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Abstract We propose here a model Hamiltonian of double quantum dots with the armchair boundary to produce a
theoretical study of a quantum computer. Then we solve it using Dirac fermions equations. Solving the Hamiltonian model
and investigate the exchange interactions between two electrons captured in the double dots. Then we investigate the effect
of different parameters on exchange interaction. We have found the dependence of the exchange interaction for various
potential barrier height and barrier thickness between double dots. Our result shows that; the change of exchange interaction
under the effect of this parameter leads to studying coherence time for this model and get the smallest value of switching
time. Changing of exchange interaction is accompanied by a transition of electrons between different states. This reality
can examine this model as a quantum gate for quantum information.
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1. Introduction
A quantum dot based on graphene nanoribbon GNR [1,2]
is the best candidate as a basic unit for quantum computers
[3,4].
This computer that works depends on quantum
mechanics phenomena [5] such as superposition and
entanglement [6], where the spin of electrons acts as a
quantum bit (qubit) [7-10].
Several types of research worked on how to model
quantum computers depend on the spin of the electron and
preserved the coherent time [11] of that electron compared
to gate time to do its operation. Since the main sources of
spin De-coherence are the spin of nucleus and orbit
interaction [12-14], carbon material overcomes these
difficulties [15], but the valley degeneracy [16] represents
another problem. GNR introduces the ability to get a model
of double quantum dot where the valley degeneracy is left
and, coherence time of the electron's spin is long enough to
transfer information, on the contrary; this property is lost in
semiconductor material [17,18].
Here we introduce a theoretical model of graphene
nanoribbon (GNB) double quantum dot of armchair
boundary condition each of them confined single electron
acts as a spin qubit. We allowed them to a couple through
exchange coupling. Using the Dirac equation and
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Heisenberg exchange model we can determine the exchange
coupling, since studying quantum gate occur through
studying exchange coupling. Finally, we examine the effect
of a different variable on exchange coupling and calculate
the switching time related to this model.

2. Theiortical Quantum Dot Model
Consider a model of two neighboring quantum dots
constructed on graphene nanoribbon (GNB) with armchair
boundary conditions whose length L and width W fig. (1).
separated them by a potential barrier with thickness d; each
dot has dimensional length l along the y-axis. A single
electron captured on each dot with an electric potential V (y)
along y-direction [19], the two spin qubits are coupled
between dots through barrier 2 (thickness d) via exchange
coupling and the coupling controlled by barrier voltage that
represented by low energy effective Hamiltonians:
ℋ𝑆 (𝑡) = 𝐽12 (𝑡)𝑆1 . 𝑆 2 .
Where J (t) is the exchange coupling constant between
the two spins S(1) and S(2).
The left and right barriers should be controlled to control
the Klein tunneling effect.

Figure (1). Structured of double quantum dot of GNB with armchair edge
separated by barrier with thickness d
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result:

The Hamiltonian describes this system is given by:
ℋ=

𝑖=1,2 ℋ𝑖

+ C + ℋ𝑆

(1)

ℋ𝑖 is the single-particle Hamiltonian for a Dirac particle
can be defined by Dirac equation [20].
ℋ𝑖 = ℏ𝑣

−𝑖 𝜎𝑥 𝜕𝑥 − 𝑖 𝜎𝑦 𝜕𝑦
0

0
+ ℏ𝑣𝑞0 U (2)
𝑖 𝜎𝑥 𝜕𝑥 − 𝑖 𝜎𝑦 𝜕𝑦

where ℏ is Planck’s constant, 𝑣 is the Fermi velocity of
graphene, σx, σy are Pauli matrices for the pseudospin
describing two sublattices of graphene A and B, ∂x and ∂y
are partial derivatives is the charge of an electron, 𝑞0 is the
quantization ground state wave vector in x- direction which
is
𝑞0 =

