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Abstract Laskin introduced the fractional quantum mechanics and several common problems were solved in a piecewise
fashion. However, Jeng et al pointed out that it was meaningless to solve a nonlocal equation in a piecewise fashion and that
all the solutions in publication were wrong except the solution for the delta function potential, which was obtained in the
momentum space. Jeng’s critique results in a crisis of fractional quantum mechanics, that is, in mathematics it is quite
difficult to find solutions to the fractional Schrédinger equation and in physics there is no realization for the fractional
quantum mechanics. In order to eliminate this crisis, this paper reports some analytic solutions to the fractional Schrédinger
equation without using piecewise method, and introduces the relativistic Schrdodinger equation as a realization of the

fractional quantum mechanics. These two sister equations should be studied at the same time.
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1. Introduction

In 2000, Laskin introduced the fractional quantum
mechanics [1-3]. As the first example he solved the infinite
square well problem in a piecewise fashion [3]. Since then,
the piecewise method has been widely used in this field. In
2010, however, Jeng, et al [4] criticized that it was
meaningless to solve a nonlocal equation in a piecewise
fashion and they demonstrated thatit was impossible for the
ground state function to satisfy the fractional Schrédinger
equation near the boundary inside the well. In a series of
papers [5-8], Bayin insisted that he explicitly completed the
calculation in Jeng’s paper and the wave functions did satisfy
the fractional Schrédinger equation inside the well. Hawkins
and Schwarz [9] claimed that Bayin’s calculation contained
serious mistakes. Luchko [10] provided some evidence that
the solution did not satisfy the equation outside the well. On
the other hand, Dong [11] re-obtained the Laskin’s solution
by solving the fractional Schrédinger equation with the path
integral method. It is not easyfor readers to judge their
mathematical argument [12, 13], but weagree with Jeng that
the piecewise method to solve the equation is wrong, since
recently we explicitly and inarguably showed that the
Laskin’s functions did not satisfy the fractional Schrodinger

equation with & =1 anywhere on the x-axis [14].

According to Jeng, et al [4], only the solution for the delta
function potential [15-17] was acceptable and they
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themselves provided a solution for the one dimensional

harmonic oscillator potential for the case a =1 [4].
Readers have been looking forward to some other solutions
to the fractional Schrddinger equation since the simple
solutions for the infinite square well potential were
disproved. Jeng et al [4] also showed their concern that there
was no realization of the fractional quantum mechanics.

Jeng’s critique resulted in a crisis within fractional
quantum mechanics. In mathematics it is not easy to find a
solution to the fractional Schrddinger equation, and in
physics it is not easy to find realizations for the fractional
quantum mechanics. In order to eliminate this crisis, this
paper reports some solutions to the fractional Schrédinger
equation without using the piecewise method, and introduces
the relativistic Schrodinger equation [18-21], as a realization
of the fractional quantum mechanics. Several solutions for
the relativistic quantum mechanics are also presented.

2. The Relativistic Schrodinger
Equation: A Realization of the
Fractional Schriodinger Equation

In this section we will list the standard, fractional, and
relativistic ~ Schrédinger  equations in  one- and
three-dimensional spaces, and explain why we claim the
relativistic Schrdédinger equation is an approximate
realization for the fractional Schrédinger equation.

2.1. The Schrédinger Equation

In the standard quantum mechanics [22, 23], the
time-independent Schrédinger equation is
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Hl//(l’)=El//(r), (1)

where (r) is a wave function defined in the 3 dimensional Euclideanspace R®, E is an energy, and r is a vector in the 3

dimensional space.
The Hamiltonian operator

H=T+V(r) @)

is the summation of the kinetic energy operator and the potential energy operator.
The standard kinetic energy operator is

P , ©)
2m 2m
where p =—iAV is the momentum operator. As usual, m is the mass of a particle and A is the reduced Plank constant.
The one dimensional time-independent Schrédinger equation is
n* d?
—%yw(x)+V(x)l/l(X)=EV/(X), “)

where the wave function l//(X) and the potential V (X) are defined on the x-axis.

2.2. The Fractional Schrddinger Equation and Its Scaling Property
In 2000 [1-3], Laskin generalized the classical kinetic energy and momentum relation (3) to

a al2
T, =D, Ipl= 7z, mc? [%j =D, (-#2v?)", ©)

where ¢ is the fractional parameter, the coefficient D, = x, mc? / (mc)“, Z, is a positive number dependent on

o , and c is the speed of the light. Originally Laskin [1-3] ever required the fractional parameter 1< o < 2, but in this paper
we allow 0 < a <0, as in [4, 9], with an emphasis on the simplest nonlocal case o =1.

In the case o = 2, taking X, = 1/ 2, the fractional kinetic energy is the same as the classical kinetic energy

2_1_o(IplV _p
> =Dy p| 5 (mcj o

2

(6)

In the case @ =1, taking X, =1, the fractional kinetic energy is the approximate kinetic energy in the extremely

relativistic case,

Ti=Dilpleme?Blcjp| @
The definition of the fractional kinetic energy operator is
T () =———=D, [.5 o) IpI* expliE-r)ip. ©
(27h)
where
o) =——— [ w () exp(-i2 )’ o)
J@zn)® R h

is called the wavefunction in the momentum space [22, 23].
The fractional Schrodinger equation is
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Hal//(r)= El//(l’) (10)
H, =T, +V(r). 11)

When «a =2, the fractional Schrodinger equation recovers the standard Schrédinger equation; when « =1, the
fractional Schrddinger equation is

Hll//(r)= El//(r). (12)

For a =1, the following scaling property is straightforward.

