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Periodic Solutions of the Dirac-Lorentz Equation

Vasil Angelov

Department of of Mathematics, University of Mining and Geology “St. I. Rilski”, Sofia, Bulgaria

Abstract

In a previous paper we have derived a new form of the radiation term without changing the Dirac physical

assumptions. We have showed also that the fourth Dirac equation is a consequence of the first three ones, that implies the
Dirac system is not overdetermined — three equations for three unknown functions. Here we replace the Dirac local
expansions with nonlocal formulation of the problem. So we have obtained a system of first order neutral differential
equations with respect to the unknown velocities containing both retarded and advanced arguments. Since the accelerator
theory relies on the Dirac-Lorentz equation the obtained periodic solutions can be applied directly to the study of betatron

equation.
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1. Introduction

In a previous paper [1] we have derived a general form of
the Dirac radiation term [2], [3] based on his original
physical assumptions (cf. [3]). In the relativistic case the
usually accepted radiation term leads to the well-known
Dirac (or Lorentz-Dirac) equations [3]

2

, e . 2, 1_.__.¢e -
m X, :EFran +§(Xr _C_anxnxr)c_3 (r=1,2,3,4) (1)

where (xq(t), Xo (t), X3(t), X4 (t) =ict) are the coordinates of
the electron, e is its charge, m — its rest mass, ¢ — the speed of

the light, the dot is a differentiation with respect to the arc

. dx cdx
e Xy =—=——=

ds  \Je2-u? gt
summation convention is valid. The second term in (1) is the
Abraham four-vector of radiation reaction derived also by
Dirac [3].

Here we replace the radiation term in (1) by the one
obtained in [1]. We consider just first three equations
because in [1] is proved that the fourth one is a consequence
of the rest ones. We have applied a similar form of the
radiation terms to two-body problem of classical
electrodynamics [4]- [6]. Many results concerning radiation
terms are contained in [7]-[32]. They are based on various
methods. Here we use the fixed point method from [33].

The derivation of the new form of the radiation term is
based on the relativistic form of the retarded and advanced

length, and the Einstein

* Corresponding author:

angelov@mgu.bg (Vasil Angelov)

Published online at http://journal.sapub.org/ijtmp

Copyright © 2019 The Author(s). Published by Scientific & Academic Publishing
This work is licensed under the Creative Commons Attribution International
License (CC BY). http://creativecommons.org/licenses/by/4.0/

Lienard-Wiechert potentials [8]-[10], [34], [35]. We stand on
the theory of differential equations of neutral type with both
retarded and advanced arguments caused by the finite
propagation of the interaction — the basic assumption of the
Einstein relativistic theory. So Dirac equations become
second order neutral equations.

The main goal of the present paper is to prove an
existence-uniqueness of a periodic solution for Dirac
equations. We use an operator formulation of the periodic
problem from [36]. In view of [37]-[39] we are able to apply
the results obtained to betatron radiation.

The paper consists of six sections. In Section 2 we derive
the Dirac equations using retarded and advanced potentials.
In Section 3 we derive a new form of the radiation term. In
Section 4 we formulate a periodic problem and give some
preliminary assertions. In Section 5 we give an operator
formulation of the periodic problem and by a suitable fixed
point theorem prove an existence-uniqueness of periodic
solution for Dirac equations. Section 6 contains a conclusion
remark.

2. Derivation of Dirac Equations Using
Retarded and Advanced Potentials

First we recall some basic notions and denotations
following the Synge formalism [35] (cf. also [34]). Consider
a charge e describing any curve L in the space-time. Let
A(X (), xo (t), X3(t),ict) be any event. The unit tangent
vectorto L at Ais

ﬂ=(ﬂa,zg,zg,a4):[Lm,mlu%m,ifj:(?%)

A A
3
where A= [c?= Y u?(t) =\c? - (a®.u®)) and (..),
y=1

is the scalar product in 4-dimensional Minkowski space,
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while (.,.) is the scalar product in 3-dimensional Euclidian
subspace.

Y \4 4 \4
Let A™ (x(t),x,(t),%3(t),ict) be the intersection of L
with the null-cone drawn into the past from A, and let

A A A N
AP (x (1), %, (1), X3(t),ict) be the intersection of L with

\Y
the null-cone drawn into the future from A where t <t and

N
t<t.
A\ \Y4 \Y
A\ Y Y 4 A\ 1
Let ,1:[/11,,12,/13,,14J: ulft),“2v(t),”3v(t),§ be the
A A A A
unit tangent vector to the world line L at A™
A\ 3 \4 2 \4 A\
where ) _ CZ*Z[UN)J _ ;c2<ﬁ(t),ﬁ(t)> and et
y=1
A A A
A AAA H )
1= (,11 22,23, 4 ]— ulft),uzft),%ft),% be the unit
A A A A
tangent vector to L at A , Where

2
A= /cz - i(uy(t)] = /02 —<U(t),u’(t)> :
y=1
Let

(:gret (gret éret,éret,ﬁet)
=(xl(t)—xld),x2(t)—x2(¥),x3(t)—x3<¥), ic(t—¥)j.¥<t

be the retarded isotropic vector A™'A and let
éadv (gadv é:adv é;adv ﬁldv)

= [Xl({\) —Xl(t), X2 (1\) —Xz(t), X3(?) —Xs(t), |C(?—t)J, /t\>t

be the advanced isotropic vector AAY

In accordance with the Dirac assumptions [3] the radiation
term is defined as a half of the difference between both
retarded and advanced potentials, that is,

rad l aArqet ~ 8A1£et B aA,?d" B aAkadv
n 2 v v A A '
OXk  OXn 0 Xk 0 Xn
\Y A
el el
where A =— S0 Ao =20 g the
<ﬂ’§ret> <l,§adV>

Lienard-Wiechert retarded and advanced potentials (cf. [8]-
[10], [34], [35]).
So that the Dirac physical assumptions lead to the
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following form of the equations of motion:
d/lk € rad dAc _
> (ﬁm/lnﬂ: ﬂ)omg_
e 1 aA:et aA{et 1 GA?dV aAde
P B e v
¢ 0 Xk 0 Xn O Xk 0 Xn

or
dy e P

ds —mcz kn“n

. e {aA;et_gA‘léet] (&Oﬁdv 8A€dv]

2 v v
2me an 6Xn

(k=123 4).

an aXn

Further on we assume (cf. [1]) that

(AR): t-t=c(t), t-t=r"().