𝜋
3𝑊

Where W is the quantum dot width, and U is the electrical
confining energy in units of ℏ𝑣𝑞0 along the y-axis which is
given by:
U=

eV 𝑦
ℏ𝑣𝑞 0

𝐽𝑒𝑥 =

〈𝛷 𝑡 ℋ 𝛷 t 〉
〈𝛷 t 𝑆 𝛷 t 〉

−

〈𝛷 s ℋ 𝛷 s 〉
〈𝛷 s |𝑆|𝛷 s 〉

(7)

𝐽𝑒𝑥 = [〈𝜓𝑅 𝜓𝑅 〉〈𝜓𝐿 ℋⅈ 𝜓𝐿 〉 〈𝜓𝑅 𝜓𝑅 〉〈𝜓𝐿 𝜓𝐿 〉 −
〈𝜓𝐿 𝜓𝑅 〉〈𝜓𝑅 𝜓𝐿 〉 2 +
〈𝜓𝐿 𝜓𝐿 〉〈𝜓𝑅 ℋⅈ 𝜓𝑅 〉 〈𝜓𝑅 𝜓𝑅 〉〈𝜓𝐿 𝜓𝐿 〉 −
〈𝜓𝐿 𝜓𝑅 〉〈𝜓𝑅 𝜓𝐿 〉 2 − 〈𝜓𝐿 ℋⅈ 𝜓𝑅 〉〈𝜓𝑅 𝜓𝐿 〉 −
〈𝜓𝐿 𝜓𝑅 〉 〈𝜓𝑅 ℋⅈ 𝜓𝐿 〉 +
〈𝜓𝑅 c 𝜓𝑅 〉 〈𝜓𝐿 |𝜓𝐿 〉 〈𝜓𝑅 𝜓𝑅 〉〈𝜓𝐿 𝜓𝐿 〉 −
〈𝜓𝐿 𝜓𝑅 〉〈𝜓𝑅 𝜓𝐿 〉 2 − 〈𝜓𝐿 c 𝜓𝑅 〉〈𝜓𝑅 |𝜓𝐿 〉]/𝑞0 (1 −
(〈𝜓𝐿 𝜓𝐿 〉〈𝜓𝑅 𝜓𝑅 〉 − 〈𝜓𝐿 𝜓𝑅 〉〈𝜓𝑅 𝜓𝐿 〉)4 )
(8)

3. Results
a) The effect of barrier height Ω𝒃 on exchange coupling
Jex
We represent the ribbon of width W= 0.4 𝑞0 -1 and its
length L= 16 𝑞0 -1, the length of the dot is l= 4 𝑞0 -1, where
q0= 1/20 (nm)-1.

Where V(y) is confinement potential in y- direction
C is the Coulomb interaction in two-dimension given by:
C = ℏ𝑣

𝑧
(r 1 −r 2 )2

𝑒2

Where z= (
) is a dimensionless Coulomb parameter,
4𝜋𝜖 ℏ𝑣
z =1.43 for graphene on quartz substrate [23].
The four-component wave function describes this system
given by:
𝑘′

𝑘′

𝜓 = 𝜓𝐴𝑘 , 𝜓𝐵𝑘 , −𝜓𝐴 , −𝜓𝐵
. 𝑘 , 𝑘 ′ related to the
two valleys in the Brillion zone of graphene,
The solution of eq. (1) gives an electron wave as:
|𝜓(𝑥, 𝑦) >=

1
𝑤𝐿

γ 𝛼 ⅇⅈq 𝑛 𝑥
γ 𝛼 ⅇ−ⅈq 𝑛 𝑥

Cos[kLy]

(3)

𝛼 = A, B refer to the two components of the pseudospin.
The basis vectors for the two-component pseudo spinor are:
γ𝐴 =
γ𝐵 =

1
0
0
1

The total wave function of coupled electrons must be
anti-symmetric can be written as the product of the spatial
wave function and the corresponding two-particle spinor for
the singlet (triplet) state.
|𝛷𝑠 𝑡 〉 =

1
2 1±𝑠 2

(|𝜓𝐿 𝜓𝑅 〉 ± |𝜓𝑅 𝜓𝐿 〉)

(4)

