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Numerical Solving of Boundary Surface Potential Integral
Equation and “Sliding” Problem
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Abstract Integral equation for electric field and potential in multilayer media is presented in this paper. Potential
distribution function at the boundary surface is obtained as the solution of the integral equation. In some cases it is possible
to obtain analytical solution of the equation. Such example is problem of a constant line charge parallel to dielectric
cylinder having circular cross-section. Combining this solution with conformal mapping, the potential distribution at the
surface of a square cross-section dielectric cylinder parallel to the line charge is determined. So-called "sliding"
phenomenon, which is noticed in this case, is also described in the paper. In addition to that, approximate potential
distribution at the boundary surface is determined in polynomial form, as the solution of above-mentioned integral

equation.
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1. Introduction

There are not many problems where electric field and
potential distribution can be determined analytically, in
closed form. Usually, it is possible to do so in analysis of the
systems with certain symmetry features or the systems in
which boundary surface completely or partially coincide
with coordinate surface of used coordinate system. Generally,
such problems are solved approximately, using appropriate
numerical procedure. Usually, the integral equations with
boundary surface charge distribution as unknown function
are used. Integral equation analysed in the paper, has
potential distribution at the boundary surface as unknown
function. It is formed using Poisson's integral for circle[1-2]
and boundary condition for normal component of electrical
displacement at the boundary surface. In such a way,
boundary conditions for tangential component of electric
field and potential are automatically satisfied. Previously
Poisson integral formula was revisited in[3].

Exact analytical solution of the integral equation for
system formed by constant line charge parallel to the
dielectric cylinder having circular cross-section is used for
approximate determining of potential distribution of the
similar system, with the dielectric cylinder having square
cross-section. Besides, Schwartz-Christoffel's transformati
on is used[4, 5]. After mapping interior and exterior area of
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cylinder, the positions of the neighbouring interior and
exterior point do not coincide, what presents "sliding"
phenomenon.

2. Deriving Integral Equation

Integral equation for boundary surface potential is the
result of the analysis carried out during determining Green's
function for the potential in the system constituted of
constant line charge placed parallel to the infinitely long
dielectric domain of arbitrary-shaped cross-section (Fig. 1).
The dielectric in above-mentioned domain is of permittivity
€1, while the system is placed in media of permittivity €,. The
potential distribution at the infinitely long domain surface is
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Figure 1. Plan-parallel electrostatic system

In order to derive integral equation for potential
distribution at the boundary surface, two independent
electrostatic systems are considered. They are formed using
complex functions z = f; (Lv) and z=f, @), which map

contour C from z -plane to the circle having radius 4 in w
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-plane. In that way, function f,, (v_v) maps interior area (1)

of cylinder to the interior of the circle in w =R, elVu

-plane, and f; (v_v) cylinder exterior area (2) to the exterior

area of the circle in w, = R elVs -plane, as it is presented
in Fig. 2a-b.
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Figure 2. Electrostatic systems formed using complex functions f u (v_v)
and fg @)

In general case, application of those complex functions,
causes so-called "sliding" phenomenon. "Sliding" can be
described in the following way: Let the point M, placed on
the surface of the dielectric cylinder in z -plane, be mapped to
the points Mg and M, in w, and w, -plane, respectively.
Both points, M and M, are placed at the circle of radius 4,
but on different positions. This problem can be solved by
analysing two independent electrostatic systems in w -plane.
One is formed of constant line charge ¢' placed in point

W, = R, q e’ parallel to the cylinder having circular

cross section of radius 4 with V,(\y,) as potential distribution
at the surface (Fig. 2a). Circular cross-section dielectric
cylinder having radius 4 presents second system. Dielectric
permittivity is € and potential distribution at the surface is
Vi(yy) (Fig. 2b). Since there is "sliding", i.e., the same point
at the surface (with unique potential value) is mapped on
different points using f,(w) and f; (v_v) once can

conclude V1(w,)=V>(\y;). Potential distribution in the systems
presented in Fig. 2a-b, can be determined using well known
Poisson's integral for the circle[1-2] as

AR} ]5 Vi(y)dy’
2n Rg + 4% —2R, Acos(y, —v')

b1 =do + (D)