Scaling property. If a wave function (r) and an energy E is a solution of the fractional Schrédinger equation for the

potential V (r)

Dylply(r) + V(Ny(r) = Ew(r), (13)
then t//(ﬂ,r) and AE is a solution of the fractional Schrodinger equation for the potential AV (ﬂr), i.e.
Dy [plw(4r) + AV(4r) y(4r) = AE w(4r). (14)

In this paper A is an arbitrary positive number.

The proof is trivial. From (13) we have

=Dy [plw(an) +V (ar)y(ar) = Ey(ir). (15

For a potential satisfying AV (lr) =V (r) such as (1) the coulomb V (r) —-Ze?/r with ethe charge of an

electron and Z the order number of an atom, or (2) the radial delta function potential V (r) = —V05(I’) with the constant

Vo > 0, the scaling property can be described simply as follows.

Scaling property. For a potential V (r) with a property V (r) =AV (/Ir), if a wave function t//(r) and an energy
E is a solution of the fractional Schrédinger equation Hlt//(r) = Et//(r), then the wave function w(/lr) and the

energy AE is also a solution.

The one dimensional fractional Schrédinger equation is

H,w (x)=Ew(x) (16)
H, =T, +V(x). (17)
When a =1, we have
Hyy (X) = Ey (X) (18)
H1:T1+V(X):Dl| p|+V(X): Dlh%H +V(X). (19)

In this paper, the bold H denotes the Hilbert transform [24] while a normal H denotes the Hamiltonian operator.
From the definition of the fractional kinetic energy operator, we have
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T (x) =Dy | ply (x)= 21h Dy| pl [y (x")exp(-ipx/ R)dx" exp(ipx/7)dp
_ D
- j Iq j x")exp(~ikx)dx" exp(ikx)dk
Dl j (i sgn(k))(ik) j x")exp(—ikx)dx' exp(ikx)dk
Dlh d .[ (- |sgn(k))j exp( ikx)dx"' exp(ikx)dk (20)
d d
:Dlh&Hl//(X): Dth &W(X)
d 1 d 1
_Dlhdx(l'y(x) ﬂXJ Dlh(dxw(x)j*g

-1
= Dlhl//(X)*—Z
X

where * denotes the convolution, and 1/ X and (1/X)'=-1/ x% are generalized functions [25]. We point out that

the generalized function —1/ (27z2X2) is the well-known ideal ramp filter, which plays an important role in the theory

and applications of Computed Tomography [26, 27]. We will discuss the relationship between fractional quantum mechanics
and the computed tomography in another paper.

The Dirac delta potential V (X)=-Vod(x) with Vo >0 satisfies V (X)=AV (Ax) . Based on the scaling
property, if a wave function (X) and an energy E is a solution of the fractional Schrodinger equation Hqy = Ey with

a delta potential well, then the wave function (/”LX) and the energy AE is also a solution. See Problems 3, 7, & 9.

2.3. The Relativistic Schrédinger Equation

According to the special relativity, the revised kinetic energy is [18]
T, «/p c?+ mzc4 (21)
where the subscript r means special relativity.

For the case of low speed, the relativistic kinetic energy is approximately the summation of the rest energy and the classical
kinetic energy (a = 2)

2
T, ~ mc? +§—m —=mc? +T,, (22)

and for the case of extremely high speed, where the rest energy can be neglected, the relativistic kinetic energy is the
fractional kinetic energy with a =1

Generally speaking, if the speed of a particle increases from low to high, the relativistic kinetic energy T, will

approximately correspond to a fractional kinetic energy T, , whose parameter & changes from 2 to 1. Therefore the

relativistic kinetic energy is an approximate realization of the fractional kinetic energy.
The definition of the relativistic kinetic energy operator is

r1//(r) = \/—hzczvz +m2cty(r)

W Jre NP+ m’c? exp(iP-r)ap @
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where @(p) is the wave function in the 3D momentum space.
The relativistic Schrédinger equation is

Hew (r)=Ew(r)
H =T, +V.
Accordingly, the 1D relativistic Schrédingere quationis
Hew (X)=Ew (X)

2
He =T, +V =\/—h2026—2+ m’c* +V (x)
OX

As two sisters, the relativistic and fractional Schrédinger equations should be studied at the same time.

3. Solutions to the Fractional Schrédinger Equation

We will study the one dimensional problems first and then the 3D problems.

3.1. One Dimensional Problems

Problem 1. (Thefree particle.)
For V(X) =0, the fractional Schrédinger equation H i = Ey  has the solutions

w (x) = exp(ikx)

E=D,(n|k])*
with —o0 < K < o0, or equivalently

w (x) =sin(kx), or cos(kx)
E =D, (7k)*
with K>0.
Proof. According to the definition of the fractional kinetic energyoperator [1-3], we obviously have
How (X) = D, T,w (X) = D, (-h2V?)*'? exp(ikx)
=D, (n|k)*y (x)=Ey(x)

with —o0 < Kk <o, Further, for kK >0 we have

H, sin(kx)=H, %(exp(ikx)—exp(—ikx))
_ D, (h|K])* %(exp(ikx)—exp(—ikx)) :
=D, (7| k)* sin(kx) = Esin(kx),
and
H,, cos(kx)=E, sin(kx),
H,1=0.

