International Journal of Electromagnetics and Applications 2012, 2(5): 114-119

DOI: 10.5923/j.ijea.20120205.04

Added Solutions of Boundary Value Problems for

Double-Layer Guiding Structures

V. A. Malakhov’, A. S. Raevskii, S. B. Raevskii

Nizhniy Novgorod State Technical University, Nizhniy Novgorod, Russia

Abstract Existence of the added waves in double-layered cylindrical guiding structures is considered in the article.
The added waves ensure completeness of solutions of boundary value problems for layered guiding structures.

It is shown that eigenvalues, corresponding added waves (or adjoint waves), can be detected at points of the Jordan’s
multiplicity of the wavenumbers. At these points characteristics of two normal waves joint and complex waves originate.
The added waves define frequency boundaries of a complex resonance which originates as a result of a exciting of couple

of complex waves.
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1. Introduction

The question about added waves of guidingelectrodynam
ics structures is emerged in connection with boundary value
problems:

L(u)=0; Uv=0 (1)

(L — Differentiation operator, U,=0 — system of boundary
conditions, v=1,2,3 ... n),

for which we can formulate added boundary value
problems, consisting of differential equations:

1 oL 1 0L
L +——(  )t+...+—- =0 (2
()5 G2 )+ gz o)
where g=1,2 ...k, and boundary conditions:
1 oU, 1 0U, _
U, ((oq)+ﬁ~—6/1 (¢q71)+...+;- oYY (,)=0 (3
Functions ¢4 in Eq. (2) and Eq. (3) are called the added
(or adjoint) functions. Functions @4 are added to the function

@o. These functions obey Eq. (2) and boundary conditions Eq.

(3) for eigenvalues A=hy. @y — the solving of the boundary
value problem (1).

Solutions of the adjoined boundary value problems
describe the so-called added waves or adjoint waves
(AWs)[2]. In[3], it was showed that AWs origin in the points
of the Jordan’s multiplicity of the wavenumbers of normal
waves. AWs ensure the completeness of the system of
normal waves, which are violated in these points.
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Completeness of system of normal waves is used for
solving of diffraction problems, intended for the calculation
of functional units for microwave and extremely high
frequency. Completeness of diffraction basis determines
correctness of solutions of the boundary value problem.

Features of AWs influence characteristics of complex
resonance[4-6], which originates in guiding structures (the
result of pair interaction of complex waves).

A steepness of front of frequency characteristic of a
band-pass filter on complex resonance[7] depends on
accounting of AWs.

Characteristic property of AWs is linear dependence of
their amplitudes from longitudinal coordinate. First
particular information about results of solution of the added
boundary value problems for multilayer guiding cylindrical
structures was perhaps presented in[8-10].
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Figure 1a. The round double-layer shielded waveguide
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2. The Boundary Value Problems for
Added Waves of Double-Layer
Guiding Cylindrical Structures

In this paper guiding cylindrical structures with two
concentric layers are discussed. The article deals with a
round shielded waveguide with two concentric layers (Fig.
1a) or a round dielectric waveguide placed in infinite
homogeneous medium (Fig. 1b).

These structures are used in functional units for
microwave, extremely-high frequency and optical devices.

Electromagnetic fields in these guiding structures are
described by longitudinal components of the Herz vectors of
electric and magnetic fields, which obey the Helmholtz
equation:
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Figure 1b. The round dielectric waveguide
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where r, z are the cylindrical coordinates.
A solution of this equation that corresponds to the AWs
has the following form:

coS ne

e =[R(r)f(z)+§(r)f(z)]{ (5)

sinng

Functions incoming in Eq. (5) obey equations:

2
R'(r)+R(r)/ r+| &* -2

E”(r)+§’(r)/r+(a2—njjﬁ(r)=R(r) ”

["(2)+Bf(2)=-/(2) ®
f"(2)+Bf(z)=0  ©

o and P are the transverse and longitudinal wave numbers,

that are related as:
suw’ =a’+ B’

Egs. (7) and (8) are added to Eqs (6) and (7), respectively.