In fact, postulating (AR) we extend the relation between
the relativistic and Newton absolute time.

Since A™' and A% lje on the trajectory L we obtain
§<t)=[x1(¥),x2<¥),x3(¥),x2(¥)=ic¥j
= (=" O xp e~ () Kt~ Q). et~ 1),
Q(t){xl(?),XZ(?),XS(?>,X4(?)=ic?]

=t 2N O)xp b+ 2 O) 10+ Y ) e+ 2V 1),

and
5ol wE=r®) up=r®) e | e
- v ! v ! v v
A A A A
Y
A=|c? —<U(t—rret),U(t—z'rEt)> ;

1 ’
A N A

A adv adv advy -
/1:{“1('”7 ) Up(t+7%7) ug(t+7 )%J where
A A A A

AN

A :\/ 2 ((+ ™) i+ ™)) -
Therefore the isotropic vectors become

gret _

(a®-x =" 00

and

p(t="), 50 ("), ice"™ (1))

gadv _

( ¥ (t+ 729 ) = xg (1), %o (£ + 72N) — %o (8), X (t + 2W) — x5(1), icradv(t)).
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In general case the functions "™ (t), 22V (t) can be
obtained as solutions of the functional equations

<§ret,§ret >4 -0 <§adv,§adv>4 -0
or

\/<X(t)—)?(t—rret), KO- %(t-")) =% (),

\/<X(t+fadv)—)?(t), X(t+ 2 ) - x(0)) =2 ().

In what follows we briefly repeat the calculations from
[1]:

dﬂk e

F An
ds mc kn
2 ret 1/v1 :/1 ret 2 djl
L ST A 4= AK(E ™ ANy 1 gret
2mc? M 3 "ds
</11§ret>4 ret .

Vv \2
(& 2)4 d Ak ] dspe — </1,d ﬂ/dsret> gt
+

(A& @)

B e2 §adv(l /1>4 ﬂk@adv /1>4 . (;adv
2mc? </1 gadv dSadv

(& 2, d 2k ds,g, {A d Al dsadv
+

</1 é;adv

(k=1,2,3,4),
where the elements of the electromagnetic tensor are:

-if;, -iE, -iE5 O
Here Ry =—Fy and E(E;,E,,E3) is the electric field
intensity vector, and H(Hy,H,,Hs) — the magnetic field

intensity vector.

3. Derivation of the Radiation Term

Following [1] we have to find the relations between the
derivatives at past, present and future instants. The above
system (2) can be split into “space-like” and “time-like”
parts:

et S
2 ret /11 }v ret y) d},
" € Sga 4, >4_ alé™, >4 1 éret
2mc? M "ds
</L§ret>i ret .

adv 4 4 adv
(3 1)4d Al dsyg, < A,d Al ds,g, ) &2

4 4

A
(2,&2M]
(x=1,2,3);
di4 e 4
M NF
ds mC2 [E 4nj'n

A\
ret d4

v 3 l ds
(l, §ret>4 ret s

I R N AR ¢

2mc?

\ \
(E™, 2y4d A4/ dspe <</1, d A/ dsret> &t

+

</vl’§ret>42

2 adv % o adv 3
_ e 54 <ﬂ’l ﬂ*>4 _l4<§ lﬂ">4 1+ gadv d }“
2mc?

N advy 3 dS,g
(2,63, adv .

5 adv

(& 2,d A4l dsyg, {z dAa/ dsadv>
4

N
(A, 6gadv>42
Differentiating the relation

v 3 v 2 . v
t—t=(l/c)\/2{xy(t)—xy(t)} with respect to t ,

r=1

\2
considering t =t(t) we obtain

_1_[ X, (t) = X (t) [ﬂt)dtv—uy({)ﬂ
dt
x (t)—x (t)

In a similar way dlfferentlatmg

~(1/c) / X (t) X (t) W|th respect to t (considering
—l

t:t(t) ) we obtain
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3 A A
1—ﬂ =[Z{xy(t)—xy(t)}[u},(t)—uy(t)din
dt A dt
3 2
/c\/Z{x (t)-x (t)}
y=1

We derive the radiation term under the Dirac assumptions
O): 2"@t) =Y (t)=7>0
where 7 is a small parameter. The Dirac assumption is

justified by the fact that, for example, the electron radiation

time is 10724 sec.
Applying the Taylor theorem under assumption (D) we get

2 3
ut—z") =u(t-7) = u(t)—ru(t)+%l'j(t)—%l]'(t)+...;

2 3
u(t+7) = u(t)+ru(t)+%u(t)+%l]'(t)+...;

2
& =x, (t-1)—x, ()=~ —7u (t)+ Ui (£)

4 AN
It follows A=A ~ A . Consequently
dt c2 et <§ret Gt — z_ret)>

I\:/)E—:
d \t/ o2, ret —<§ret,l](t)>
o2, <§ret Gt - Tret > o2, <6§ ret a(t)>
- C21—<§ret,ﬁ(t)> 2 <é§ret ﬁ(t)> L
6_ - o2 adv _ <§adv »(t+radv >

d f{\ B o220V _ <§adv ”(t)>
2r <§adv ”(t)>
27 <§adv ﬁ(t)>

~

and then
T = r 2
<,1f1> :<u(t),u(t—1 et)>—c N _cz _<a(z),u’(t)> e
4 AA A
</1,f1> :(<u(t),u(t+radv)>—02)/(Ag)z—l;
4
<§ret,l>4 :<gret,ﬁit)>—czr zz'<l]('[),l]§[)>—C A
sadv 2
adv _ <§ ’u(t)>_c r B T<l]('[),f](t)>—czz- ~ _
<(’K ’A>4 - A = A =—TA;

