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A Mathematical Modeling Study of Dopaminergic Retinal
Neurons under Hyperpolarized Conditions
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Abstract A mathematical model of dopaminergic local circuit neurons isolated from the mouse retina (DA cells) was
previously reported. This DA cell model was constructed based on the Hodgkin-Huxley formalism and is described by a
system of nonlinear ordinary differential equations. The DA cell model contains four voltage-dependent ionic conductances:
persistent sodium conductance, transient sodium conductance, fast potassium conductance, and slow potassium conductance.
The present study involved a numerical simulation analysis of the DA cell model under hyperpolarized conditions to
characterize these four ionic conductances. The analysis revealed a novel mechanism of repetitive spiking under
hyperpolarized conditions. This mechanism contributes to the in-depth understanding of sodium conductances in DA cell
models.
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The present study investigated a previously described

1. Introduction mathematical model of DA cells in the mouse retina [1]. The

model is described by a system of six-coupled nonlinear

Dopaminergic local circuit neurons isolated from the ODEs, in which state variables are the membrane potential of

mouse retina (DA cells) can generate repetitive spiking when  the DA cells [V (mV)], and five gating variables of ionic

not hyperpolarized. A previous study developed a currents (myur, Avar, Myap, Mxr, and mgs). The time evolution
mathematical model based on the Hodgkin-Huxley of the state variables is described as follows:

formulation that reproduces this spiking behavior [1]. This av
DA cell model is described by a system of nonlinear ordinary Cm - = ]app — [NaT (V, Myrs hNaT) — [NaP (V, mNaP)
differential equations (ODEs) and consists of four dt
voltage-dependent ionic conductances: transient sodium
P L (Vom ) =LV m )= 1,(V) (1)

conductance, persistent sodium conductance, fast potassium

conductance, and slow potassium conductance. Previous dm 1
studies also revealed that the DA cell model shows repetitive Nal_ m V)-m 2
. . . . . NaT ,© NaT ( )
spiking behavior under certain hyperpolarized conditions dt me (V)
[1, 2]. Although previous studies extensively investigated
how variations in the above four ionic conductances affect dhy,, 1 h Al
the spiking behavior of the DA cell model under d T (V)< NaT',0 ( )_ N“T) ®)
non-hyperpolarized conditions, hyperpolarized conditions har
have not been investigated in detail. A detailed analysis of dm 1
ionic conductances is important [3]; thus, the effect of NaP ( m (V) -m )
U o . NaP NaP 4)
variations in ionic conductance on spiking behavior under dt T (V)
hyperpolarized conditions was investigated using a e
computer simulation analysis of the DA cell model. dm,,. 1
= (mKF,oo (V)_mKF) ®)
dt T (V)
mgr
2. Materials and Methods J .
M
dt = v (mKS,oo (V)_mKS) (6)
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(V, myazy hvar)s Inap (V, map), Ixe (V, mgr), Igs (V, mgs), and
I (V) are the transient sodium current, persistent sodium
current, fast potassium current, slow potassium current, and
leakage current, respectively, which are defined in Equations
(7N—(11) below; zd(V) (ms) (X = myur, hnar, Mnap, Mir, Mgs)
and Y (V) (Y = myarer Mvaror MNaPoor Mipe Mise) are the
time constants of activation/inactivation and steady-state
activation/inactivation functions, respectively, which are
defined in Equations (12)—(21) below.

Lyr Vsmyr s hyur) = gNaTm;VaThNaT (V —-Ey, ) (7

]NaP (V’ mNaP) = gNaPm;\/aP (V - ENa ) (8)
]KF(V’mKF):gKFmIiF (V_EK) ©
IKS(VﬂmKS):gKSm:S (V_EK) (10)
L,()=g,(V-E,) (11)
0.79-0.31
Conyar (V) =031+ 4 U/ 20/a9 (12)
3.35-0.51
Thar (V) =0.51+ 14 o/ 07103 (13)
T, (V)=0.25 (14)
7.8—-1.6
Congr (V) =1.6+ 14 o 166/23 (15)
15.4-6.3
TmKS (V) =6.3+ (1 +‘2,(1/-109)/11‘(,)(1_+_e-(v-11.4)/95) (16)
1
mNaT,oo(V):W (17)
1
hNaT,oo (V):W (18)
1
mNaPﬁO (V) = 1+e—(V+34)/13.7 (19)
1
Myp o (V) = |4 o /7367268 (20)
1
Mg o (V) = |4 o727 21

