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Interior Controllability of a Timoshenko Type Equation
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Abstract In this paper we prove the interior controllability of the following Timoshenko Type Equation
Uy — Uy + ab?u— Au, = 1,,f,(t,x) in (0, 1) X 0,
—CUy + YV + 6020 — Av, = 1,,f5(t,x) in (0, ©) X Q,
u+Au=v=Av=00n(0, 1) X480,
where Q is a sufficiently regular bounded domined in RVN(N=1),a>0,6 >0, y > 0 and ¢ > 0 such thaty > ¢, is an
open nonempty subset of €, 1, denotes the characteristicfunction of the set ® and the distributed control f; €
LZ([O, 7]; I? (Q)), i=1, Specifically, we prove the following statement: For all 7> 0 the system is

approximatelycontrollable on[0, t]. Moreover, we exhibit a sequence of controls steering thesystem from an initial state to a

& —neighborhood final state in a prefixed time 7 > 0.
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1. Introduction

The Timoshenko beam theory was developed by
Ukrainian-born scientist Stephen Timoshenko in the
beginning of the 20th century. The model takes into account
shear deformation and rotational inertia effects, making it
suitable for describing the behavior of short beams,
sandwich composite beams or beams subject to
high-frequency excitation when the wavelength approaches
the thickness of the beam. The resulting equation is of 4th
order, but unlike ordinary beam theory - i.e. Bernoulli-Euler
theory, there is also a second order spatial derivative present.
Physically, taking into account the added mechanisms of
deformation effectively lowers the stiffness of the beam,
while the result is a larger deflection under a static load and
lower predicted eigenfrequencies for a given set of boundary
conditions. The latter effect is more noticeable for higher
frequencies as the wavelength becomes shorter, and thus the
distance between opposing shear forces decreases.

This paper has been motivated by the works
in[2],[8],[9],[10],[12] and[13], where a new technique is
used to prove the approximate controllability of some
diffusion process.

Following[2],[9] and[13], in this paper we study the
interior approximate controllability of the following

Timoshenko Type Equation
Uy — CVy + al?u—Au, = 1,,f,(t,x) in (0, 1) X 2
—Cliy + YV + 6020 — Av, = 1, 5(t,x) in (0, ) x 2 (1)
u=Au=v=A=00n(0 1) XN
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Where Q is a sufficiently regular bounded domain in
RY(N>1),a>0,6 >0,y >0 and c¢>0 such that
¥ > c?, o is an open nonempty subset of Q, 1, denotes the
characteristic function of the set  and the distributed control
fi € L2([0,7]; L*(Q)),i = 1,2.

Specifically, we prove the following statement: For all
T > 0 the system is approximately controllable on [0, 7].
Moreover, we exhibit a sequence of controls steering the
system from an initial state to a final state in a prefixed time
7> 0.

But, before proving this result, we study the approximate
controllability of the following Timoshenkotype equation
with the controls acting in the whole set Q using some result
from[8].

—Cly + YV 4+ 6020 — Av, = f5,(t,x) in (0,79 x 2 (2)

Uy — CVy + al?u — Ay, = f1(t,x) in (0, 1) X
u=Au=v=Av=00n(0, 1) XN

Where f; € L2([0,7]; L3(Q)), i = 1,2.

Of course, the interior approximate controllability of this
equation is more interesting problem from the applications
point of view since the control is acting only in a subset or
part of Q. Our technique is simple and rests on the shoulders
of the following fundamental results:

Theorem 1.1.[10] The eigenfunctions of —A with

Dirichlet boundary condition on € are real analytic
functions.

Theorem 1.2.[1]SupposeQ € R" is an open, nonempty
and connected set, and f is areal analytic function in Q
with f = 0 on a non-empty open subset ® of Q. Then
f=0inQ.