Q

ret}L _<§r6t'u(t_r)>_czr ~T<u(t),u(t—r)>—027 A
S . A ) A e

adv 2 _<gadv’ﬂ(t+r)>_czr N z'<l](t),U(t+r)>—Czr ~—TA:
& 4 - A - A o

%_1g[ua(t>j 1, ® |, (Y0.0) v ®

ds _A dt A A2 A4

(@=1,2,3)

di, icd iC<U(t),G(t)> du, (1)

ds **( ) 74(&()— j
A

ds Adt
A\
d_ld ladd 1Dd_1d_

dSer vV .V vV vdt v dt Adt
et Adt  Adt A

d _1d_1dd_175d 1d.
O, Agb Agidt a dt Adt

=D
dSret v 2 v4
A A

= (Ug (t-2)/ 82)+ (<U(t—r‘e‘),d(t—rfe‘)>ua(t—r)/A4);

dﬂ; v |: ua(t_rret)+ Ua(tfret)<ﬁ(trret),d(t7r9t)>]

dL_ic5<u(t—rfe‘),d(t—rfet)> ic<1](t—r),ﬁ(t—r)>

dsret_ 14 A
A advy /= advy adv
d 4, 6 Ua(t+‘radv) Uy (t+7 )<U(t+‘r )ut+r )> .
= + 1
dSadV /\2 A4
A A

:(ua(t+r)/A2)+(<ﬁ(t+r),ﬁ(t+r)>ua(t+r)/A4);

dhe i© 6<a(t e )G eY)) e 0, it )

4 A

dsadv A
A

gret d}' - <§"et’|j(t_1-)>
Sy ) A?
4

+ (( <§ret,U(t7r)>7c21)<l](t71),G(t71)>)/A4

#(u), it-1)) 1(<u'(t),u'(t—T))—C2)<U(t—r),ﬁ(t—r)>.
A? " At ’

da o
</1, dsret> =(u@).u(t-1))/ A°
4

+((<U(t),ﬁ(t—r))—c2)<U(t—r),d(t—r)>)/A5
~ (<G(t),ﬁ(t—r)>/A3)—(A2 <l](t—r),ﬁ(t—z')>/A5) ~0;

<§adv a2 > _ < & d(t+7)>
’dsadv A?
4
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+ ( <§adv,a(t+r)>—c2r)<u(t+r),d(t+r)>/A4

(4. i(t+o)) f( <U(t),l](t+r)>—cz)<ﬂ(t+r),lj(t+r)
+
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<a(t-r),ﬁ(t—r)>

A4

> J{ic (&™), —i0r<ﬂ, d il dsret> J
4

A2 A4

~ (r<U(t),G(t+r)>/A2)+ (T<U(t +T),ﬁ(t+f)>/A2) ;

< v > (60,0 +0))
A _
dSady A3
4
+ (((ua),ua +2))—c?)(ugt+ o).t +r)>/A5)

z(<u(t),ﬁ(t+r)>/A3)—(<U(t+r),lj(t+r)>/A3) ~0.

Therefore the above system becomes
i (t) <u<t)u(t)> [ZFﬂuﬂ -t }
7]
(.G -2))+{ae-o)dct- r)>)/A2)
{ ((r (D), U(t—7))—c T)/A)}
. (ua (t—7) + —(<G(t—r),ﬁ(t—r)>ua(t—r)/A2))

.[((fma),u(t))_021)/A3)_<z,d/V‘t/ dsret> ru,, (t)ﬂ

2::0 K_Tu“ “X“mj/((rm(t),a(tﬂ))—czr)/A)3
(1+T (G, 6t +0)+ <G(t+r),ﬁ(t+r)>)/A2) (B.a)
2
{1/ (a(t).u(t+0)) CZT)IA)}

(( *<(<u(t+r),ﬁ(t+r)>ua(t+r))/A2))

. — 2 A
.[r<U(t),U(t)>—C ’{,1,d,1/dsadv> rua(t)ﬂ
4

(@=12.3);

A3
ic(a(),d(t))/ A% = (e /me )(—ic<E,U(t)>/A)

“(_.CHATAj/(f Zfﬂ ©)
i)

e? 1

Ug () = ——=
mc?

oo

<G(t),l](t—r)>—c
A

2mc
1+T

2

Uy, (t+7) +

2

(t(),dt-r))-c
A

+

2mc?

2
e ic
ict+—7A

A

(), d(t+7))—c
A

2mc

2

/ ((r(ﬁ(t),ﬁ(t —r)>—c21)/A)2}

[
. {1"<§adv,d 3«/ dsadv> j
4

<§adv,ﬂ>4 —iC‘L’<ﬂ, d 3/ dsadv>

. <l](t+r),ﬁ(t +T)>

A4

4

((r(ﬁ(t),ﬁ(t +r)>—c27)/A)2

The last equation should be divided by ic.

In [1] is proved that the 4-th equation (3) is a consequence
of the first three ones (3.a).

Further on in view of
—<u(t),d(t —r)>ua +<a(t —7), Gt —f)>ua
~—(U(),U(t-7))u,, +(U(), Ut -7))u, ~
(), Gt +7))u, —(U(t+7), Gt +1))u,
~(U).i(t+7))u, —(U@).it+7))u, ~0;
2 (U(t), Ut — 7)) ~ ¢ —(u(t), Ut + 7))
~c? —(U(t),u(t)) = A?
(a(). (- r)) ((U(t),ﬂ'(t—r)>
A2
(u(),u-r))a?
A4
(u(0).t(t+o)) (<G(t),U(t+r)>—cZ)<U(t+r),lj(t+z')>
AS " A®
. = 2 o - _ 2\/~+ = -
3 (U@, +1))A +(<U(t),U(t)> ¢ )(u. it +2)) %
A A
we obtain

u, +(<U,G>/A2)ua = (ezlmc )[ [Z 2pUp—E ]
ly (+0) =0, (t=7) | 0,()

1(u "
+A( o 2 <u(t),

—C2)<U(t—2’),lj(t—2')>
A4
— . _ 2\ /-~ S
, (0.0 cAA)<u(t),u(t 9,

(t+7)—G(t—7)

)

A 27
(@=123);
(Uo.uw) e (. 1/ o) -it-7)
< =mc2[—<E,u(t)>+A4<u(t),T2TT>J-
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Denoting by
G = (1/ A)((ug (t+7) ~ U, (t 7))/ 27)
+ (1/A3)<U(t),(lj(t+r)—ﬁ(t—r))/ 21>ua ®:

G, =(92 /mcz)[ [Z Vs —E J G;ad]
we write the system (3. « ) in the form

{Hul(t)] o)+ 4020 5, ) BOBO
A? A A?