—T
for system shown in Fig. 2a (potential at the points defined
with Ry < 4),and

q .. DR,
g+ 2R
O =T e "RR, o
+Rf—A2 "f v, (v')dy’
2 ¢ RI+A*-2RAcos(y,—-y')

for system from Fig. 2b (potential at the points defined with
Ry > A). In expressions above the following is valid:
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Also, the constant ¢ value depends on the referent point
choice and D parameter is obtained using quasistationary
image theory for cylindrical perfectly conducting mirror. It is
important to emphasize that expressions (1)-(2) represent the
potential inside (1), i.e. outside (2) circularly-shaped
cross-section boundary surface in Fig, but not at the surface.
That distribution is V(y,), i.e.V>(W;s). In order to determine
potential distribution in system presented in Fig. 1, it is
necessary to express coordinates R, v, (Fig. 2a) and Ry,
(Fig. 2b) using coordinates » and 6 in z -plane (Fig. 1).
Boundary conditions for potential and tangential component
of electric field are automatically satisfied at the cylinder
surface, and boundary condition for normal component of
electrical displacement is given as

slﬁgradd)l(Ru = Af): eyngradd, (R = A", ?3)
where n is normal ort on the boundary surface. In this way,

it is possible to form integral equation having potential
distribution at the boundary surface as unknown function.

3. Examples

3.1. Example 1

In the following text, procedure for deriving and solving
(analytical and numerical) described integral equation is
presented. That procedure is applied to the system formed
by line charge ¢’ placed parallel to dielectric cylinder
having circular cross-section of radius a. Distance between
line charge and cylinder axis is labelled with d (d > a) and it
is assumed that dielectric permittivity in cylinder is €, as it
is shown in Fig. 3. Cylindrical coordinate system with 7, 6
and z coordinates is placed so that z -axis coincides with
cylinder axis. Line charge ¢’ is situated on direction defined
with » = d, 8 = 0. Now, taking in consideration (1) and (2),
potential distribution can be expressed as

V(e')de'

22
(p1:(p0+ 2n _J-72+a2—2raCOS(e—e')’r<a’(4)
and
b=t 27(21'82 m%rl?
+r2_32 ]E V(H')dg , r>a.(5)
2z _ﬂr2+az—2racos(0—9')

In expressions (4) and (5) the following is valid:
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n =\/r2 +d? —2rdcos®

and 7, :\/r2 +(a4/d2j—2r<a2/d)cos6 .

With 7(0) the function of potential distribution at
boundary surface is labelled. Constant @,y can be determined
using condition that electric scalar potential at the axis is the
same as in infinity @ (—0) = ¢ (—®), and in that way is
obtained,

1
9o == [V(e)do. (©)
T
—T
In this case is
¢o=0. (7

Applying expression (A5) from Appendix 1 (on (4) for
R=r/a and on integral part in (5) for R=a/r ) and
expression (A7) on logarithmic part of (5), (4) and (5) are
developed in Fourier's series. Now, potential can be
expressed as

T 0
P =99 +%IV(6‘ ;[gj” cosn(e—ev) +% d6"(8)
_n =

in interior, and

17 '
b=dy+— [ V(0)

[t

. q i (1)"_ ﬁn cosné
27s, 51 \d dr n

in the exterior of the cylinder. The expression (9) is Foureir's
series of the expression (5) which has closed form and it will
be applied at the boundary surface defined with » =a . The
singularity for r — o is the result of developing closed
form (5) into series (it does not make problem in closed form
©)2

Substituting two previously presented expressions and for
r = a in (3), integral equation for potential distribution at
electrode surface is obtained,

qvi@]n cosnf=(g +é,) ]{ V(B')[incosn(€—9')]d9'.(10)
n=l1 n=l

-

Solution of integral equation (10) is assumed as the sum

0 ' n
v(e)=S7, oV =—4 121 a1
0)= Sricosne = L[5

The coefficients V,, n=12,... (11) are obtained after
applying the solution of the integral

T Y

jncosn@'cosn(@—@v)de': '[ nécosn@d@v =nmcosn0,
T =T

on integral in (10) and comparing left and right side of the

expression (10). Using (A7), the solution for the potential

distribution at the cylinder surface is expressed in the closed

form,

- 2TE(8+80 d

Function of potential distribution (12) is identical to the
solution obtained by using image theorem in cylindrical
mirror. Potential distribution at the surface of the cylinder
presented in Fig. 3, is shown in Fig. 4 for d/a=1.5.
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Figure 3. Dielectric cylinder and line charge
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Figure 4. Potential distribution at dielectric cylinder surface