2. Abstract Formulation of the Problem
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Let Z= L?(Q) and consider the linear unbounded
operator
A:D(A) € Z - Z defined by A¢p = —A¢p, where
D(A) = H(Q) nH? (Q) 3)
The operator A has the following very well known
properties: the spectrum of A consists of only eigenvalues
0<A <A << > oo,
each one with multiplicity ¥, equal to the dimension of the
corresponding eigenspace.
a) There exists a complete orthonormal set {q.’)n,k} of
eigenvectors of A.
b) Forall z € D(A) we have
Az = Y1 Ay 2?1:1 <z, ¢pp>= Yn=1Mn Enz  (4)
Where(-,-)is the inner product in X and
EnZ = ?121 <z ¢n,k > ¢n,k (5)
So, {E,} is a family of complete orthogonal projections in
z and

z=YrEz, z€Z (6)
¢) —A generates an analytic semigroup{T (t)};o given by
T(t)z = Yn-1e """ Eyz (7

d) The fractional powered spaces X" are given by:
XT=DA)={xeX: T A |Ex|* <}, r=0,
with the norm

1
lxll, = l147xll = (S, 27 |E I} 72, x e X,
And
A'x =37 A Ex ®)
Also, for r = 0 we define Z, = X" X X X X" X X, which

is a Hilbert Space with norm givenby
u

w

v

z

Hence, the equations (1) and (2) can be written as abstract

systems of ordinary differential equations in the Hilbert
space

= [lull? + llwli> + vl + llzll*.

Z; = X' x X x X' X X as follows:
y'=A,+B,F, yeZ;, t =0, 9)
y'= A, +BF, y€Z, t =20, (10)

where
u 0 0
w 1,1 0
y=|, Bv = 6” oI’ (11)
z 0 1,1
and
0 I, 0 0 1
e Za g =4l
A=1"9 0 0 I, (12)
T2 g B2 Lg
d d d

is a linear unbounded operator with domain

D(A) = D(A%) x D(4A) x D(A%) x D(A)and

d= 1 —c

Now, using the following Lemma from[11] we can prove
that the linear unbounded operator Agiven by the linear
equation (9) generates a strongly continuous semigroup
which decays exponentially to zero.

Lemma2.1.Let Z be a separable Hilbert space and
{4, }n51, {B } ;1 two families of bounded linear operators in
Z with {P,},> being a complete family of orthogonal
projections such that

AP, =PA,, n=123,.. (13)
Define the following family of linear operators
T(t)z =Yr_ et Pz, t > 0. (14)
Then
a) T(t)is a linear bounded operator if
lle/nt|| < g(t), n=1,23,... (15)

for some continuous real-valued function g(t).
b) Under the condition (15){T (¢)};> isa Cy-semigroup in
the Hilbert space Z whose infinitesimal generator A is
given by

Az =Y*_1 A, Pz, z € D(A) (16)
With
D(C’q) == {Z € Z:Z§:1”AnPnZ”2 < OO} (17)
¢) The spectrum o(A)of A is given by
o(A) = Uy 0(4,), (18)

Theorem 2.2.The operator A given by (12) is the
infinitesimal ~ generator of a  strongly continuo
semigroup{T (t)};sp represented by

T()z =Y ,e%'Pz, z€Z, t 20, (19)
Where{}j- }j >0is a complete family orthogonal projections

in the Hilbert space Z;given by

[ 0 0 07
P = |0 £ 0 0| i=1,2,..2
j—lo 0 E OJ,]— ,2, ...(20)
0 0 0 E
and
[ 0 1 0 0
“va 42 Y —6¢c 12 ¢
ez Xy =2 _/1.]
_ _ a7 d d d 7
A =R;P,R = [ 0 0 0 1 J(21)
—ac ., - =8 .2 -1
=5 Th T T
Where j =1,2, ...

Therefore, edit = e®i* P, the ingenvalues
a1(), 02(j), 03(j), 04(j), of R; are simple and
01() = =4 p1; 02() = =4 pz;
a3(j) = —AjP3i 0,(j) = _Ajptb

Where p; >0, i=1,2,3,4
characteristic equation

G-—cHz*+ A+ + B +ya+1Dz2+ S+ a)z +
ad =0,

and this semigroup decays exponentially to zero; that is to
say,

are the roots of the

IT@®)| <Me™, t=0,
where
w=4p
and
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- ya ac -
o -7 0 -7
2 Y _c
A =RP, R = . Sc . s =12
d d
(o) 2 1
0 ——4 A -2