𝜓𝐿/𝑅 denotes a four-component single-particle wave
function located at the left (right) quantum dot, and S
=〈 𝜓𝐿 |𝜓𝑅 〉, which is the overlap between them.
Diagonalizable of S yield:
〈𝛷𝑠 𝑡 |𝑆|𝛷𝑠 𝑡 〉 = 〈𝜓𝐿 |𝜓𝐿 〉〈𝜓𝑅 |𝜓𝑅 〉 ± 〈𝜓𝐿 |𝜓𝑅 〉〈𝜓𝑅 |𝜓𝐿 〉 (5)
To evaluate the exchange coupling 𝐽𝑒𝑥 =ET -ES from the
Schrodinger equation:
𝐸𝑆

𝑇

= 〈𝛷𝑠

𝑡

ℋ 𝛷𝑠 𝑡 〉/〈𝛷𝑠 𝑡 |𝑆|𝛷𝑠 𝑡 〉

(6)

From Eq. (1), (4) and (6) we can solve 𝐽𝑒𝑥 analytical and

Figure (2). The exchange coupling 𝑱𝒆𝒙 (ℏ𝐯𝒒𝟎 ) as a function of barrier
height Ω𝒃 (ℏ𝐯𝒒𝟎 ) at l= 4 q0-1, q0=1/20 (nm)-1 and d=2 q0-1 (solid line),
d=4 q0-1 (dot line)

We examine the change of exchange coupling at different
barrier heights between two electrons in the double
quantum dot. Using equation (8), we found that at small
barrier height, for barrier thickness d=2 q0-1 fig. (2-dot line)
The exchange coupling Jex starting as a positive value,
reaches to maximum value ≈0.0035 ℏv𝑞0 , and as the barrier
height increase, Jex decrease and change its sign to negative.
For d=4 q0-1 fig. (2-solid line) The exchange coupling is
always negative for small and large barrier height. For small
barrier height and small barrier thickness, the system
behaves like a single quantum dot and coupling between
electrons in a strong favored singlet state with positive Jex.
As the potential increase or as large barrier thickness d, the
double quantum dot becomes dominant and we see negative
Jex according to transition from singlet to triplet, The
transition from antiferromagnetic (J > 0) to ferromagnetic
(J < 0), at ≈1 ℏv𝑞0 . The value of Jex for short and long d
is nearly close to each other as the barrier height reaches
the value GNB ≈ 2 ℏv𝑞0 . this phenomenon is a special
character for GNB whereas the barrier is high the Klien
tunneling occurs. The same result is obtained if we change
the length of dots l=2 q0-1 at barrier thickness d=1.2 q0-1 and
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d=2 q0-1 fig. (3).
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state and Jex increase exponential as the dot length increase
but the minimum value of Jex is greater for Ω𝒃 =1.95 ℏvq0
than that for Ω𝒃 =1.3 ℏvq0 where overlap between wave
functions of electrons increases by Klein tunneling of Dirac
particle this gives a special character for a qubit in GNB
than qubit in other systems [21].

Figure (3). The exchange coupling 𝑱𝒆𝒙 (ℏ𝐯𝒒𝟎 ) as a function of barrier
height Ω𝒃 (ℏ𝐯𝒒𝟎 ) at l= 2 q0-1, q0=1/20 (nm)-1 and d=1.2 q0-1 (solid line),
d=2 q0-1 (dot line)

b) The effect of inter-dot distance d on exchange
interaction Jex
Now we study the effect of inter-dot distance or barrier
distance on exchange coupling. For potential height
Ω𝒃 =0 ℏvq0 at l=4q0-1 fig. (4-blue dot line) The exchange
coupling Jex started positively at about 0.0002 ℏvq0 then
decrease and change its sign into negative at d ≈ 4q0-1
corresponding to a transition from singlet to the triplet state.
For small distance d, the system considers as a single dot
and two electrons arranged in the singlet state. As the
inter-distance increase, the double dot system dominant and
triplet state exists. For barrier height greater than Ω𝒃 =1
(critical value) fig. (4) (red and green); the exchange
interaction always negative, and the value of Jex increase
first as d increase until reaching the critical value of d;
about 4 q0-1; then start to decrease again. The value of Jex for
Ω𝒃 =1.95 ℏvq0 is greater in the negative direction than that
for Ω𝒃 =1.3 ℏvq0, for triplet state, this may be related to
Klein tunneling properties in graphene.

