o &, Olem 2 2 2\ 2\ Oem | 12
et (A MR A ®

Since E'E'=E.E (or ocE?=0'E'? ) is Lorentz invariant, matching both sides of Eq. (83), one finds
Yxx =Vt :1/(1—ﬂ)’('2)ﬂ2 in Eq. (14). When £ and X' move in the x-direction, 6-dimensional spacetime (3+3)
1

i X X
reduces to 4-dimensional spacetime (3+1). Lorentz scaling factor reduces to y,, =y =1/ (1—v2 /0’2)1/ 2 and Eq. (83) is
transformed into 4-dimensional invariant form

OUgnm OUgm

ViS+—M _vIS'+ 84
i 2 i at (84)
which is Lorentz invariant between four-dimensonal frames £ and X' in vacuum with no charge source.
7.2.3. Electromagnetic Momentum Continuity Equation
The electromagnetic field linear and angular momentums per unit volume in both frames are defined as [1]
1 =2 =14 1 U = - n 1 o
gzgo(E xB)zTS, g:so(ExB):—ZS (85a)
c c
" =ro =~ 1 =1, Qr =20 R 1, ¢
I'=F"xg _CTZ(rxS), =Fx@= —2(r><S) (85hb)
Since S'=S and F'xS'=FxS,soare §’'=g and I'=1,bothare Lorentz invariantbetweenthe = and X' frames.

Employing the chain rule in Egs. (47a) and (47b) to the components of Maxwell stress tensor equation (75d) allows us to
write the following relations in the  frame
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o og' o Mx og o og  ox Ot [Vx Ot | ag’ g’
X 06 B NG e (1 p2) 0 ey
atxi atxi atxi atXi a'X| atxi atxi atXi atXi C,z ax| atXi txitxi XI atxi
2\ oyt v2 ot 2\ oTy!
o v i, .2 y |9hi 2 v ij
Vi=ypl 1% | Ly,2 - Y |8 ,20 2 |~ 1 86b
7xx[ C'zJ o’ Vyy o2 | oy 722[ C'zj o (86b)
. L. ~ Lo ~ Lo = 86¢
f=pE+IxB=pE+o(ExB)=pE'+0(E'xB)=f’ (86¢)
Since f = ', addition of Eqgs. (86a), (86b), and (86c) allows us to write the following equation
ag T . f _ 2 _ !Z)ag’_ 2 ( _ !2)6T|j ry
oty vIat= ytxi ty; (1 'Hxi oty yxi % ! ﬂxi ox + 87)

Matching both sides of Eg. (87), one finds
Vax =Tt =1/@A-B2)Y? in Eq. (14). When £ and
T move in one dimension (e.g., along x axis), the

six-dimensional spacetime (3+3) reduces to the classical
four-dimensional spacetime (3+1). Lorentz scaling factor

reduces to yy, =y =1/ @-v?/c?)Y? and Eq. (87) is
transformed into four-dimensional invariant form

%gﬁif:%_ﬁ;f'
which is Lorentz invariant between the four-dimensonal
inertial frames > and X’ invacuum.

(88)

8. Conclusions

We introduced a new six-dimensional spacetime frame
which allows the space and time influence of each other in
the system of spherical coordinates. After satisfying Lorentz
invariance of metric equation between two massive inertial
frames, we derived expressions for Cartesian components
of the relativistic velocity which is valid at any speed. Using
the classical vector transformation method, we derived
expressions for the Cartesian components of transformed
relativistic velocity and electromagnetic force vectors.
Considering two massive inertial frames form a closed
system, we implemented the transformed relativistic velocity
components into the law of conservation of energy to prove
that contrary to the common belief, the electromagnetic field
that appears as a purely electric (magnetic) field in one
massive inertial frame, it also appears as a pure electric
(magnetic) field in another massive inertial frame under
Lorentz transformation. As applications of the proposed
theory, we proved the relativistic invariance of Maxwell
equations and scalar wave equations with and without charge
and current sources, and conservation laws for the continuity
of current and electromagnetic energy and momentum. Since
the magnitudes of quasi-time vectors are measurable in both
massive inertial frames and their Cartesian components are
treated as mathematical tools, we proved that the predictions
of the invariance of scalar and vector quantities in the

six-dimensional spacetime frame reduce to those in the
four-dimensional spacetime frame.
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This manuscript has no associated data or the data will not
be deposited.
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