Generally, if V (X) =V with V, a constant, the eigen-functions do not change but the new eigen-energies become

E=D,(h k) +Vp.

91

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)
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Problem 2. (A periodic potential.)
For the potential

b

—_—, @37)
b + cos(kyx)

V (x)= D, (k)"

where kO =/ a,aisapositive real number (as throughout this paper), b is a real number, and 0 < ¢ < 00, the fractional

Schrédinger equation H i/ = Ey has a solution

w (X) =b+cos(kyx) (38)
E =D, (7ky)” . (39)
Proof.
Since
| pI* cos(kgX) = (7ikg)” cos(kyx) o)
|p[*1=0
We have
Dyl pI*w
=D, | p|* (b+cos(kgX))
=0+ D, (7ky)* cos(KyX)
= D,, (1tky)” (b -+ cos(kgX)) - D, (7ike)“b (41)
b
=D, (7ky)* (b+cos(kyx))—D,, (iky)* ———————(b+cos(kyx
o (ko) (b-+C05(kg) = Dy (ko) = (b cos(lkg)
=Ey —Vy.
This completes the proof.
Further, we can calculate the average of the kinetic and potential energies of the particle.
Since
a * a 2
_[ NG (x)gy(x)dx:j a(b+c05(kox)) dx
- - (42)
- 2a(b2+1/ 2) = a(2b%+1)
the normalized function is
1
(X =—2(b+cos(kox))_ (43)
Ja(2b® +1)
The averages of the kinetic and the potential energy are
T a _ a 1
<T, >= j_aly (X)D| p|* ¥(x)dx = D,, (7ky) R (44)
a * 2b2
<V >=[" ¥V (x)dx =D, (iky)* . (45)
4 O o241
The average of the total energy is
<H> = <V>+<T,> = D,(nkg)* = E. (46)

Problem 3. (The Delta potential well.)
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For a Dirac delta function potential V (X) =—-Vyo(X) with V >0, the fractional Schrodinger equation Hqy = Ey
has a solution

w(x)=5(x), E=-0 (47
in the sense of a certain limit.
Proof.
The factional Schrédinger equation
Dyl plw(x) Vod(X)w(x) = Ey(x) (48)
can be rewritten in the momentum space as [22]
V, 0
D -0 = E (49)
1 ple(p) 2ﬂhj_oof/J(IO)dIO (p)
Vo
Dilple(p) +Ele(p) = ﬁ o(p)dp, (50)

where go( p) is the wavefunction in the momentum space.

We first change the integral limit in the above equation to a finite positive number pg, and then let Py — oo. Thus we
have

DyIplo(p) +Elw(p) = j”’" (p)dp 6y

VA 1 +po
°(P) = 2 D1|p|+|E|J.—Po o(p)p 52

Taking an integral of the two sides, we have

+0o _ o +Po Po 53
-[ o(p)p = 27h*=Po D1|p|+|E| p-[ o(p)p 59

If
+p
I_poo¢(p)dp #0 (54)
we have
_ Yo rpo 1 (55)
27h4-po D1|p|+|E|
V,
1= —2"In(1+pyD;/| E 56
ﬂth(pmll) (56)
_ D1 Po 57)
exp(whDy /Vy) -1
1 1
o(p) = (58)

|Dyp|+E| [Dyp/E[+1

Here = means that the wave functions at both sides are equal except for a constant coefficient. Obviously, a constant
coefficient is not important for an eigen-wavefunction.
Therefore we have
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lim E=-o0, (59)
Po—>©
lim ¢(p) =1. (60)
Po—©
Accordingly, in real space we have
lim w(x) —>d&(x). (61)
Po—©
We can simply write the solution as
w(x)=8(x), E=-o, (62)

which completes the proof.

Let us compare this solution with the solution in the standard quantum mechanics. This solution indicates that the particle
falls inside the potential well completely, while the solution to the standard Schrédinger equation with a delta potential well
indicates that the particle appears outside the well mainly. Therefore we see that Laskin’s particles are easier to be trapped
than Schrodinger’s particles. The second difference is that the delta potential well problem has a unique bound state in the

standard quantum mechanics but has more than one bound states in the fractional quantum mechanics (o =1), as we will see
soon.

Problem 4. (The linear potential.)
For a linear potential V = FX with F >0, the solutions to the fractional Schrodinger equation Hqy = Ey are

2 2
w1(X) :[\/g—C(§/2)jcos%+£\/%—S(§/2)]sin% (63)

where the functions C() and S() are Fresnel integrals, and

(B9

with EeR.
Proof.
The fractional Hamilton is
Hl =D 1| p | +Fx (65)
In the momentum representation [22]
) d
H, =D +ihF — 66
1 1l P ap (66)
The Fractional Schrodinger equation is
. d
D4l ple(p)+inF Eco(p) =Egp(p) (67)
1 d .D . E
———p(p)=i—2|p|-i—. (68)
o(p) dp hFE hF
Its solution is
. D . E
= Aexp(l—— —1— 69
»(p) p( T plpl = p) (69)

with A an arbitrary real number.
In the real space, the wavefunction is
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Vo) = jquo(p)expapx/h)dp

L[ exp
N2mh YR ZhF

2A 2 X
= — —_— d
«/27[ I ZhF Ak P+ 7] p) P
2 1 E
—(x——=) p)d
I 2hF P45 (X—g)pXp
2A 2hF 1 | 2nF E
= — — — d
N j cos(u +h ( D, J(x I:)u) u