R(r) is either the Bessel function (for the radial field
profile in the inner layer of the guiding structure) or a
combination of cylindrical functions of the 1st and 2nd kind
obeying the corresponding (Dirichlet or Neumann) boundary
conditions on the shield (for the radial field profile in the
outer layer) or the Hankel function for the field in the outer
infinite layer of a round dielectric waveguide.

The Herz vectors (5) are written[5] in the following form:

e,m
where g = 1, 2 is the layer number an (aqr ) are the solutions of Eq. (6);

2
pnl(a]r)=“(°;’)[—2Y,,<a1r>J,,,(a,r)J,M<a1r>+

+J, (), ()Y, (oyr)+ Jn(alr)‘]n—l(a‘lr)YnH((x‘lr)]

pnz(cxzr)=M{%L(azr)[J,M(w)Yn,l(azr)+

+J, (0,1, (0,9)] =Y, (0 M, (0, () —

—iJ, ((er)Ynfl (0,1)Y,,, (0,r) + % Y, (azr)[‘]m (0,1, (a,r)+J, (a,r)Y,, (azr)]}

Function

e,m pe,m
(p(r) =C,"R, (aqr)+pnq ((xqr)
is the added general solution of Eq. (7); J, and Y, are the cylindrical functions of the 1% and 2™ kind.
Function (10) is a solution of the added Helmholtz equation. In right part of the equation is expression:

(-0 )R

nq

cos ng v

sin ng

Function (10) will obey the normal Helmholtz equation, if functionp,, q (OL ql”) is a solution of the added Bessel equation:

Using the boundary conditions formulated as we arrive at a system of equations that determine functions dependent on the
longitudinal coordinate. Equating the terms linearly dependent on the longitudinal coordinate z, we obtain a system of four

. . . . . e
linear homogeneous algebraic equations with respect to coefficients Dn1,2 and D:i,z :
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" = [C’Z’" R (aqr) +D," (— ;—;JR;” (a qr) + Py (aq F)HCOS I/l¢}e—iﬁ’z (10)

sinn¢

14 1 ! ? e,m e,m
pnq(aqr)-l_;pnq (thr‘)+ o’ _Z_z pnq(aqr): Dm; Rn(’z (thl”) D

Ezl(r:a):EZZ(r:a); Hzl(r:a):HZZ(r:a)
12)

E¢1(r:a):E¢2(r=a); H¢1(r=a)=H¢2(r=a) |

a!DyJ,(e,a)~a;Dy,R;, (a,a) =0 (132)
a’D"J (a,a)—aiD"R" (a,a) =0 (13b)

n

n e e e m ! m m’
ﬂg [Dnl']n (ya) = D,,R,, (aza)]+ 0)|:ﬂ1a1DnlJn (@) = o, D,5R, (aza)} =0 (13¢)

a)[glalDrflJz; (ora)— gzazD;sz;z, (aza):| + ,BZ[DZ;Jn (aa)- DR, (aza):| =0 (13d)

e e e e e e e e 14
o} CeyJ, (0,a) = a3Cro Ry, (a,a) = 03 Dyop, (a,a) = ai Dyp,, (@) + Dy J, (0,a) — Dy R}, (0,0) (14
m m pm e e m m pm 14b
a‘lzcnl‘]n((x‘la)_(X%CnZRnZ((xZa) = angﬁan(a’Za)_(x’llellpnl(a‘la)+Dnl‘]n (a’la)_DnZRnZ(aZa) ( )
n e e pe m yr m pm'
IBZ[Cnl']n (ala) - CnZRnZ (a2a)]+ w|:/Ll]a1Cn1Jn (ala) - lu2a2cn2Rn2 (a2a):| =
n e e e ! e !
= ﬂ;[DnZPnZ (a2a) - Dnlpnl (ala)]_'_ a)|:lu2a2Dn2pn2 (a2a) - lulaanlpnl (ala):| + (140)