The following gap condition plays an important role in
this paper

0<py <p; <ps < pyandt > £ j=1234(22)
j 1

3. Controllability of the System (10)

In this section we shall prove the approximate
controllability of the system (10). But, before we shall give
the definition of approximate controllability for this system.
To this end, for all y, € Z and F € L2 ([0,7]; U) the initial
value problem

{ y = A, +BF, y€Z 23)
y(0) = ¥,
were U = L*(Q) x L?(Q), admits only one mild solution
given by
y(t) = T(®O)yy + [, T(t — $)BF(s)ds, t € [0,7].24)

Definition 3.1.(Approximate Controllability) The system
(10) is said to be approximately controllable on [0, 7] if for
every yo,y; € Z;, € > Othere exists F € L?(0,7;U) such
that the solution y(t) of (23) corresponding to F verifies:

y(0) = yo and |ly() =yl <e.

Definition 3.2. For the system (10) we define the
following concepts:

a) The controllability mapping B?:L?(0,7;U) - Z is

defined by
B'F = [, T(s)BF(s)ds.

b) The grammian mapping Lgt: Z — Z is given by

Lgr = BTB™" that is to say

(25)

5z = B'BUF = [ T(s)BB'T"(s)zds.

Theorem 3.3.The system (10) is approximately
controllable on [0, t]if, and only if, one of the following
statements holds:

i). Ker(B™) ={0}.

il). (Lgrz,z) >0,z # 0enZ.

iii). B*'T*z=0=2z=0.

iv). Ran(B%)=Z.

Proposition 3.4.The following equality holds:

PBB* = BB'P, j=1.2,.. (26)
0 0
Prof.From (11) we know that B = (I) 8 . Then,
0 I
._[0 I, 0 O
B = [0 0 0 Ix]

[0 0 0000
. |1 olj0o 1, 0o o0 01 00
andBB_oohooog]—ooov
0 1 0 0 0 I
E 0 0 0]
0 E 0 0
. B ; B
Since B =}, | E OJ,J_lz,...wegetthat
[0 0 0 E
[ 0 0 010 0 0 0] [0 0 0 0
10 E o ollo 1, o of |0 EI, 0 0
|o 0 E 0|0 0 0 0["jo o 0 o
lo o o gllo o 0ol lo o o B
On the other hand,
0 0 0 of5F 0 0 01 0 0 0 O
. _|o . o offo E 0o of Jo EL 0 o0
BBP/_oooo|00E,0_oooo
000 Lllo o o ] lo 0o 0 EL
Therefore,
* __ * .
BBB* = BB'P, j=12,..

REMARK 3.1.If ® is a nonempty open sub set of Q such
that w # Q, then

PB,B, # B,B,P, j=12,..

Now, we shall use the equality (26) in order to
characterize the approximate control ability of the system
(10) in terms of the following family of finite dimensional
control problems,

y =Ay+BF@®), t=0, j=12,. (27
where B; = Pand F € L*([0,7]; U).
Proposition 3.5. The operator
t
Lgiz = B*B™"z = f T(s)BB*T*(s)zds
0
can be written as follows
Lgr = z Ly P,
j=1
where,
Lyry = BBy = f 4 B, B'e 4 i*yds, y € Ran(B)
0

Proof. From condition (26) and the representation (19) of
T(t) we obtain

Lo ©
Lyez = J (Z e®*p) BB*(Z e/ P z)ds
0 =3 k=1

T
Lgrz = Jo z el P BB*eA/'Sszds
=

L
Lgrz = Jo z el Bj}}B*eAJS}}zds

o0
T
— Ajs x Als
LBzz—f E e”° B B'e"i* P zds
0 9=
j=1

R T A;s x Ais
LBTZ—Z]':lfO e”i*BB'e”°*Fz ds.
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Hence,

_ ')
Lgrz = Y LB]TF}Z,
where,
T _Ais « Als
= ] . B A
Lyr J, €Y°B;Be”i° P ds.

Theorem 3.6.a) The system (10) is approximately
controllable on [0, 7]if, and only if, each of the following
system

y = 4y +BF, y(t) €Ran(P),t >0, j = 1,2,..(28)

is approximately controllable.

b)The system (10) is approximately controllable on
[0, T]if, and only if
(Lgry,y) >0,V y #0in Ran(P), j =12, ..

