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On Fuzzy s5-Semi Connectedness
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Abstract A .Mukherjee & S.Debnath[10] introduced the concept of O -semi open sets in fuzzy setting and investigate
their basic properties. Also S.Debnath[4] introduced the concept of fuzzy O -semi continuous functions in fuzzy topological
spaces. The purpose of the present paper is to introduce and study the concept of ¢ -semi connectedness in fuzzy topological
spaces. It is seen that every fuzzy O -semi separated sets is fuzzy semi separated but the converse is not true. Also every
fuzzy connected set is fuzzy O -semi connected but the converse may not be true.
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1. Introduction and Preliminaries

According to Zadeh[17], a fuzzy subset g in a set
X (# ¢) is a function from X to the unit closed interval
1=[0,1] ie, gel". In what follows, by (X,7) or

simply by X we mean a fuzzy topological space (fts, for
short) in the sense of Chang[3]. The notations ¢/, int u

and 1— g will stand for the fuzzy closure, interior and

complement of a fuzzy set g inafts. X .

A fuzzy point X, inafts. X is quasi-coincident with a
fuzzy set u denoted by x,qu if p+,u(x) >1
[12].The negation of this statement written as X, qu- A
fuzzy set g of a fts. X is called a (J-neighbourhood
( Q-nbd, for short) of a fuzzy point X, if there exists a
fuzzy open set A in X such that x gA<u[l12]. A
fuzzy set u of X is called regular open if 4 =intclu
[1]. A fuzzy point X, is called a O -cluster point of a fuzzy
set u of X if every fuzzy regular open (J-nbd. of x,
is quasi-coincident with 4. The union of all ¢ -cluster of
4 is called O -closure of £/ and is denoted by Sclu . A

fuzzy set y is called O -closed if M =0clu and the
complement of such a fuzzy set is called fuzzy O -open.
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Fuzzy O -interior of a fuzzy set p mafts X, denoted by
Sint g is defined by §int g =1—8cl (1—p)[11]. 1t is
known[14] that a fuzzy set g in a fis X is fuzzy O
-openiff £ = ¢ int i, and the set ofall fuzzy O -open sets

in (X,Z') forms a fuzzy topology 7;(say) on X, called
the fuzzy semi-regularization topology of (X, T) , such that

T, C T, and for which the fuzzy regular open sets form a
fuzzy open base.

Definition 1.1: A fuzzy set A in a fuzzy topplogical
space X is called:

(a) fuzzy semi open[1]if A <c/(intA)

(b) fuzzy O -semi open[10] if 3 a fuzzy O -open set
p in X such that ,uSﬂScl(,u).

Remark 1.2: Bvery fuzzy O -semiopen set is fuzzy semi

open but the converse may not be true[10].
Definition 1.3: The complement of a fuzzy semi open

(resp. fuzzy O -semi open) set is called fuzzy semi closed

(resp. fuzzy O -semiclosed).
Definition 1.4: The intersection of all fuzzy semi closed

(resp. fuzzy O -semi closed) sets containing a fuzzy set A
space X s
semiclosure[16] (resp. fuzzy O -semi closure[13]) of A
and is denoted by Scl(ﬂ,) (tesp. O — SCl(ﬂ) ).

Definition 1.5: A mapping f: X — Y is said to be

of a fuzzy topological called fuzzy

fuzzy O -semi continuous[4] (resp. fuzzy O -semi
irresolute[4]) if f_l(ﬁ,) is fuzzy O -semi open in X for

every fuzzy open (resp. fuzzy O -semiopen)set A in Y.
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Definition 1.6 : Two nonempty fuzzy sets A and pofa
fuzzy topological space X are said to be fuzzy separated[5]
(resp. fuzzy semi separated[7]) if cl(l)q,u and
cl(,u)q;t (resp. scl(l)q,u and scl(,u)ql ).

Definition 1.7: A fuzzy set 77 in a fuzzy topological

space X is said to be fuzzy connected[6] (resp. fuzzy semi
connected[7]) if 77 can not be expressed as the union of two

fuzzy separated (resp. fuzzy semi separated) sets.
Remark 1.8: Every fuzzy semi connected set is fuzzy
connected but the converse may not be true[7].