Figure (5). The exchange coupling 𝑱𝒆𝒙 (ℏv𝑞0 ) as a function of
confining length l (q0-1) at d= 5 q0-1, q0=1/20 (nm)-1 for Ω𝒃 =0 ℏvq0 (blue),
(Ω𝒃 =1.3 ℏvq0 (red), and Ω𝒃 =1.95 ℏvq0 (green)

The gate operation:
The formation of quantum gate is achieved through
Turning on tunneling for time t between the spins of two
electrons represented by Hamiltonians
ℋ𝑆 (𝑡) = 𝐽𝑒𝑥 (𝑡)𝑆1 . 𝑆 2
The exchange interaction allows representing the unitary
time evolution between the 1-th and 2-th spins with the
operator: 𝑈12 (𝑡) = ⅇ−ⅈtℋ𝑠 (𝑡) ℏ , corresponding to the
"swap" operator. The combination of this gate with one qubit
rotation gate obtain a universal quantum gate UXOR which
can use for programming any desired quantum computation.
Thus the calculation of quantum XOR can be reduced by
calculation of exchange coupling Jex(t) and how can be
controlled experimentally using external parameter [22].

4. Conclusions

Figure (4). The exchange coupling 𝑱𝒆𝒙 (ℏv𝑞0 ) as a function of inter- dot
distance d (q0-1) at l= 4 q0-1, q0=1/20 (nm)-1 for Ω𝒃 =0 ℏv q0 (blue),
Ω𝒃 =1.3 ℏvq0 (red), and for Ω𝒃 =1.95 ℏvq0 (green)

c) The effect of confining length L on exchange
interaction Jex
Fig. (5) Show a relation between exchange coupling Jex
and the dot length l for various barrier heights Ω𝑏 with d=
5q0-1. For barrier height greater than the critical value, the
figure represents a negative value of Jex according to triplet

As we Show; we have introduced a theoretical model of
the double qubits on the GNB quantum dot, we solve the
Dirac equation for the model and get the exchange
interaction Jex between two qubits. We have examined the
value of Jex at different parameters such as barrier height
between double quantum dot, barrier thickness, and dot
width to study the effect of each one on Jex. The results
represent a transition of exchange interaction from singlet to
triplet state by increasing barrier height between double
quantum dots as in fig. (2) and (3). This transition can also
get under the effect of barrier thickness figure (4-blue dot
line). This transition we can use to transfer information in
quantum computers. The transfer of information is an
essential step for computation. Also, we get the maximum
value of Jex≈ 0.0035 ℏvq0 ≈ 0.11515 meV which is greater
than that of GaAs [23,24] (in GaAs is around 0.1 mV) and
exceed the value of Jex in other models. The corresponding
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value of switching time is about τs =πℏ/ Jex [6] ≈.018ns.
The validity of the quantum gate comes from the long
coherence time to switching time. Since the coherence time
for graphene is greater than that for GaAs [22,25] and we
get the smallest value of τs, so we found that the graphene
qubit is better than that of GaAs. This factor is a
fundamental condition for working a spin as a qubit.

REFERENCES
[1]

T. Espinosa-Ortega, I. A. Luk’yanchuk, and Y. G. Rubo,
Magnetic properties of graphene quantum dots, Phys. Rev. B
87, 205434 ( 2013).

Quantum Dots, Phys. Rev. Lett. 103, 046810 (2009).
[12] Golovach, V. N., Khaetskii, A. V. & Loss, D.
Phonon-induced decay of the electron spin in quantum dots.
Phys. Rev. Lett. 93, 016601 (2004).
[13] Coish, W. A. & Loss, D. Hyperfine interaction in a quantum
dot: Non-Markovian electron spin dynamics. Phys. Rev. B 70,
195340 (2004).
[14] Johnson, A. C. et al. Triplet–singlet spin relaxation via
nuclei in a double quantum dot, Nature 435, 925–928
(2005).
[15] A. K. Geim and I. V. Grigorieva, Van der Waals
heterostructures, Nature 499, 419 (2013).