2
A A A

SO0 ) 080, . [ 30}13(0 6,

and we have to solve the last system with respect to
ty (1), Ux (1), Us(t) -

Assumption (C): |u'(t)|:\/uf(t)+u22(t)+u§(t)36<c for
some constant T .

Therefore ¢ —|u/* >¢?~c?>0 and the determinant of
the above system is obviously different from zero
5=c?/A? :>lS5S02/(C2—(_:2). Consequently, the uni-

que solution of (4) is
Ul Z((CZ - U]_Z)G 1—U1U2G2 = U1U3G3 ) / C2

Up :(_U1UZG:L +(c®-u3)G 2—Uzu3(33)/‘32 ()

U3 =(—U1U3G1 — U2U3Gz + (C2 - U%)G 3) / C2

where in view of
G, :(e2 /mcz){A[i Fipug —E1J+G{ad]
=1
:(ezlmcz)[A( 3Up + Houg — E1)+Grad]
G, = (¢ /mc?) A{ZFMU/; E2J+G ]
(e /' me )[A (=H3uy + Hyug - E2)+Grad]
e /mcz) A[Z F3pups — E3]+G3rad}
(e /mc )[A

we get

2U1 H1U2—E3)+Gradj|.
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2
Ul Ze—z{A(H:;UZ + H2U3 _El+

U1E1+U2E2+U3E3 u ]
1

mc c?
(c2 —ulz) G —u,GRY —uyu,GEd
+ = Fl’
2
2
. e WE +uyE; +Uu3E
U =—s A[—H3ul+Hlu3—E2+ L2 88y,
mc c
—uyu,GA 4 ( c? u%)Gzr ~U,uGL
+ = Fz,
2
2 WE; +u, E; +uzE ©
.o e
U3 =—2 A(—qul—H1U2—E3+ 11 222 3 3U3j
mc c
—UyUgG —u,u G +(02 —u%)Géad
+ = F3 .

C2

4. An Operator Formulation of the
Periodic Problem and Preliminary
Assertions

We formulate the main periodic problem: to find a T -
periodic solution (uy(t),u(t),us(t)) of the system (6) on
the interval t<[0,T] with initial conditions u,(0)=0,
U,(0)=0 and u,(t)=ug, ().t e(—x;0] (¢=12,3)
where ug, (t) are prescribed T -periodic initial functions.

Let V\Lr"‘g[o,oo) be the set of all Ty -periodic functions
from L‘% [0,0) whose derivatives of arbitrary order belong
to LTO [O, OO)
considered as all infinite differentiable functions on (0,)

having continuous extensions on [0,00). Introduce the
function sets:

The functions from Wﬁg[o,oo) are

for a.e. t e [kTp, (k+1)Tp] (k=0,1,2,... ; n=0,1,2,...)}
where Uge™0 <T<c; mTy=T,
Tg
Mo =<u()eM : J.u(t)dt:O; (nk=012,.)".
0

Remark 1. It is easy to verify that substituting s=t—kT,
we get
(k+D)Tg To To
j u(t)dt = j u(s+KTo)ds = j u(s)ds =0
kTo 0 0
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We define the following family of pseudo-metrics

Pl O, 8) = ess sup e K070 D) () -7 -
te[KTo,(k+1)Tel, n=0,12,..}.

Since for t €[KTp, (k +1)Ty] we have

g~ #(t=KTp) ,)-n

u® ) -a™ o)

<& HKT0) )= 2y e (KT0) — 2y
It follows
sup{p(k )(u() 0™):n=012,.;k=012,. } o
and then we put
Pk,o0) Ug 1 Uyp) = sup{p(k'n) ™ gMy:n=01, 2} .
Further on we set

Pk,e0) ((Ug, Uz, Uz), (Ug, U3, U3))

= max {p(k,oo) (U, U1)s A(k o) (U2, U2 ), Pk o) (Uss U3)}- .
Lemma 1. If u(.) e Mg then
X(t) = Xg +j‘u(s)ds is Tp -periodic function.
0

Proof: Letus set s= p+Ty and then we obtain
t+Tp

t t
f u(s)ds = Iu(p +To)dp = Iu(p)dp . Therefore
To 0 0

t+Tp t+Tp
X(t+To) =X + j u(s)ds = x, +ju(s)ds+ j u(s)ds
0
0 To t+Tp
=Xp +Iu(s)ds+Iu(s)ds+ _[ u(s)ds + _[ u(s)ds
t 0 To
0 To t
=X +Iu(s)ds +Iu(s)ds + _[ u(s)ds +Iu(s)ds
0 t 0

t To
=X +Iu(s)ds + I u(s)ds = xq + Iu(s)ds =X(t).

Lemma 1 is thus proved.
Define the operator

(k+D)To
BuW (t) = j F, (u)(s)ds — ( KT 1) [ Fau)s)ds
O

kTo KTo
(k+DTp s
= [ [ Fy(u)(p)dpds, t € [KTg, (k+1)To]
0 kTp kTp

BuX (t)=0,t=0

(¢=123,k=0,12,..,m) where by assumption
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T=mT, and F, are the right-hand sides of (6).
Lemma 2. ([36]) For every u,(.) € M it follows

(k+D)Tp s (k+2)Tp s
[ [ Fpdpds= [ [ F,(u)(p)dpds.
kTp KkTp (k+1)Tp (k+D)Tg

Assumptions (H-E): The functions H,, (t, %, X5, X3),

E, (t, %, X%, %3) (¢ =12,3) are Ty-periodic and smooth
intand
8pHa(t,x1,x2,x3)|

< Hoeu(t*kTo)-
ox, P ,

oP E, (t, X, %o, X3)|< E, e"(t kTO)
ox,P

6pHa(t,X1,X2,X3)|

< 1 pH(tKT0).
atP -0 ’

oPE, (t, X1,X2vX3)|< Eye(tKT0)
atP

(@=123), p=012,.., te[kTy,(k+D)Tp].
Lemma 3. (Main Lemma) The periodic problem (6) has
a solution (uq,Us,U3) € MgxMgxM iff the operator B

has a fixed point belonging to Mg x Mg x Mg, provided

|H0l (t, X1y X9, X3)| < Hoeﬂ(t_kTO), |E06 (t, X1y X9, X3)| < Eoe'u(t_kTO)
te[kTy, (k+DTp]; @=12,3

where H, Ey, 2 are positive constants.