Throughout this paper fts X denotes a fuzzy topological
space X and FﬁSO(X)(resp. F;SC(X)) denotes the

family of all fuzzy O -semi open (resp. fuzzy O -semi
closed) sets of X .

2.Fuzzy 5-semi Separated Sets

Definition 2.1: Two nonempty fuzzy sets A and pHina
ftis X are said to be fuzzy O -semi separated if
5—scl(l)q,u and 5—scl(,u)ql.

Remark 2.2: Any two fuzzy O -semi separated sets in a
fts X are fuzzy semiseparated butthe converse is not true.

Example 2.3:  Suppose X = {a,b} and

T ={O,1,,ul,,u2},where
1 (a)=05 1 (b)=0.3
1, (a)=0.5 p,(b)=0.1

Then (X,T) is a fts. Let 4, beafuzzy setin X such
that

y3(a):O.5 /13(19)20.2
Then the fuzzy set 44 and /i, are fuzzy semi separated

but not fuzzy O -semi separated in X .
Theorem 2.4: Let

A and py are fuzzy O -semi
separated sets in a fts X and /11 and g are two
nonempty fuzzy sets such that 4, <A and g <, then
/11 and g, are fuzzy O -semi separated sets in X'
<A
§—scl(A4)<8—scl(A)
5—scl(,ul)£5—scl(,u).
Therefore 5—SCl(ﬂ)q‘u:>5—SCl(ﬂl)q,ul and

Proof:  Since and g <pu ,we have

and

Aqo —scl (/J) = A4qd —scl (,ul ) Hence the theorem.
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Lemma2.5[12]: Let A and 4 be two fuzzy sets in fts
X ,then A<y ifandonlyif Ag(1—p).

Theorem 2.6: Let ﬂ,,uerSO(X) . Then A and
L are fuzzy O -semi separated in X if and only if

Aqu.
Proof:
Necessary: 1f Aqu then there exists a point x € X

such that A (x)+u(x)>1
5—Scl(l(x))+,u(x) >1

/I(x)+5—scl(,u(x)) >1 . Hence 5—scl(/1)q,u
and AgS —scl(u), which is contradiction . As A and

This implies that

and

u are fuzzy O -semi separated sets in X . Hence
Aqu.

Sufficient: Suppose that Aq /¢, then AL (1 - /,l).
5—Scl(i)éﬁ—scl(l—,u)él—,u ,
because l—yeFﬁSC(X).

Hence by lemma 2.5 5—Scl(/1)q,u . Similarly,
lq5—scl(,u).

Hence the theorem.

Theorem 2.7: Let l,,uEF'ﬁSC(X). Then A and

Therefore,

L are fuzzy O -semi separated in X if and only if
Aqu.

Proof: Obvious.
Theorem 2.8: Let A, 1€ F;SO(X). Then the fuzzy

sets AAIUZEFN(I—IU) and A#l:,um(l—i) are
fuzzy O -semiseparatedin X .

Proof: Since A u< (l — ,u) ,So
5—scl(AMu)Sé—scl(l—,u)z(l—,u) because
J7RS F(;SO(X).

And so by lemma 2.5, §—Scl(Ai,u)q,u. Thus,
5—scl(A,u)q(4,4)
5—Scl(Aﬂﬂ)q(Abu). Hence A,y and AA are

Similarly,

fuzzy O -semiseparated sets.
Theorem 2.9: Let A, 1 € F§SC(X). Then the fuzzy

sets Al,u=ﬂﬁ(l—,u) and Aﬂﬂ,=,uﬁ(l—ﬂ,) are

fuzzy O -semiseparatedin X .
Proof: Obvious.
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Theorem 2.10: Two fuzzy sets A and (1 ofa fts Xare
fuzzy O -semiseparated if and only if there exists fuzzy sets
a, € F;SO(X) such that A<a,u<f,Aqf and

Hga
Proof: Necessary: Let A and U be two fuzzy O -semi

separated sets in X . Put ﬂzl—(§—scl(/1)) and
0!=1—(5—SCI(,L£)), then (Z,ﬂEFgSO(X) such
that A<a,u<pf,Aqf and uqo.
Sufficient:  Let a,fe F5S0(X)
ALa,u<p,Aqpf and uga.
(l—ﬂ),(l—a)EFéSC(X) , we have
(6-scl(A))<1-p<l-p and (§—scl(u))<l-a<l-A-
Therefore by lemma 2.5, (5—scl(/1))q,u and

such  that

Now

(5—SCl(,u))qﬂ. Hence A and g are fuzzy O -semi
separated in X .