nl

n e e e
+-2 D, R, (@ya) - DS, ()]
2pa

e ’ e e ! n m m m
0‘)|:81(X‘1Cnl‘]n (a,a) —g,0,C R, (aza)} + B; [CnlJn (o,a)— anan(aza)]:

n e e e ! e 4
= B; [Dn2pn2 (a,a)—D,p,, (ala)]+ w[gzaanzpnz (a,a)—ga,D,p, (ala):| - (l14d)

n m m pm
_Q’?a Dnl‘]n (ala) _Dannz(aza)]

Terms of these functional equations, which haven’t coordinate dependence, (fulfilment of condition (11) reduce to system

of linear inhomogeneous algebraic equations with respect to coefficients C Zl , and C :i 2t

The main determinant of a system (13) coincides with the determinant of a system (14). If determinates equate zero, we
will obtain dispersion characteristics of normal waves of double-layer guiding cylindrical structures such as: a round
double-layer shielded waveguide and a round open dielectric waveguide.

Nontrivial solutions of the system of Egs. (13) (coefficients D,fl,z and D’ ,) are substituted into the system of Egs. (14),

which is solved with respect to coefficients C¢,, and C)), .

So long as, the boundary conditions (12) must be executed, the system of Egs. (13) and (14) must have common solutions.
The system of Egs. (13) will have got nontrivial solutions when determinant of the system is zero. As far as the main
determinant of the system (14) coincides with the main determinant of the system (13), the system (14) can have got the
added solutions when the additional determinants equal zero. The wavenumbers of the added waves are determined by joint
solutions of three equations:

First equation:
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=0 (15)

ay Ay
coinciding with dispersion equation of normal waves of double-layer guiding cylindrical structures, and two additional
equations:

C a

boRl=0 (16a)
G, a4y
a C

=0 (16b)
a21 CZ

where

n (04
a, = ﬁg{ al jJ (qa) = a,,

2

, R" (a,a |
a,, = waq, /Ul']n(ala)_ﬂz J( a,a) m( )
R, 2a)
| =oa,| gJ (aqa)-¢, —J (e, )M
2% R, (a 2“)
n d d, R" (a,a
:dl_ﬁ_._z_wﬂzi.”j(—z)
a a, a, R (a,a)
=d2—ﬂﬁ'd—§—w€2£°w
a a2 a2 RnZ(aZa)

n e e
dl = BZ I:Dn2pn2(a2a) - Dnlpnl(ala)]+

+ ®|:“2Q2Dr:n2pn2'(a2a) —wouDyp,, (OL a)} [De R, (ona)— Jn(a’la)]

d,=B— [D P (ana)— Drlznlpnl(ala)]_'_
+of e.0.D5p,, (,0) ~ 20, Dip, (oca)}K[D:;R (0,0) — Dl (0,0)]

d, =a2D%p,,(a,a)-a’Dép, (a,a)+ D¢ J, (o,a)— D, RS, (a,a)
d,=a Dn2pn2( x,a ) Dnlpnl( )—I—Dﬁ]n(ala) DR, (a,a)
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Egs. (15), (16a) and (16b) are solved together with
equations:
‘5'1#1(02 = 0512 +ﬂ2’ 82/120)2 = azz + /7 an
Solutions of the dispersion problem for AWs are
represented by compatible solutions of the system of three
Egs. (15), (16a) and (16b).
From boundary conditions (12), we can obtain:

2
e o R (oya)

D¢, =D; — (18a)
’ 1 0‘5 R, (a,a)
2 e
m a; R (o,a
D", = hD¢, —;M (18b)
R*,(0,a)
o, £, (A,
m __ e
Dn2 - thl (18¢)
2
Bn( _(X]ZJJM((X‘IG)
a o
h= - (18d)
r a m m
(x’l(’o|:”'1‘]n (ala)_uz ;1]” (ala)an (aza)/an (aza):|
1
Relations (18) enable to exclude coefficients D;,z and

D:;,z from Egs. (16 a,b) and these equations are reduce to
transcendental form.