F (e 2
=2A |——| cos(u© + &u)du
Dlﬁjo (u? +&u)

:CJ'(:Ocos(u2 +§u+§2 /4—9g2 / 4)du
:C_fgocos[(u+§/2)2 —§2 /4]du

=C I;O cos(u+.§/2)zcos.§2/4+sin(u+§/2)23in§2/4 du

_ E% oo 2 &2 oo 2
—CCOSTIO cos(u+<&/2)°du + CS'”TIO sin(lu+<&/2)du

:Ccosc’g—fO cosu’du + Csiné—joo sinu?du

4 &2 4 J&/2

_cf [7_ & [z _ &2
_C( 3 C(f/Z)jcos a +C[ 5 S(g/Z)jsm 4

C=2A |—
Dlﬂ'

This completes the proof.

Furthermore, since

C(+o) =S(+w)=+/7 /8, C(—»)=S(-0)=-7/8,

the limit behavior of the wavefunction is

Problem 5. (A periodic potential.)
The periodic function X(x) defined by

X(xX)=—|x|+a/2 xe[-a,a]
X(x+2a)=X(x) Xe (—o0,0)

95

(70)

(71)

(72)

(73)

(74)
(75)

is called a triangular wave, where a>0 is a real number, whose properties have been studied carefully in electronics [28-30].
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For the potential

_ 2D [ ZX
V(X)_EX(X)In‘tg(Zaj

the fractional Schrédinger equation Hy = Ey  has the solution

v ()=X (x)
E=0.

Proof.
We have

Hy () =Dy | p X(X)

d
= DyiH—(X(x))

= Dth(—sgn(sin%x))
X

o(5)

=-V (X)X (x)

= -V (X)y (x).

= —Dlhzln
T

Therefore we have
Hyw (x)+V (X)y (x) =0,

TX
t _
g(zaj

which completes the proof.
In the above proof, we used a formula

H(sgn(sin z X)) = 2 In
a T

which can be seen in book [23] (Equation 6.14, page 292, vol. 1).
Problem 5’. (The Dirac comb.)
The Schrédinger equation Hys = Ey with the Dirac comb potential

V(x)=- S(x—
(X) ma I’]:Z—oo (X na)
has a solution
v (x)=X(x)
E=0
Proof.
Since
n? d2 n? d N AN =
—EWX(X):%&SQH(SIHEX)=H D> (-D"5(x—na),

N=—o0

and

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)
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V(x)X(x):—m—aX( )n_z_:ooé(x—na)
(86)
ot
=13 S(x-na)X (na)= Z (-1)"5(x~nay),
we have - B
n? d?
—%de( )+VX (x)=0, (87)

which completes the proof.

We include this well-known result in standard quantum mechanics here so that the reader can compare the standard and the
fractional Schrddinger equations conveniently.

Problem 6. For the potential

2a
V(X):—Dlh 2 7 (88)
X" +a
with a>0, the fractional Schrodinger equation Hqy = Ey  has two and only two bound states
a
X" +a
X
l//2(X): 2 2 EZZO. (90)
X" +a
Proof.
We need a well-known Hilbert transform pair [24]
a X
H = (91)
X2 + 8.2 X2 + 8.2
X —a
H = . (92)
x?+a? x?+a’
Taking the derivative of the above two equations, we have
d a _ 1 . 2a° )
2, .2 2, .2 2
dXx x°+a X° +a (x2+a2)
d X 2ax
—H =" (94)
dx  x“+a® (x“+a‘)
Multiplying by the constant D7, we have
d a hooa 2a a
Dlh—H 2 2=—D1 2 2+D1h 2 2 2 2 (95)
dx x“+a a x“+a X“+a” x“+a
d X 2a X
Dii—H =Dn (96)
X2+c'il2 X2+<‘312 x2+a2
Therefore we have
Dy | ply1(X) = Egq (X) -V (X) (97)

Dyl plwa(X)=E; =V, (X) (98)
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where
E1=—D1h/a, E2:0. (99)

From the shapes of the wave functions [24], we know that (X) is the ground state, and y» (X) is the first excited

state. Since the excited energy E, =0, we know that there are no more excited states. The particle has only two bound

states, the ground state and the excited state. This completes the proof.
Let us further calculate the averages of the kinetic and potential energies in this elegant problem.

The normalized functions are
/2a a
‘Pl(x) =\ 7 3 (100)
T X“+a

2a X
R oy

Since the wavefunction ‘¥; isevenand ‘¥, is odd, the two states obviously are orthogonal, i.e.

o0 * o0 *
.f_oo‘l’l(x)‘l’z(x)dx:.f_oo‘l’z(x)‘l’l(x)dx:o. (102)
In the ground state, the averages of the Kinetic and potential energies are
3 Dy 1 D7
<V>=—-———— <D >=——, (103)
> a 1| Pl 7 a
In the excited state, the averages of the kinetic and potential energies are
1 Dk 1 Dy
<V>=-="1 <Dp| > = == (104)
2 a 2 a
Problem 7. For the delta function potential
V (x)=—2Dyhz5(X) (105)
the fractional Schrodinger equation
Hyy (x) = Ey (X) (106)
has two solutions
w1 (X)=75(x), Ep=-o0 (107)
1
l//z(X):;, E2 =0 (108)
Proof. In the above example, let @ — 0, and notice that
. a
lim ﬁ = 72'5()(),
a—0
-0Xx“+a (109)
. X 1
Ilm ﬁ = .
a->0x“+a X
This completes the proof.
The two solutions can also be written as
1 (X)=6(x), Ep=—o0 (110)
1
wy(X)=—, E»=0 (111)

TX
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This result is consistent with the solution for Problem 3 and the scaling property discussed in Sec. II.