where gy.r, Evars Exr> ks, and g; (= 0.4 nS) are the maximal
conductances of Iy,r (V, myar, hvar)s Inae (V, Myap), Ixr (V,
mgr), Ixs (V, mgs), and I;(V), respectively; Ey, (= 80 mV), Ex
(=-80mV), and E; (=-50 mV) are the reversal potentials of
sodium currents [Iyar (V, myar, Avar) and Ingp (V, myap)l,
potassium currents [Ixr (V, mgr) and Ixs (V, mgs)], and I,(V),
respectively. Refer to [1] for detailed explanations of the
Equations (1)—(21).

The free and open source software Scilab
(http://www.scilab.org/) was used to numerically solve the
above Equations (1)—(21) (initial conditions: V' = -70 mV,
Mmyar = 0.05, hnar, = 0.32, my,p = 0.05, mgr= 0.2, and mgg =
0.08). The total simulation time was 2.5 s for all simulations.
The system parameters whose values were varied were I,
enaT> Enar» Lk, and gis. To make the DA cell model
hyperpolarized, /,,, was varied from -9 to -7 pA at an
interval of —1 pA. In previous studies [1, 2], the DA cell
model was hyperpolarized by increasing the g; value.
However, the present study simulated hyperpolarized
conditions by changing the /,,, value because this value can
be easily regulated in electrophysiological experiments. The
default values of gy.7, gnar, Exr» and ggs were 270 nS, 6.7 nS,
47 nS, and 9.5 nS, respectively. To evaluate the effect of
variations in ionic conductances on the DA cell model, the
ENaT> ENap> €kr> and gxs were each varied from 0 to 200% of
each default value at an interval of 20%.
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Figure 1. Time courses of the membrane potential of a model of DA cells

in the mouse retina under conditions of (A) 100% gnar, 0% grar, 100% gxr,
100% 8Ks» and [app =-7 pA, (B) 0% 8NaP» 100% 8NaT> 100% 8Kry 100% 8Ks»
and I,,, = —7 pA; and (C) 180% gnur, 100% gnar, 100% gxr, 100% gks, and
-7 pA
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3. Results

By varying ..y, gvars var> 8kr> and ggs in the DA cell
model, we found three dynamic states. The first was a
hyperpolarized steady-state. An example of the time course
of the membrane potential of the DA cell model in this state
is shown in Figure 1A. The membrane potential in this state
is stabilized at a value below —50 mV. The second is a
repetitive spiking state. An example of the time course of the

membrane potential in this state is shown in Figure 1B.
Oscillatory activity of the membrane potential was observed
in this state. The third is a depolarized steady-state. An
example of the time course of the membrane potential in this
state is shown in Figure 1C. This state is similar to a
hyperpolarized state in that it was also stabilized at a specific
value. However, in contrast to Figure 1A, the value of the
membrane potential was stabilized at a more positive
potential (i.e., a value above —10 mV).
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Figure 2. The dependence of the dynamic states of DA cells in the mouse retina on (A) ,,, and gnup, (B) 14, and gnar, (C) Loy and ggr, and (D) 1, and ggs.
o indicates a hyperpolarized steady-state; ® indicates a repetitive spiking state; © indicates a depolarized steady-state
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The dependence of the above three dynamic states on /,,,
and ionic conductance values were revealed in detail (Figure
2). The present study investigated the dynamic states in the
(Iypp» 8nep) parameter space (Figure 2A), (Lyp, Evar)
parameter space (Figure 2B), (/,,,, gxr) parameter space
(Figure 2C), and (/,,,, gks) parameter space (Figure 2D). In
the (1, gnep) parameter space (Figure 2A), a hyperpolarized
steady-state appeared when /,,, was —9 pA under conditions
in which gy,p was between 0% and 180% of a default value.
A repetitive spiking state appeared when /,,, was between —8
pA and -7 pA under conditions in which gy,r was between
0% and 160% of a default value. A depolarized steady-state
appeared when 1) /,,, was =9 pA and gy.r was 200% of a
default value and 2) /,,,, was between —8 pA and -7 pA under
conditions in which gy,p was 180% and 200% of a default
value. In the (/,,,, gnar) parameter space (Figure 2B), only
two dynamic states (i.e., a hyperpolarized steady-state and a
repetitive spiking state) appeared. An increase in gy,r at each
1., value changed the dynamic state from a hyperpolarized
steady-state to a repetitive spiking state. In addition, a
decrease in the /,,, value induced an increase in the gy,r
threshold for the transition from a hyperpolarized
steady-state to a repetitive spiking state. In the (/,,,, gxr)
parameter space (Figure 2C), a hyperpolarized steady-state
appeared when /,,, was =9 pA irrespective of the gxr value.
A repetitive spiking state appeared when /,,, was between —8
pPA and —7 pA under conditions in which gxr was between
60% and 200% of a default value. A depolarized steady-state
appeared when /,,, was between —8 pA and -7 pA under
conditions in which ggr was between 0% and 40% of a
default value. In the (/,,,, gks) parameter space (Figure 2D),
only two dynamic states (i.c., a hyperpolarized steady-state
and a repetitive spiking state) appeared. A hyperpolarized
steady-state appeared when /,,, was =9 pA irrespective of the
gxs value. A repetitive spiking state appeared when /,,, was
—8 and —7 pA irrespective of the ggs value.