The search of wave numbers of AWs comes to compatible
solutions of three transcendent Egs. (15) and (16a,b). Wave

numbers are related by Egs. (17).
From (Eq. 18), if 4 — (, coefficients Dnm12 —0.1f

the condition Df =D’ =1 is executed, solution (10)

will satisfy normal Helmholtz equation. A numerical
analysis shows that this variant may be obtained. Solutions
of the dispersion problem, corresponding to the AWs, are
placed into the area of evanescent waves (at points of the
jointing of characteristics of two normal waves, Fig. 2, point
A). At this point of the Jordan’s multiplicity of the
wavenumbers of normal waves the solution of the added
boundary value problem is evaluated.

3. Numerical Solution of Di(slpersion
Characteristics of the Added Waves of
Round Double-Layer Shielded
Waveguide

A compatible solution of the systems (Egs. 15, 16a and
16b) on the complex planes of wavenumbers was obtained
using a combined approach in the search for complex roots
of transcendent equations. This approach represented a
combination of the Muller method and the phase variation
method, thus using advantages of both rapidly finding a
complex root by the first method and reliably identifying this
root by the second method.

At the point of the jointing of characteristics of waves
HE\, and EH}; (Fig. 2, point A) complex waves are appeared

with the parameters of the round double-layer shielded
b

waveguide (Fig. 1a): —=~4, & 9,6 and the expression
a g,

2 e
OL_IZM =] is executed. At the point wave numbers
a, R,,(0,a)
are a compatible solution of three Egs. (15), (16a) and (16b).
Compatible solutions correspond to the added waves.

Coefficients D;lné are solutions of a system of Egs. (13),

b
(14). With others parameters: —~3 ; iz9,6 , the
a €,

2 e
expression a—‘zmzl is executed too. Wave
a, R,,(a,a)
numbers are a compatible solution of three Egs. (15), (16a)
and (16b). At this points the solution (10) obeys the

Helmbholtz Eq. (4) and boundary conditions (12).
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Figure 2. Dispersion characteristics of normal waves of a round

double-layer shielded waveguide, where B, —real part and [3,— imaginary
part of the longitudinal propagation number, ky ~ the free-space

wavenumber, b — the radius of a shield
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Figure 3. Solutions of Egs. (15), (16a) and (16b)

For arbitrary values of coefficients D" solutions of

three transcendental equations don’t converge at the point of
a formation of complex waves (points A and B), they
converge at arbitrary points of dispersion characteristics of
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normal waves (Fig. 3, point C). Fig. 3 shows a numerical
solution of Eq. (15) (solid curve), Eq. (16a) (dashed curve),

and Eq. (16b) (dotted curve) with £ ~15 and 2 ~2.6.

g, a
Complex wave is showed by chain curve. Fig. 4 is an
oversize.
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Figure 4. Solutions of Eqs. (15), (16a) and (16b) (It is an oversize)

4. Conclusions

It is shown that multiple eigenvalues of boundary value
problems can exist. The multiplicity of eigenvalues shows a
possibility of a existence waves which have different
features (different longitudinal dependences of field).

The AWs are characterized by a linear dependence of
the field on the longitudinal coordinate. The AWs must be
taken into consideration for a calculating and a constructing
of components, which use the effect of the complex
resonance.

We have showed that two kinds of solutions of added
boundary value problems can be. The first solution is only at
points of the Jordan’s multiplicity of the wavenumbers of
normal waves.

Second solution is at points of curve crossings of solutions
of three transcendent equations which are obtained from the
condition of an existence of solutions of a system of

119

algebraic equations. Second solution of added boundary
value problem is calculated for any parameters of guiding
cylindrical structures.
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