Problem 8. For the potential
4a
Vv (X):—Dlh— (112)

x2+a2

with a>0, the fractional Schrodinger equation Hqy (X) = Et,//(X) has a bound state

2a’x _ __ Dy

() (x? +a?)? a
Proof.
Taking the derivative of the two sides of Equation (95), we have
DlhiH(_za Zj :_%(_Za 2j+D1h 4 ( — Zj (114)
dx \x“+a a \x“+a (x2+a2) X~ +a
a ’ a ' a ,
SYTYFICEN P %
! x2+a2 X2+<’:12 x2+a2

This completes the proof.
Notice that the potential in this problem is just 2 times the potential in Problem5, but their solutions are completely
different.

Problem 9. For the potential

V (x) =—4Dyhz5(X) (116)
the fractional Schrodinger equation
Hyy (X) = Ey (X) (117)
has a bound state
v (x)=76'(x), E=-. (118)

Proof. By letting a — O in Problem8, this statement follows immediately.

3.2. Three Dimensional Problems

Problem 10. (The Free particle.)
For V (r) =0, the solutions for the fractional Schrodinger equation H, v, = Ey,,
are

v, (r)=exp(ik-r) (119)
E, =D, (7k)“. (120)
with K any three dimensional vector. An alternative form of the eigen-functions is

Vo (r)= i1 (kr)Y,™ (6, 9) (121)

where j; is the spherical Bessel function of order |, Y,m (8, ) is the spherical harmonic function of degree | and order m
[22], (r, 8, @) is the spherical coordinate system, and k =| k | is the length of the vector k.

Proof. For V (r) =0, the standard Schrédinger equation
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Hy (r)= —%szx(r) =EV (r)

has the solutions
v (r)=exp(ik-r)
2,2
hk
E=—.
2m
From the relationship between the fractional Hamiltonian and the standard Hamiltonian
H,=T,=D,|p|*=D,(p?)*?=D,(2mT)*? =D, (2mH)*?,
we see that the fractional Schrédinger equation
Howo (N =Eqp, ()
has the solutions
v, (r)=exp(ik-r)
E, = D, (nk)“*.
In the spherical coordinate system, the classical Schrédinger equation

Hy (r)= —%szx(r) =EV(r)

has solutions
v (r)=iknY,"(0.¢).
Since
H g it (k0)Y,™ (6, 9) = D, (2mH)“'2 jy (kr)Y," (0, 9)
=D, (h*k?)“'? ji (k)Y (6, ¢) = D, (k)" ji (kr)Y," (6, ¢)
the solutions to the fractional Schrédinger equation has an alternative form
e (r)=ii(kN)Y,"(0.9),
E, =D, (7k)*.
Problem 11. The function

1 J- 1
3
(27zh)* 'R D, |p[*

Y (r)= exp(i%r)d3p

and E=0 is a solution of the fractional Schrédinger equation H i = Ey with the potential
V(r)=-5(r)/Y(r),
where o(r) =0(x)o(y)o(z)=0o(r)/ (27rr2) is the Dirac’s delata function in the 3D space.
Proof. It is easy to verify that
D, IpI*Y(r)+V (r)Y(r)=65(r)-4(r)=0.

This completes the proof.
There are two special cases, where the wave functions and the potential energy can be given explicitly:

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)
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(1) When ¢ =2 we have

Y= )3 sz exp(i - 1)dp
2m 1 m 1
= exp(ik - r)d3k = = —_—
(27[)3 IR3 h?K? plik-r) W2 Azt p2 2zr

and
V() =5 Y ()=~ 15( ).
m

2

1
Therefore we say that for the central potential V (r) = ——2—5(r), the Schrodinger equation Hy = Ey
mer

. m 1
solution l//(l’)z—z— and E=0.
he 2nr

(2) When ¢ =1, we have

.P 3 1
Y(r)= exp(i=-r)d°p=
(27rh)3 '[Rs D |p| h (27z)3 '[R?’ Dl K|
4r 1 1 3 1
= exp(ik -r)d°k =—
D%t (27)° IR34;z|k| Plik-r) Dh2ﬁ2r2

and

V(r)=-o(r)IY(r)= —-Dqhd(r).

exp(ik - r)d3k

101

(137)

(138)

has a

(139)

(140)

Therefore, for the central potential V (r)= —D4%0(r), the fractional Schrodinger equation Hyy = Ey has a

solution /(r) 1 and E=0
YT D 22212 |

Problem 12. (The harmonic oscillator potential.)
For a harmonic oscillator potential

V(r)=kr?,

the fractional Schrédinger equation Hqy = Ey  has solutions(in the momentum representation)

1 .
P(p) = 9(p) =S Ai(p—,)
En = ($kn?DE)Y |, 1.

where Ai(x) is the Airy function, I, is its n-th zero point, and x = (2D, / (khz))l/3

Proof.
The fractional Hamiltonian is

H, =Dy |p|+kr?.