Proof: Let (u,up,u3) e MgxMyxMg be a Ty -periodic
solution of the system u,, = F,, (u) . Then after integration in
view of u, e Mg

(k+1)Tp
(that is u,, (kTg)=0 and [ u,(s)ds=0) We obtain
KTo

t
Uy (0) = | F,(u)ds =

kT (7)

(k+)Tp (k+1)Tp
0=u, (k+)To)= [ F,(ds = [ F,(u)ds =0.
KTo kTo

Therefore

t
u, (t) = j F, (u)ds =
KTo

£ KT, _1](k+1)T0

t
u, (t) = j Fa(u)ds—[ j F, (u)(s)ds .
kTo

kTo

Besides in view of (7) we have



International Journal of Theoretical and Mathematical Physics 2019, 9(5): 136-152

(k+DTo p

(k+1)Tp 2
[ R@Edsdp= [ [(k+DTo-s]F, u)s)ds \Gl\s;—C(\FnHul(t)\+\ﬁzHUZ(t)\+\F13Hu3(t)\+\E1\)
kTop KTp KTo )
(k+D)Tp (k+1)Tp (k+1)Tp e” (_ _ d
=k+) [ FEds- [ sFWEds=- [ sF,(u)s)ds. Sm*c(c\"'s\“LC\HzH\El“‘Glra )
KTo KTo KTo
2
(k+1)T0 (k+1)T0 (k+1)T0 |Gz| < e_(lelllul(t)l +|F22||U2(t)| +|F23||U3 (t)l +|E2|)
But _[ sF, (u)(s)ds = J' su(s)ds = I sdu(s) ”;C ,
kTo kTo kTo <& (|Hg|+T|Hy|+|Ey|+|c5])
. o (eIHal el +]Eal <[5 )
= (k+D)Tou((k +1DTo) ~kTou(kTo) = [ u(s)ds =0 02
KTo |Gs|Sm—c(|F31||U1(t)|+|F32||U2(t)|+|F33||U3(t)|+|Es|)
(k+D)Ty p e? _
thatimplies [ [ F,(u)(s)dsdp=0. SE(C|H2|+c|H1|+|E3|+‘G§m‘)
kTo KTo hich imoli
which implies
Consequently,
t ()T, (k+1)To ) (k+1)To |
t—kTy 1 Gyldt < (e / mc) A(Hauy + Houy —E )+ G{2% [dt
U, () = [ Fa(u)ds—[—o—zj [ F.)s)ds k{ G4 k{ ‘ (Hattp + oty =B )+ Gy ‘
kTo kTo 0 0
o (k+1)To (k+1)T
can be written in the form < (% I'mc) j (C|Hg|+T|Hy|+|Ey[)dt + '[ G| | <
t (k+1)To KTo KTo
t—kTg 1
u,®= | Fa(u)ds—[ = O—EJ [ Fou)ss i (T,
KTo 0 KTo < (% I me)| (T|Ho| +E|Ho|+|Eo|) j e#(-KTo) gy
(k+D)Tg p ) | KTo
- [ | Fa)e)dsdp = (Bu)SO (1), (2 =1,2,9). k1T,
0 kT kTo o (o) -ugt-0)r2mn ot
The last equalities mean that B has a fixed point in KTo
Mo x Mo xMg. +<U(t),(ﬁ(t+r)—ﬁ(t—r))/2r>u1(t)/A3)dtH
Conversely, let (uj,u,,u3) e MgxMgxM, be a fixed
point of B. Then the last equalities are satisfied and g(ez/mc)[(26|Ho|+|E0|)((eﬂTo _1)/ﬂ)
substituting t =KkT, we get
(k+D)Tp ) (k+D)Tp 3
0=u, (KT) k_T[OF (w)ds [kTO"‘TO 1J(k+})TOF wes ey | Ul(t)dt+2c—z)3/2 J Lo
=Ug\Rlp) = a | T+ 75 a c°-C c°-C =
kTO TO 2 kTO kT() kTO v 1
L (Do s = (¢% /mo) (25| Ho| +[Eo )"0 -1/
- j j F, (u)(0)dads
0 KkTp kTp g(ez/mc)[(ZE|H0|+|E0|)((e”T°—1)/u)
that implies
1(k+1)'|'o 1 (k+)Tg s 1 (k+1)To =2 (k+DTo 3
> [ F@Eds-= [ [ F,u)®)dods=0= = [ wias ——— | Zu},(t)dt
KTo 0 kTp KTg " -C" 1 Jec? _52) kg 771
L (DT | kDo s
> I Fe (U)(s)ds =T I f Fe (u)(@)dods . :(e2/mc)(26|H0|+|E0|)((e”T0 —1)/y)
KTo kTp KTp
(k+D)To (k+DTo
We show that I F, (u)(s)ds =0. Indeed, Let us since k-T[ U (t)dt=0.
0
KT,
0 In a similar way we get
(k+1)Tg
suppose that

F, (u)(s)ds =6 =0 . Then we obtain (k+1)To
k'{o «6) [ IGaldt < (€% 1me) (22 [Ho| +|Eol) (€™ ~1) / ;
KTo

143
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(k+D)Tp
[ [Gsldt < (% /mc)(2C|Ho|+|Eol) (€T 1)/ u.
kTo

Consequently

<Ll
2

e (G3 + Gl )dt

(k+1)To
[ Rt
kTo

(k+1)To
[ (Gr+ef)d

kT
(k+1)To

=@ | odt+c?
KT

(k+1)T

j (G2 +GRd )dt

kTo

+c?

+c2

kTo

(k+D)Tp (k)T
[ [Galit+c® [ |Gyt
kTo KT

< (e? /mc)(1+2/32)(2e\H0\+\EO\)(e/’T0 =\

(k+)To 1], (k+)Tg . , (k+)To ;
Fdt|<—|CT G, +G{® |dt|+c G, +G5 |dt
kJ.I'O CZ k:[l'o ( ) k'Iro ( )d
(k+)Tg
+C2 J. (G3 +G§ad)dt
kTo
2 HTo
e AV e”VU -1
< (1+2°) (28 |Ho + [Eo) ;
(k+)Tp (k+)To (k+)Tp
1] o rad =2 rad
ngt <—|C G +G1 dt|+¢C Gz+Gz t
k'T..o CZ{ kio ( ) k'T[o ( )d
(k+1)Tp
+c? (G3 +GH )dt
kT

< (e 1 me)(1+258% ) (25| Ho |+ o) (€0 - 1)/ .