3.1.1. Approximate Determining of Potential Distribution

It is also possible to determine potential distribution
numerically, where it is assumed that potential distribution
has some other form. For example, for system presented in
Fig. 3, potential distribution at the cylinder surface, (taking
in consideration its symmetrical features), can be assumed in
polynomial form
n

(13)

0
T

ve)- 3.,

Besides, considering condition that value of the electric
field tangential component at the surface point defined with
0 = 0 is zero, it is obtained that C; = 0. The same condition
for point defined with » = a, 6 = & results with the following
equation

N
> nC, =0. (14)
n=2
In order to explain procedure for numerical determining of
coefficients C,, n =0,1,2,...N, potential distribution (13) will
be expressed as

v (0)=Cy +Vp(0), (15)
Where
N 0 n
Vp(0)= 2 Co (16)
n=1

The value of coefficient Cy = V' (8 = 0) depends on the
referent point choice. It can be calculated from condition (7)
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using expression (6), after determining coefficients C,, n =
1,2,...N. Calculation of those coefficients is based on the
procedure described in the following text.

After substituting (16) in expression (10), carrying out
some simple mathematical transformations and using C; =0,
it is obtained

N i 0 n q, a m
C, || — 0')d0'=———| — =1,2.....(17
2 JU cos{n) zm<sl+ez>(dj m=h2 (1)

Since there are N — 1 unknown coefficients (C,, n =2,...N),
system of linear equations constituted from equation (14)
and total N — 2 equations given with (17) (m =1,...N — 2), as
solution gives coefficient values C,, n = 2,...N.

Exact and approximate potential distributions on upper
half of dielectric cylinder surface for different degree of
approximation (13) and d = 1.5a are presented in Fig. 5. For
degree higher than 5, approximate distribution is very close
to exact solution.
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Figure 6. Absolute value of relative error of approximate potential
distribution

Absolute value of relative error
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distribution at upper half of cylinder surface is presented in

Fig. 6. Analysing Fig. 5 and 6, it can be noticed that error has

maximum in the vicinity of the surface point where potential

value is 0. That error maximum is local, and exists on very

narrow part of electrode surface.

determining  potential

3.2. Example 2

The square cross-section dielectric rod, having side ais
analysed. Dielectric permittivity of he rod is €; and line
charge ¢’ is placed near the rod, on direction r=4d
(d>0.5a), 6=0 (Fig. 7). The permitivitty of surrounding
media is €.

€, g

i »ld »

Tal2 d

Figure 7. Dielectric rod and line charge

The potential of the system can be expressed as
@1 =@ +¢'Gipt (r,0,d) , inside, i.e. (18)

07 = 0 + ' Gyt (s G,d), outside therod.  (19)

In (18)-(19), Gy (r, 0,d ) labels Green function for the

electric scalar potential of the line charge from Fig. 7 inside
rod, while Gy (r,0,d) is the corresponding Green

function outside the rod. Constant ¢, can be determined
using condition that electric scalar potential at the axis is the
same as in infinity ¢ (—0) = @ (—). Since there are not any
appropriate Green functions, the problem has been solved
applying approach which includes complex function.

Using Schwartz-Christoffel's transformations

w
[ dw
Z:CII—_ +Cy and (20)
1\l1+v_v4
w
ngII ,1+L4dv_v+C2, 21
w
| w

rod interior is mapped to interior of unit circle (function (20)),
and exterior area of rod is mapped to unit circle exterior
(function (21)) in w -plane[7]. In this way, problem from z

-plane is reduced to analysis of the system presented in
Example 1. Obviously, complex functions (20) and (21)
correspond to the functions £, (w) and f;(w) introduced
in second chapter of this paper, respectively. As it has been
already explained, to determine potential distribution in the
system presented in Fig. 7, it is necessary to express complex
coordinate w using radial coordinates » and 6 in z -plane.
In this case, for complex function (20) and (21), that is
possible to carry out this numerically. Among others, there is
procedure based on iterative process, proposed in[7]. For
mapping point defined with z =2z, from exterior of square

cross section rod, corresponding value of complex
coordinate w=w, in w -plane is obtained from iterative

procedure as
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; (22)

o (0.5) wi =
where Sg(w)= Z =
n )l1-4n
n=0
number. In similar way, it is possible to derive iterative

procedure for mapping interior of the rod ( z -plane) from Fig.