In the momentum representation, the Hamiltonian operator and its eigen-equation are

=—ki*V5+Dy|p]

—kn?V5p(p)+D|p | p(p) = Ep(p)

(141)

(142)

(143)

(144)

(145)

(146)
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In the spherical coordinate system, the Laplace operator VS is expressed as

1% 1 d,. .0 1
= > p+ 2 . —(S|n0—)+ﬁ—2.
P op psing 00 00" p-sin“ 6 op
For a s-state wave function, w(p) = (p), the eigen-equation becomes

2

10
—khzgap—z pw(p)+Dypy(p) = Ew(p).

2
Vp

Let u(p) = pyw(p). Then we have
2

K- (P)+ DLPU(P) = ().
The solution of this equation under the condition u(0) =u(w) =0is
u(p)=Ai(kp-r,)
En = (Gkr*DY )Y Iny |

where Al is the Airy function, I, is its n-th zero point, and x = (2Dy / (khz))ll3 [4]. This completes the proof.

Problem 13. (The Coulomb potential.)

(147)

(148)

(149)

(150)

(151)

For the Coulomb potential V (r) = —Ze? [ rwith Z>0, and e is the charge of the electron, the fractional Schrodinger

equation has a solution /(r) =1/ r with E=0 when Ze? = 2Dl .

Proof.
In fact we have

1 1 1 3
D —=D —— |3 —5exp(ik-r)d~k
1Pl g = PulPl s ez exotien

DY/ 1 . 3 D}y 1 . 3
=——| ,—|k|exp(ik-r)d°k = —exp(ik -r)d°k
27)°3 Shl 27)3 'R°k
Dyharx 1 . 3, Dihdr 1
=———F1 | ;——exp(ik-r)d°k = =
(27)3 R 4k 27) r?
_bnl
27° r?
and
1 ze? 1 Dh 1
VO = 2
Arr r 4xr 27°r
Therefore we have
1 1
D —+V—=0
l|p|4 r 4rr

Dylply(r)+Vy(r)=0.
This completes the proof.

(152)

(153)

(154)
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4. Solutions to the Relativistic Schrodinger Equation
Again, let us study the one dimensional problems first and then the 3D problems.

4.1. One Dimensional Problems

Problem i. (The free particle.)
For V(x)=0, the solution for the relativistic Schrédinger equation H,y = Ey
is

w (x) = exp(ikx) (155)
E= \/(hkc)2 +m?ct (156)
with —0 <K <00,
Proof. According to the definition of the square root operator [18-20]

\ pzc2 +m?c? exp(ikx) = \/h2k2c2 +m?c? exp(ikx) ke R, (157)
the above statement is obvious.

The solution can also be written as

w (x) =sin(kx) or cos(kx) (158)
E= \/(hkc)2 +m2c*. (159)
with k>0.

Further, when V(x)=V, with V, a constant, the wavefunctions do not change but the new energy levels become

E= \/(hkc)2 +m2c* +Vp (160)

Problem ii. (A periodic potential.)
For the potential

b
\% (x)=(\/(hkoc)2 +m2c? —mcz)— (161)
b+ cos(kgx)
where ko = /la,aisalength,and b isareal number, the relativistic Schrodinger equation H ¥ = Ey hasasolution

w (X) =b+cos(kyx) (162)

E= \/ (hkoc)2 +m%c* . (163)

Proof.
From the definition of the square root operator [18-20],

\ p202 +m2c* exp(ikx) = \/hzkzc2 +m2c* exp(ikx) keR, (164)

\J p2c? +m%c? coskyx = Jthgcz +m2c* cos(kyx) (165)
\ pzc2 +m%c* 1 = mc? 1. (166)

We get that

Therefore we have



104 Yuchuan Wei:  Some Solutions to the Fractional and Relativistic Schrodinger Equations

Ty,

=4/ p%c® +m’ (b+cos(k0x))
=\ (kge)? +m?c* (cos(kgX) ) + mc2b
=/ (7kge)? +m%c* (b+ cos(kox))—(w/(hkoc)2 +m2ct - mcz)b

=\ (kg€)? +m?c* (b +cos(kgX) ) - (w/(hkoc)2 +m?c? —mcz)

=Ey -Vy.
This completes the proof.

Further, we can calculate the average of the kinetic and potential energies.
The normalized function is

(167)

b costk) cos(kex) (b+cos(kyx))

1

Y (%)= ————=(b+cos(kyx)
() \/m( 0 ) (168)

The averages of the kinetic and the potential energies are
2

a * 2b 1
<T, >= j_alp ()T, ¥ (x)dx = o +1mc2 + \(ikoC)? +m?c? . (169)

202 +1

R B 2b? 2. 24 2
<V >= Laqf (XV ¥ (x)dx = 2b2+1(«/(hk0c) +m?c* —me ) (170)

The total energy is

<H >=<T, >+<V >= \/(hkoc)2 +m?ct =E. (171)

Problem iii. (The delta potential well.)
For a Dirac delta function potential V =-Vyd(X) with V >0, the relativistic Schrodinger equation H,y = Ey
has a solution
w(x)=6(x), E=-o (172)

in the sense of a certain limit.
Proof. The proof is similar to Problem 3.
The relativistic Schrodinger equation

VpPe? +micty (x) Vos () (x) = Ep () )

can be rewritten in the momentum space as [22]

V, o0
Jp%e® +m’cto(p) -—Oj_w(p(p)dp = Ero(p) (174)