Since uTy = const for sufficiently large x>0 and
small T, we can obtain ¢ <o . Therefore

(k+)Tp
u, (t) = j F (u)ds—[ TkTO lj [ F s
0

KTo KTo

t
becomes u, (t)= j F, (u)ds. Differentiating the last
KTo
equality we obtain the required assertion.

Lemma 3 is thus proved.

5. Existence-Uniqueness of the Periodic
Problem
Theorem 1 (Main result) Let the following conditions be
fulfilled:
1. The initial functions ug, (t) (o =12,3) are defined

on [-Ty,0] and are such that their translations to the
right on [0,T] coincide with some functions from

Mo and u™My,(0=0(n=012..;2=123) ,
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where T =mT, for some positive integer m.

2. The components of intensity electric and magnetic
vectors satisfy the assumptions (H-E);
3. The following inequalities are satisfied:

2 2
e (1+2ﬁ’ )1 e#T0 +1+e"T0 ~1)2cH, + Eg
m U 2 yan c

+(2(4—ﬂ2)a)2U0 /c3 (1—/32 )mﬂ <Up;

3

+( (€470 ~1)7 Ty ) (26Hq + Eo)/c)} < alg.

(1 2/3) - (6H0+§Eo)w+

Then there is a unique Ty -periodic solution of (6)
(Ug,Up,Uuz3) € Mg x Mg x Mg ..

Proof: In view of the Main Lemma 3 we have to prove
that the operator B possesses a unique fixed point. This fixed
pointisa Ty -periodic solution of (6).

The set MgxMgxMg turns out into a uniform space

with a saturated family of pseudo-metrics for
k=012,..m

Pk,n) @, gvy = esssup{afn

uf O - e K0
teKTy, (k+DTo] (@=12,3), (1=012,..);
P,y (U, Uz, Ug), (U1, Uz, U3))

= max{P(k,n) ", T™), gy (057, TV, oy (uén)jén))};
Plk,e0) (U1, Uz, U3), (T, Uy, Ug))

= sup{p(k’n) (U, U, Ug), (0, T,,T3)) :n =0,1,2, } <o

since
Pk,o0) Ug U ) = SUP{p(k,n) ?,gM):n=012,. } <2U,

where the index set is

={ (0,0),(0,1),...,(0,)} L {(1,0), (L1)....

(1,0)}
Une0{(M, 0), (M, 1), ... (M, 0)} '

Define the operator
B:MyxMgxMg—>MgxMgxMg
by the formulas

[t kTO l] (k+1)To
0

(Bu)S () = j F, (u)(s)ds - [ Fau)s)ds
KTo

kTo
| kDo s
—= [ ] Fa)p)dpds, te[KTo, (k+DTo]
0 kTop KTp
(BU)X) () = Up,, (1), t <0
(=123 k=012,..), where F,
sides of (6).

are the right-hand
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We show that B maps Mg x Mg x Mg into itself. Since e2c
j\Gl\d s<2C j ZFlﬂuﬁ(s) Ey|ds
(Bu)?(0) KTo me? 7, 521
1 Tos e? | 62 2tH + Eq e#(-KT0) -1,
j Fy (U)(s)ds + j F, (u)(s)ds—— j j F, (u)(p)dpds m*l ol +e[Hal+{El)s <0 p
Ug,, (0) =0, e2c L3
Ot J'\Gz\dSS—ZI Y. Fapug(s)—Ep|ds
we have shown in the Main Lemma 3 that KTo M koA=L
2t 2 1(t-KTp)
e kX < T (el sy os < & L Bl T,
[ ] Fatu)s)dsdt =0= j j F,, (U)(s)dsdt = me g me m c P
kKTo  KTo t o2 L3
Gylds<— Fy5u5(s)—Ezlds
Therefore (Bu)®(0)=0. klo‘ < klo ﬁ; s ()-Es
First we check the following equality 2t 2 2| Hy| + |Eo| e(t-+T0) 1
(k+DTo (k+D)Tp t < [ (e[| +c]Hy|+]Egl)ds <=2 y
[ EuPod= [ [ F,u)sdsi KTo
KTo kT KkTp t e
DTy p gy (HDTo [ erdas <] | e 5) 3/22 w
- ( °——]dt [ Fau)s)ds T M o | (2 ~((s).4(s)))” 7 i
KTo To KTo
(k+DTo , (k+To s 1 Uy (547) Uy (5-7) |
- [ = [ ] Fatu)p)dpasdt o o g
KTo 0 kTp KTp (C 7<U(S),U(S)>)
(k+DTp t .
= [ [ Fau)s)dsdt P I LG
kTp KkTp mCZ (02—62)3/2 ;/:1kT0 2r
- To 2 To 2 N 1 1/2 J- ua(s+r)2—ua(s r)d
0 2 (CZfEZ) KTo 4
(k+1)Tp
[ F.)s)ds o2 2 |
kTo gﬁ T N3z 21 Ju (s)ds|+ 21312 .{U (s)ds
- Ty s c(l—ﬂ ) “1lTo c(l—ﬂ KTo
_T_O .[ .[ Fy (U)(p)dpds = 0. @ 4-p oMK 4
0 KTp KT <7 a2 ¢ '
0 0 mc c(l—ﬂz) M
Furth f KTo, (K +DT, i
urther on for t e[kTy,(k+1)Ty] we obtain Therefore
t g2 t(t-KT) _4q
B =| | F,@)(s)ds| <5 c? j (G +6* )t I F, u)()ds) < (1+24%) —
kTo c kTo kTo
2 2,
t t 2CHA + E 4—ﬂ a)Uo
+T2 .[ (62 +G5 )dt +T2 _[ (G3 +G5 )dt : Oc 0 +( )2 32
kTo KTo c (l_ﬁ )

e (1428%)| agHy + B, (4-57)@°Uo |eut-kT0)
. :

<(1/c?)|c? j’ |Gy|ds +c? j ‘G{ad‘ds+62 j' |G, [ds

312
KTo KTo kTo m ¢ c3 (1_ ﬂz ) H
t t t
=2 ‘ rad‘ =2 =2 ‘ rad‘ (k+D)To
+C G, lds+¢C Gslds+¢C Gz [ds | . t—KkT,
[ |63 [ IGs) [ |65 B, = =02 [ F, wye)ds
KTo kTo KTo T0 o
0 ’

We have

2 2
L1° (1+2ﬂ )Zﬂ—|O+Eo e#T0 1.