7 to unit circle interior ( w -plane),

2Sui(l)zk =Sy (LVE))
+ ‘ -0.5
)
where S, (w)= i(— O.SJ witdn
0

wl 1) =) : (23)
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mAT DT e
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Figure 8.

"Sliding"

Convergence of described iteration procedures (22) and
. . . 0
(23) depends on appropriate choice of starting value v_vg()

For largest part of space, described procedures are
convergent if starting values are chosen as

w® =25,(1)z, /a 20)),

v_vg(o) =25, (I)gk / a (procedure (23)). In areas where those

start values do not provide convergence, it is necessary to
chose start values using some other criteria. It can be
"searched" for starting solutions in area where they are
expected to be found. In this case, for boundary surface, the
facts that square cross-section is mapped to unit circle and
that corresponding points in w -plane are known for the

(procedure and

square edge in z -plane, are used. So, it is possible to reduce

complex function to real function of one argument. Then,
numerical value of inverse function can be determined and
used as starting value that provide convergence of iterative
procedures (23) and (23). In this case, in previous text

described "sliding" phenomenon can be noticed. It is
illustrated in Fig. 8. The surface points placed between A and
B on the rod are not mapped to the same points on unit circle
using complex functions (20) and (21). Mappings (20) and
(21) map points A and B to the same points. That could be
expected, concerning existing symmetry and cross-section
geometry.

Potential distribution at the rod surface (Fig. 7), using
analytical solution (12) for system from Fig. 3 and complex
functions (20) and (21) for d = a, is presented in Fig. 9.
Because of "sliding", for different complex functions,
different potential distributions are obtained.

A 1N2n(ete,)/q’ C B
20T

7\ function (21) @

\
+
\
v

Figure 9. Potential distribution
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Figure 10. Approximate potential distribution when complex function (20)
is used
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Figure 11. Approximate potential distribution when complex function (21)
is used
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In Figs. 10 and 11 approximate potential distributions are
presented, when above described procedure for approximate
determining of potential distribution in polynomial form is
used. The approximate distributions are compared with
functions obtained using exact solution (12), when complex
functions (20) and (21) are applied. The degree of
approximation (13)is N =5.

4. Conclusions

Integral equation for electric field and potential in
multilayer media is presented in this paper. Solution of the
integral equation is potential distribution at the boundary
surface. Analytical solution of the equation can be obtained
in some cases, as it is the problem of constant line charge
parallel to the dielectric cylinder having circular
cross-section. Using this solution in combination with
conformal mapping, the potential distribution at the surface
of square cross-section dielectric cylinder near parallel line
charge is determined. Besides, the so-called "sliding"
phenomenon is described. The procedure for approximate
determining of potential distribution at the boundary surface
is also presented. Potential distribution function is
approximately determined in polynomial form. This
procedure can be used in the solution for the transmission
line with non-uniform or magnetoelectric filling[8] and will
applied for the calculation of complex microwave devices.
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Appendix 1

The sum of complex geometric series is

1

(o o] . e
2.z" = Z2=Re!" (A
n=0 -
Real part of previous expression has the form
0 —
S R" cosnf = L"Sez Jie. (A2
n=0 1-2RcosO+R
ZR”cosn9+1:Losez. (A3)
n=1 1-2RcosO+R
Consenquently is
D> R"cosnb+1 :Los@z’ ie. (Ad)
n=l 1-2RcosO+R

o0 _p2
> R" cosnf+L = IR 5 (AS)
ol 2 21-2Rcos®+R
Appendix 2
Integrating expression(A1) obtaines
0 Zn+l o N
> E=—=-In(l-z2),ie ) =—=-In(l-2), (A6)
n=0"" 1 n=l1
whereis z= Rel?.
Real part of previous expression has the form
[>e} n
ZRC—Osne:—ln\/l—ZRcos(9+R2 . (A7)
n=1 n
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