27h

Vi
Vo’ +m’cto(p) +Ele(p) = 2|  o(p)p (175)

2mh -

We first change the integral limit to a positive number Py > MC, and then let Py — +00. Thus we have

Jp%? +mPcto(p) +E v (p) = rp" (176)
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V, 1
o(p) = 52 [y ooy ar

270 | p%c? +m2c* +|E, |~

Taking integral of the two sides, we have

+Po _ +Po (178)
B T o e i AL

P
If J.jpoogo(p)dp # 0, we have

dp - (179)

2”7“[ po\/p ¢’ +m c4+|E | ) J. \/p c +mzc4+|Er|

If the above integration is calculated only on a subinterval [mc, pg] < [0, py], we have

'[mc Jp’c +m2c4+|E |

dp<1. (180)

Since

p>me= p?>m?c? = p%c? >m?c*

:Zp c? >p 2c2 +m?c*

:\/_pc>\/p c? + méc? (181)
:>\/§pc+|Er |>\/p202+m2c4+|Er|

1 1
IDC+|E | \/p c+m%ct+|E, |

we have

<1 (182)

ch/—pc+|E |

Vo PotlErl/N2e)
nﬁhc mc+| E, | /(v/2 c)

(183)

Further we have

E. |52 PoC—mc exp(\/_ﬂhclvo))
;

exp(~27hc Vo) -1 (189
We see
|E(| >, as pyg— o, (185)
and hence the bound state energy
E =-—o. (186)
The wave function
o(p) = L = ! (187)

\/p202+m204+| E, | \/p202+m204/| E |+1
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From Equation (185), we have
@(p)—>1 as py > . (188)
Accordingly, in the real space we have
w(X)—>5(x) as pg — . (189)

Again, a particle with a relativistic kinetic energy is easier to be trapped than a particle with a Newtonian kinetic energy.

Problem iv. (The linear potential.)
For a linear potential V = FX with F >0, the solution to the relativistic Schrodinger equation H y = Ey s

v (X) =J';ocos(buxfu2 +1+bln(u ++/u? +1)—ué)du (190)
E.mc, ma?
E=(x-p)-mb="1 (101)
with E€R.
Proof.

The relativistic Hamilton is

H, =p%? + mZc* + Fx. (192)
H, =y pzc2 +m?c? +ithi. (193)
p

In the momentum representation,

The relativistic Schrédinger equation is

Jp2c? + m2ct o(p) +inF j—pqo( p) = Eo(p) (194)

This equation can be solved easily

Ligo(p):L,[ p2C2+m2c4 —E, (195)

o(p) dp hF hF
Inp(p) :J#\/ p202 +m?%c? —# Edp. (196)
Ingo(p):% (\/p2+m202—E/c)dp
. [ 2, 22 .
__lc p\/p2+mzc2+mzczln pryp-+mc | IE
mc

(197)

- 2KF hF

i 2.3 [12. 202
o(p) = Aexp Lp /p2+m2c2+";h; |n PHyp-+mTc _;l_lE:p , (199)
mc

2hF

where A is an arbitrary constant.
Via Fourier transform, we can get the wavefunction in the real space



International Journal of Theoretical and Mathematical Physics 2015, 5(5): 87-111 107

109 = 7, o(p)explipe/ 1

A im2c® p+«/p2+m202 iE | ipx
= — +m?c? + -
T;mj xp(—< pyp? - =P+

ZhF

2A (o 2 2 9 mzc3 P+ p2+m2c2 E.p
=———| cos(—— py/ mc In X——)—)d (199)
FIO CnE PP e mc HXep
2.3
2Ach- U\/u2+1+r2hlcz In(u+\/u2+1)+(x—E)m)d

= CJ'O cos(buvu? +1+bIn(u+vu? +1) +u&)du

2Amc E.mc

C= \/ﬁ p=umc, &= (x——)—

(200)

Further, we point out that
w(X) >0 as X — +oo. (201)

It is because the value of w(X) is equal to the sum of an alternating series and the absolute values of the terms in the

series become smaller when X — +00.
Specifically, let us consider the integral

I(&) = J:;O cosG(u,&)du (202)
with

G(U,&) = (buvu? +1+bIn(u+Vu? +1) +ué . (203)

For afixed & >0, suppose that U, with n=0,1,2,3 satisfy that

Gy, &)=nzr+7xl2 (204)
cosG(u,,£)=0. (205)
We have
(E) =g+ 1+ Ty +eet Iy +ee (206)
With

1o (&) = j(‘)‘f’ cosG(u, £)du
1,(&) = ﬁ: cosG(u,&)du

(207)
u
Ih(£)=]," cosG(u,&)du
Un—1
Since the terms |, alternately change their sign, and
[ <ty f<e < 1y |<eee (208)

The series of 1(&) converges for any given & >0.
As & — 0, the interval between any two adjacent points, Uy 1 —Uy,, becomes closer to each other, every term
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1,,(£) = 0, and hence their alternating summation 1(&) — 0.
In other words, for any fixed & — oo, we have
w(X) >0 as X — +oo. (209)

It is relatively complicated to discuss the limit behavior of the wavefunction as X — —o0, so we omit it temporarily.
Interested readers can observe its behavior intuitively on a graph.