2 m c u
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1 |k+DTo s we obtain
Bs=—| [ [ F.(u)p)dpds .
To KTo KTg M “: (u)(t)\ 1 (Jrj’) 0|: (u)(s)ds| <
(k+DTo| s KTo
1
<= [ || Fatu)p)dpgs <
To w1y |kTo <(1+282)(Gl+1Ga |+ 05| + [0 |+ |o5  + o5 )
e?(1+282 4Ty
_ez(1+2ﬁ2) 2m0+EO+(4—ﬂ2)w2UO l(k?me“(s’ﬂmds +Ti ( . )264(2: Ege ﬂ—l
Tom c c3(1— ﬂ2)3/2 B, 0

(1+2ﬂ )[ m ‘Grad‘ ‘Grad‘ Grad]
7ie2(1+2ﬁ2) 2H, + By (4 Vi )w Uy |1 oM ) m
—TO m C (1—ﬂ )3/2 u u

e71+2[)’ 26H, + Ey 410 —1
m Ty c u

Finally we reach the estimate But

\(Bu)gp (t)‘sTl +Ty+Ty

< g(t-KT0) (1+2ﬂ ) e#10 1, e#T0 _1 ) 2eH, +Ey -
a m U 2 HTo c 2

e i Fopup(t)—E;
+(2(4—ﬂ2)w2U0)/[03 (1—,52)3/2ﬂ < U eH(tKT0) p

Let us estimate the derivatives

2|3
GL|+]Ga|+[Gs| < m%lFlﬁUﬂ(t)—El

e2
+7
mc

3
D Fapup(t)-Es
5=l

2
e
sm—c(c\Fll\+c\F12\+c\F13\+\El\+c\|:21\+c\|:22\

+¢|Fa|+|Ep| +¢|Fay| + c|Fap| + | Fag| +|Es|)

(k+1)Tp
1
dEuON |FO-= | FWE)ds telkT, (k+1T] &?
(B, ® ;ta O _|Fa T kio « 0 0% < —(20]Ha|+ 20|Hy |+ 20| Hs|+ [Ey|+ [Eo | + | 5]
an(O):O ) ¢ ¢ ¢
Then in view of <& 2 [ aaids +2¢| | a:;—st +2¢| | 6:—3ds
me KTo S KTo S KTo S
" _ Lo (4) dod <a)4U u(t-KTg) ¢ . ‘
6, @[=| | | (u,®) (p)dpas| < = Uge 0B ||t B, | s
okt g i M AT
. KTo KTo kTo
we obtain )
2 o 3 Se_(ew_Hoeu(tkTo)+§“’_Eoeu(tkTo)j
d|_ & Ug (t) , m u cC u
ord| <= !5, (06,0 ) T
me (c —<U(t),U(t)>) 7=l :3(e /m)(2H0+(EO/c))(a)/y)e
/
i, ) /(Cz —<U(t),U(t)>)l 2} and consequently
(k+D)To
o2 Q2 M <|F, (u)(t)| j F, (u)(s)ds| <
] Ty kTo
me (c ~ (), u(t))) =]
<(1+2) (18] +[G2] +[Gs] +[61|+]05% | +]c5™)
SO0 & (1267 g
] a M0 _
(02 _<ﬂ(t),ﬂ(t)>)3 2 N e 12cHgy + Ey e/“(t’kTO)
m Uy J7
G — | S P
<— i, (1) +d,, ) 3
me? (¢ _w@.u)) b= <erH0) (1. 957) 2 [6H0+§onw+712w U,
H &2 (1_ﬂ2)
e? 1 o? (t—kTp)
Sﬁ(cz_c )3/247U°e# ’ +((2cHO+E0)(e/‘T0 1)/ yTOC)}Sa)UOe”(t’kTO)
_4e® 1 ©*Ug gut-kTo) and so on. Therefore BeMgxMgxMjy.

m 3 (1—ﬂ2)3/2 u? Remark 2. In order to obtain suitable estimations for
higher derivatives we use the chain of inequalities
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_ 1 L 1 N
Pk,0)Ug,Ug) < ;p(k,l) Uy Us) < =5 Pk 2) (U Up) <o
7

In this way we compensate the degree of @ in the
nominator by the degree of x in the denominator.

In what follows we show that B is contractive operator.
First we notice that the following Lipschitz estimate for
the expression

G (U)—— c —Zu (t)[z 2l () —E ](a:1,2,3)

is valid:

3
o G _
(G (U, Uz, Uz) —G (T, T, T3)| < 2‘—6 g (1) U4 (1)
p=1| Mg

SR

me? o= 2(c2 —<U(t),U(t)>)1/

3
5| 2. Faols () —Eq

p=1

+(02 —(U(t),ﬁ(t)>)l/2 |Faa|]|u0 t) -0, (1)

_ 2 [ 2cHy +E :
<ot kTO)n?_Cz[—O 20+cH0]Z|u O -]
\[1—,8 =1
and in a similar way from
3
Ug () u,, (1), ()
et A B Uy (1)

G (u) =
me? (c2—<ﬁ(t),l](t)>)3/2 (cz—<ﬁ(t),ﬁ(t)>)l/2

we obtain
rad rad j— — —
‘Ga (Up,Up,U3) =Gy (U1|U2rU3)‘

6G rad

|u -0, 0+ |u () -0, @)

ﬁ| o) =0, ()]

+(2163a- 2%, 0 -G, (t)” .