4. Discussions

The present study performed a numerical simulation of a
DA cell model and detailed the dependence of the dynamic
states of the model under hyperpolarized conditions on four
ionic conductances (i.e., gv.r> Evar» Lxr» and ggs). Previous
studies showed that repetitive spiking of the DA cell model
under hyperpolarized conditions stops in the absence of
either gy,r or gyap [1, 2]. However, the effect of increases in
2nar and gy,p and variations in ggr and gxs on the DA cell
model under hyperpolarized conditions remained unclear. To
resolve this problem, the present study systematically
investigated the effect of both an increase and decrease in all
four ionic conductances and revealed previously unreported
methods for preventing repetitive spiking under
hyperpolarized conditions: an increase in gy,p (Figure 2A)
and a decrease in ggr (Figure 2C). In addition, the finding
that the absence of gy,r stops repetitive spiking under
hyperpolarized conditions (Figure 1A and Figure 2B) is

consistent with previous studies [1, 2]. Interestingly,
although the previous result indicated that repetitive spiking
under hyperpolarized conditions stops in the absence of gy.p
[2], the present study cannot reproduce this result (Figure 1B
and Figure 2A). Although both the previous [2] and present
studies investigated the DA cell model under hyperpolarized
conditions, these conditions were implemented differently.
The previous study hyperpolarized the model by increasing a
leak conductance, whereas the present study hyperpolarized
the model by externally injecting a negative current. Based
on this difference, the present study cannot completely
reproduce the previous result. In summary, we can
categorize the mechanism underlying repetitive spiking of
the DA cell model under hyperpolarized conditions into two
types: (1) under one hyperpolarized condition, both the
transient and persistent sodium conductances are necessary
for repetitive spiking, and neither the transient sodium
conductance alone nor the persistent sodium conductance
alone is sufficient for repetitive spiking [2] and (2) under
another hyperpolarized condition, only the transient sodium
conductance is necessary and sufficient for repetitive spiking,
and the persistent sodium conductance is not required for
repetitive spiking (Figure 2A and 2B). Type (2) is a novel
mechanism discovered in the present study.

Although the present study investigated the dependence of
the dynamic states of the DA cell model on various ionic
conductances, similar findings have been reported in other
neuron models [4-6]. These three studies focused on
dynamic states under depolarized conditions, whereas the
present study focused on the dynamic states under
hyperpolarized conditions. Similar to the DA cell model, a
medial vestibular nucleus neuron (mVNn) model can
generate repetitive spiking [7]. In addition, the dependence
of the dynamic states of the mVNn model under
hyperpolarized conditions on ionic conductances was also
reported [8]. This previous study revealed the relationship
between two dynamic states (i.e., a repetitive spiking state
and a hyperpolarized steady-state) and ionic conductances
[8]. However, the present study revealed the relationship
between three dynamic states (i.e., a repetitive spiking state,
a hyperpolarized steady-state, and a depolarized steady-state)
and ionic conductances.

5. Conclusions

The present study completed a numerical simulation of the
DA cell model under hyperpolarized conditions and
characterized four voltage-dependent ionic conductances.
The importance of the present study is that it identified a
novel mechanism of repetitive spiking: repetitive spiking
under certain hyperpolarized conditions depends on the
transient sodium conductance but not on the persistent
sodium conductance. This contributes to a deeper
understanding of sodium conductance characteristics in the
DA cell model.
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