4.2. Three Dimensional Problems

Problem v. (The free particle.)
For V (r) =0, the solutions to the relativistic Schrodinger equation H (1) = E,w (r) are

y . (r)=exp(ik-r) (210)

E, = \/h2c2k2 +m2c? (211)
with K a three dimensional vector. An alternative form of the eigen-functions is
H m
ve (1) =il (kY™ (0,9). (212)

Proof. For V (r) =0, the standard Schrédinger equation
2

Hy ()= _j—mv%y(r) —EV(r) (13)
has the solutions
w(r)=exp(ik-r) (214)
2,2
UL (215)
2m

where k = k| is the length of the vector k.
From the relationship between the relativistic Hamiltonian and the standard Hamiltonian

H, = \/pzc2 +m?c* :\/chzT +m?c* :\/chzH +m?c? (216)
we know that the relativistic Schrédinger equation
Heyy () =Epy, (1) (217)
has the solutions
vy (r)=exp(ik-r) (218)
E, = \/hzczk2 +m2c* . (219)

Obviously, the wavefunction can also be expressed in the spherical coordinate system.

Problem vi. The function

Y(r exp(i %- r)d®p (220)

)=
(27n)* T \[2c2 4 mic?
and E=0 is a solution of the relativistic Schrodinger equation H . (r) = Ey () with the potential

V(ry==o6(r)/Y(r). (221)
Proof. It is easy to verify that
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p2c? +m%ctY (r) +V ()Y (r) = 8(r)- 5(r) =0. (222)

This completes the proof.

Problem vii. (The harmonic oscillator potential)
For a harmonic oscillator potential V (r) = kr2, the s-state energies for the relativistic Schrodinger equation, E,,
satisfy

Ekn?c?Y | < E, < (2n-1)ho+mc? (223)

where N=1,2,3,---, @=~2K/m,and 1, is the n-th zero point of the Airy function Ai(x).

Proof.
In the momentum space, we have

Hy =Jp2c2 +m2c? +kr2 = \Jp2c? + mZc* —kn?v2 (224)
—KIPV5p(p) +4/p’c? + m’c* p(p) = E;o(p) . (225)

Up to some constants, this equation is mathematically the same as the Schrédinger equation in the real space with a square
root potential

The Schrédinger equation is

2
—g—mvzy/(m k12 + 12y (r) = Ep(r). (226)

with k and rq are positive numbers. We also know that in standard quantum mechanics the energy levels become higher if the
potential becomes higher. Now let us return to the current problem.
Since

2

|p|c<«/p2c2+mzc4 <m02+§—, (227)
m

we see that the relativistic kinetic energy is smaller than the classical kinetic energy plus the rest energy mC2 , but greater
than the energy levels of the fractional energy with o =1 and D =c.
Specifically, for s-state, we have

(Akn*c?)3 |, < E, <me® +(2n —%)ha) (228)

n=123,---.
Here we used the result of Problem 12 and the energy formula for the classical harmonic oscillator [22].
Problem viii. (The Coulomb potential.)

For the Coulomb potential V = —e2 [ r, wheree is the charge of the electron, the energy eigen value of the relativistic
Schrodinger equation H w (r) = Ey(r)is

En|=mc2 1- L al - L [ N —Eja4+ﬂia55o|+0(a6) (229)
2n?  2n*\I+1/2. 4 157 n®

where 0L=e2 | hc s the fine structure coefficient, n is the principle quantum number, | is the angular momentum quantum
number. Only in this problem and its solution, o is not fractional parameter.

Proof.

The relativistic Hamiltonian is
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2.2 2.4 62
p°c+m°c’ -— (230)
The Schrodinger equation
2
e
Hy (r) =\p’c” +m?cly/(r) -~y (r) = By (r) (231)

has no analytic solutions by now. Since the relativistic effect is very small, we can use the perturbation method based on the

classical Hamiltonian

2 2
p €
Hg=mc? +— -— (232)
0 2m r
The classical Schrédinger equation
0 2 2
Hoy °(r) =mc?y (r)+ —v °(r) - v () =Ep°(r) (233)
has the well-known wave function 1//,?|m(r) and energy levels
1
EQ = mc? (1——2(12) . (234)
2n
According to the perturbation theory [22], the first order approximation of the energy is
2
En= <H> = <yp%c?+mict > - <&
r
1 235
= [ Bn@Np" + ety S ()% - —a’me? -
=mc?|1- ! a? - ! ( —Eja4+ﬁia55o|+0( )
on2 " ontlI+1/2 4 157 n
where
¢n|m(p) WIRBWnIm EXp( I_)d r (236)

is the wavefunction in the momentum space[23]. The details
of the calculation can be found in [19].

The new energy levels contain a valuable a5 term,
which is 41% of the observed Lamb shift [19]. We are trying
to find the exact solutions for the relativistic Schrédinger
equation with a Coulomb potential to see whether we can
explain the Lamb shift better in the framework of quantum
mechanics.

5. Conclusions

Jeng’s critique resulted in a crisis of fractional quantum
mechanics, that is, the fractional Schrédinger equation was
difficult to solve in mathematics and had no realization in the
real world. To eliminate this crisis, we present various
solutions to the fractional Schrddinger equation, and
introduce the relativistic Schrodinger equation as a

realization of the fractional Schrédinger equation. Several
solutions to the relativistic Schrédinger equation are also
presented. The standard, fractional and relativistic
Schrédinger equation should be studied together.

We wish that the winter of the fractional quantum
mechanics could go away and its spring could come soon.
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