Then

e2
L &7 qutt—kTo)
m

(GG (Bu)(k)(t)\ (Fa (0)(9) - Fy (@) (9)ds

kTO
(k+D)Tp
"3 [ (Fa)s)-F, @)s))ds
KTo
(k+D)Tp s
et [ ] (Faled(P)=F @)(p)) oo
0 kKTp KTp

t
j (Fy(uy, Uz, U3)(s) — Fy (01, Ty, T3) ) (5)ds
KT

t
<) (€ ) (16 (ug, U, U3) ~Gy (0, Ty, )
0
+ ‘Glrad (U, Up,Ug) ~G{™ (51152’53)‘}0'5

t
+ (@2 [z (62 (g, Uz u3) ~Go (@, 3, 55))
0

+ ‘Gzrad (Ul’ UZ , U3) —Ggad (Ul, Uy, U3)‘:|ds

t
+ (U ¢?)[luuz | [[Gs (ug, Up, Ug) ~Gs (8, T, T3)|
0

rad rad /— — —
+ }Gs (U, Up,u3) -G (U1,U21U3)H ds
t

+(1/02)”U12 -0 ‘(|G1 U11U2:U3)|+‘Gl (0, 0y, Us)‘)
0

t
+(/ cz)ﬂuluz — WUy |(|Gz (@, 0y, T3)| + ‘Gzrad (@, 1721173)‘) ds
0

t
+ (1/ CZ)J.|U1U3 - U]_Ug |(|G3 (U].' UZ s U3)|+ ‘Ggad (Ul' UZ s Ug)‘) ds
0

3t
< ) [16a (g, Uz u3) Gy, (8, T, By)lds

a=10
3t
+2 ”G(rzad (Ug,Up U3) -G (51152153)‘0'3
a=1Q

t
+(210)[[ (61 @1, 0. T+ B (@, T Bp)n(5) -y (9] o5
0

t

-l-(]./c2 ),H]GZ (Ul’ U2,63)| +|Ul||U2 —Uz |
0

+ ‘G;ad (Ul,Uz,U3)‘:| (|U2 ||U1 —U1|)ds

t
+(1/C2 )J.(|Gg (Ul,Uz,U3)|+ ‘Gé‘ad (Ul,lTZ ) US)‘)
0
(Jua Jus — T3 +[d3 | juy — [)ds

2cHy +E P ~
< — [Jl()—iﬁZOHHoLZl‘[eﬂ(s 0) Z_; |ug (8) U (s)[ds
=10 o=l
23 7.
i [W[e#(s kTO)‘U (s)-, (S)‘

lZ*

+(2/c3(1—[12)3’2)£\ua (s)-ii, (s)ds]
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2 2 4
+E_E 26H()+E0+ 4 ﬂ 0)_2

m e c 03(1—ﬂ2)3/2 P Uy

t
_[e”(s’kTO) luy (s) Ty (s)|ds +
0

2

e“ 1| 2CHy + E
+—= 0 04
mc c

4-p52 "
C3 (1—ﬂ2 )3/2

Up
2
Y7

t
- [T (g (5)— T ()] +lup (5) T, (5)]) s
0

+e21 2tHo +Eg 4— p? a)4U
me 32 20
mc c 03(1—/?2)

2

t
.J-ey(s—kTo) (luz ()= T3 ()| +Jug (5) — (S)Dds
0

2 2u(t—KkTp)
2cHg +E HETEI0)
< 9e 0o tEp +cH0]e 1

- F[ \ fl_ﬁz 2p

Pk o) (Ug, Uz, Ug), (T, Uz, U3)) +

3¢? [mzuo N 2(1—ﬁ2)J

* m(— )52 4

C C3
. ((ezﬂ(t*kTo) ~1)/ 2,u) Prieey (Ug, Up, Ug), (0, Tz )

2
+e_2 26}"0+Eo+
mcC c

4- 2 4
3 (1—ﬂ2)3/2 w_2U0

7
(€70 1) 12) ey (@ U ), (0,5 B3)

e? 2| 2tHy + E 4-p* o
e . 32 290
03(1—ﬁ2) H

- P(k,e0) ((Ug, Uz, Ug), (U, U, Ug)

+§g 26Ho +Eo 4- 2 a)_4U
32 20
mc C 03(1_/32)

7
(P00 -2y 1 200) ey (U1, U U3, (0, B )

< pult- kTO) 3e e‘TO 13cHo +5E 7o U0+20(1 B?)

Ny ¢’ -5

80U,

57 |Plkoe) (U1, Uz, Ug), (01, U3, Tg)) ;
2 (1_ﬂ2) P

t

[ (Fo(uy,up,U5)(s) — Fo (0, T, Tg) ) (s)ds
kTo

t
</ CZ)J|U1U2|(|G1 (U, U, Ug) =Gy (0, Uz, Ug))|
0

+[61* (1,7, u3) -G (1,55, 35) ) ds

t
+ (1/CZ)I|U2U3 |[G3 (g, up,uz) —Gg (Ty, T, )|
0
+[65% Uy, U, u5) G4 (@, T, T |ds
t
+(1/ ¢?) [ (c* ~u3)[[G (U, Uz, Ug) Gy (B, Ty, Tg)|
0

+ ‘Ggad (Ul’ UZ ) LT3) —Ggad (Ul, uo, U3)‘:| ds

t

+ (1/ CZ)“UJ_UZ —Ulsz |( IG]_ (UlvU21U3)|+ ’G{ad (Ul' U2,U3)‘) ds
0
t

+1/6)[o3 3162 @, 0. T+ 65 (@1, . ) s
0
t

+(16?) s —UZUS|(|G3 (0, 0, 0)|+ )Gg_ad (61,62,173)‘) ds
0

3t
<> .“Ga(ulvUZlUS)_Ga(UlvUZlUS)ldS
a=10

GER (uy . U3) -G (@, T, T
a=10

+(1/02)j.(|(31 (@, Ty, U3)|+ ’Glrad (Ullﬁzvﬁs)‘)
0

(o [y = T | +[o |l T [) ds
t
+210)][162 @, 0, Gp)|+ 65 (@1, .0 (9) -, (9)] s
0
t
+(1/CZ)I(|63 (T, Uy, Tg)| + ‘G?Ead (1711172:173)‘)
0
- (uz|lus ~ T3]+ [luz ~T2[)ds

62 20H0 + EO 1(s—kTp)
<—| ===" e 0 U (s)—U, (s)(ds
[ ,—1_ﬂ2 JZI by |
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Therefore the operator B is contractive in the sense of [35].
Its fixed point in view of the Main lemma is a Tq — periodic

solution of (6).
Theorem 1 is thus proved.

6. Conclusions

As an immediate consequence we obtain

an

existence-uniqueness of periodic solution for betatron

151

equation (cf. [14], [27], [38[-[41]). Specific applications we
will give in next papers.
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