3. Fuzzy s5-semi Connectedness

Definition 3.1: A fuzzy set « in a fts X is said to be
fuzzy O -semi connected if it cannot be expressed as the
union of two fuzzy O -semi separated sets.

Remark 3.2: Every fuzzy connected set is fuzzy O -semi
connected but the converse may not be true. For the fuzzy set
M, considered in example 2.3 is fuzzy O -semi connected
but not fuzzy semi connected.

Theorem 3.3: Let A and g be two fuzzy O -semi
separated sets in a fts X and @ be a fuzzy O -semi
connected set in X such that & < AU p. Then exactly
one of the following conditions (a) and (b) holds:

@ a<Aand anu=0

(b) a <y and anAd=0

Proof: We first note that when oM pu =0, then
a<A,since @ <AU y. Similarly, since aNA=0,
we have a<u . Now, since a<AUu , both
anA=0 and N 4 =0 cannot hold simultaneously.
Again if aNu#0 and aNA#0, then aNAand

aNp are fuzzy O -semi separated in X such that

a= (a mi)u(a m,u) , contradicting the fuzzy O
-semi connectedness of & . Hence exactly one of the
conditions (a) and (b) must holds.

Theorem 3.4: Let @ and [ be two fuzzy sets of a fts

X . If a is fuzzy O -semi connected and

aSﬂS5—scl(a) , then f is fuzzy O -semi
connected.
Proof: If ¢ =0 then the result is true. Let @ #0,

suppose 3 is not fuzzy O -semi connected then 3 two
fuzzy O -semi separated sets A and 4 in X such that
=AU . Since a is fuzzy O -semi connected and
a< B <AUu,bytheorem33 a<Aand anpu=0
anA=0 . Lt a<A and

or g<u and

a M p=0,then
,u:,umﬂslumé'—scl(a)
S,um5—scl(ﬂ)£,um(l—,u)s,u'
It follows that g =N (1—4) and since p#0,

,a(x)=% for all x € X . Thus g, =X, where g,

denotes the support of )7 Now

aonu=0=>a,Np,=¢=>a,=¢. Hence a=0,
which is a contradiction.
Theorem 3.5: Let f:X — Y be a fuzzy O -semi

irresolute surjective mapping. If 7is a fuzzy O -semi
connected subset in X, then f(?]) is fuzzy O -semi
connected subsetin Y .

Proof: Suppose that f(f]) is not fuzzy O -semi

in Y . Then there exists fuzzy O -semi
subset A g in Y that

connected

separated and such
f(?]) =AU . By theorem 2.10, there exists fuzzy O
subsets o« and f3 that
A<a,u<p,Aqf and uqa . Since fis fuzzy O

-semi irresolute,
n=/"(S(m) =1 () ()
=f(Aup).
Also it can be easily seen that f (1)< [T (),
S <) . A)g(8)
S (w)gf M (@) Thus f7(A) and £ () are

fuzzy O -semi separated in X . Hence n is not fuzzy o

-semi  open such

and

-semi connected, which is a contradiction.
Theorem 3.6: Let f:X — Y be a fuzzy O -semi

continuous surjective mapping. If 77is a fuzzy O -semi
connected subset in X, then f(?]) is fuzzy connected

subsetin Y.
Proof: Analogues to that theoremabove.
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4. Conclusions

Based on O -semi open sets and O -Semi continuous

functions, O -semi connectedness was introduced, which is
the weaker form of different existing connectedness in fuzzy
topological spaces.
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