[2]

A. D. G¨u¸cl¨u, P. Potasz, M. Korkusinski, and P. Hawrylak,
Graphene Quantum Dots, Springer, (2014).

[16] Guang-Wei Deng, Da Wei, J. R. Johansson, et al., Charge
Number Dependence of the Dephasing Rates of a Graphene
Double Quantum Dot in Circuit QED architecture, Phys. Rev.
Lett. 115, 126804 (2015).

[3]

D. P. DiVincenzo, D. Bacon, J. Kempe, G. Burkard & K. B.
Whaley, Universal quantum computation with the
exchange interaction, Nature 408, 339–342 (2000).

[17] R. Hanson, L. P. Kouwenhoven, J. R. Petta, S. Tarucha, and L.
M. K. Vandersypen, Spins in few-electron quantum dots, Rev.
Mod. Phys. 79, 1217 (2007).

[4]

W.L. Wang, O. V. Yazyev, S. Meng and E. Kaxiras,
Topological Frustration in Graphene Nanoflakes: Magnetic
Order and Spin Logic Devices, Phys. Rev. Lett. 102, 157201
(2009).

[18] Denis V. Bulaev, Björn Trauzettel, and Daniel Loss,
Spin-orbit interaction and anomalous spin relaxation in
carbon nanotube quantum dots, Phys. Rev. B 77, 235301
(2008).

[5]

D. Deutsch, Quantum theory, the Church-Turing principle
and the universal quantum computer, Proc. R. Soc. Lond. A
400, 97 (1985).

[19] B. Trauzettel, D. V. Bulaev, D. Loss, and G. Burkard, Spin
qubits in graphene quantum dots, Nature Physics 3, 192
(2007).

[6]

D. Loss and D. P. DiVincenzo, Quantum computation with
quantum dots, Phys. Rev. A 57, 120 (1998).

[20] X. L. LIU, QUANTUM DOTS AND ANDREEV
REFLECTIONS IN GRAPHENE, China, (2010).

[7]

V. N. Kotov, B. Uchoa, V. M. Pereira, F. Guinea, andA. H.
Castro Neto, Electron-Electron Interactions in Graphene:
Current Status and Perspectives, Rev. Mod. Phys. 84, 1067
(2012).

[21] Katsnelson, M.I., Novoselov, K.S. & Geim, A.K. Klein
paradox in graphene. Nature Phys. 2, 620–625 (2006).

[8]

J. Guttinger, Graphene Quantum Dots, ETH ZURICH,
(2011).

[9]

K. L. Chiu, Yang Xu, Single-electron transport in
graphene-like nanostructures, Elsevier, 669, 1-42, (2017).

[10] M. Droth, Spin Coherence in Graphene Quantum Dots,
Konstanz, 30 (2010).
[11] J. Guttinger, C. Stampfer, F. Libisch, T. Frey, J. Burgdorfer, T.
Ihn, and K. Ensslin, Electron-Hole Crossover in Graphene

[22] Chih-Chieh Chen, Yia-Chung Chang, Theoretical Studies of
Graphene Nanoribbon Quantum Dot Qubits, Phys Rev B 92,
24 (2015).
[23] J. Schliemann, D. Loss, and A. H. MacDonald, Phys. Rev. B
63, 085311 (2001).
[24] H.-A. Engel, L. Kouwenhoven, D. Loss, and C. Marcus,
Quantum Information Processing 3, 115 (2004).
[25] C. Kloeffel and D. Loss, Prospects for Spin-Based Quantum
Computing in Quantum Dots, Annual Review of Condensed
Matter Physics, Vol. 4 pp. 51–81 (2013).

Copyright © 2021 The Author(s). Published by Scientific & Academic Publishing
This work is licensed under the Creative Commons Attribution International License (CC BY). http://creativecommons.org/licenses/by/4.0/