Proof.a) For the purpose of contradiction, let us assume
that system (10) is approximately controllable on [0, 7] and
there exists j such that the system

z = Ajz+ Bu(t); z € Range(R),
is not approximately controllable on [0, T]. Then, there
exists z; € Range(P,) such that:
Bj*eA;I% =0, t €[0,7]and z # 0. (29)

On the other hand, from part (iii) of Theorem 3.3 we have
that:

B*T*(t)z=0, VvVt € [0,7] = z = 0.

Now, letting z = B z; = z;, we obtain:

B*T*(t)z = B* Y3_e*t P,z = B'e*'Pz =
(B))*edjxtFyz/=0 .

This implies that z =0 , which contradicts the
assumption. Therefore, (28) is approximately controllable
for all j.

If for all j system (28) is approximately controllable, then
by Theorem 3.3 part (ii),

(Lny' y)>0, Vy#0in Range(Pj ),

j=12.3,..

Clearly that, for allz € Z(z # 0), there exists /] € N such
that P,z # 0. Then, using Proposition 3.5, we get for all z in
Z that

(Lgrz,z) = (Z LBJerz,Z P z)
=1 =1

=Y (LB]?F;-Z,P]'Z) > 0.
Hence, (10) is approximately controllable and (a) is
proved.
b) follows immediately from (a) and Theorem 3.3.
Next, we shall use the following result: Consider the
following finite dimensional controlsystem
y = Ay(t) + Bu(t), t >0, z € R*,u € R, (30)
Where A and B are matrixes of dimensionsn X n and
n X lrespectively.
Theorem 3.7. (see[Lee and Marcus(1967)]). (Kalman) The
system (30) is controllably on [0, 7]if, and only if,
Rank[B:iAB:i--- i A" 'B] =n.
That is to say,

Interior Controllability of a Timoshenko Type Equation

S,{A/BR™:j =0,1,2,..,n — 1} = R",

where Rank(C) = dim[Ran(C)] and Sp{C} is the
vector space generated by C.

Theorem 3.8. The system (10) is approximatelycontroll
-able on [0, 7].

Proof. It is enough to prove the controllability of the finite
dimensional system (28) with

0 I, 0 0
[__yal,l __yl, __&/1,2 __Cll
I

_ da @ a9 a7 a7
4 =RbR = 0 0 0 1/
[ —ac ., —€ -6 2 -1
=% T4 T4 T4
ji=12,..
and
[@ 0 0 0]'0 0
0 E 0 ofl; o
— _ 7
&T_HBT_[O 0 E OJO 0
0o 0o o gllo 1
B 00 0719 o)
o B o oflr o
T"lo 0 E OJ 0 0
o 0o o gllo 7l
So,
0 0 0 0
EF 0 10
I ) _ —
BF="0 _[0 o|BF = DEF,
o EF] lo 1
where
D=

00
10
0 of
01

Therefore, the controllability of the system (28) is
equivalent to the controllability of each finite dimensional
systems,

y =Ry +DF (31)

where,F € L12(0,7; R?)and the system (31) is controllable
if, and only if,
Rank|[D:R;D:R*D: R’D| = 4,

which can be verified trivially. Therefore, system (31) is
controllable, and consequently, system (10) is also
approximately controllable applying Theorem 3.6.

4. Proof of the Main Theorem

In this section we shall prove the main result of this paper
on the approximate controllability of the linear system (9).
To this end, we observe that the definition of controllability
for system (9) is similar to the one given to system (10). And,
for all y, €Z; and F € L>(0,7; U) the initial value
problem

{y' = Ay +B,F, y€Z
y(0) =y,
admits only one mild solution given by

(32)
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y(©) = Ty, + f, T(t — $)B,F(s)ds, t € [0,7].(33)
Consider the following bounded linear operator:
G:L2(0,7;U) > Zy, Gu = [ T(x — s) B,u(s)ds,(34)

Whose adjoint operator G*: Z; - L?(0,; U) is given by

(G*z)(s) =BiT*(t —s)z, Vs € [0,7], Vz € Z,.(35)
The following lemma is trivial:
Lemma 4.1.The equation (9) is approximately controllable
on [0, 7] if, and only if, Rang(G) = Z.
The following result is well known from linear operator
theory:
Lemma 4.2.Let W and Z be Hilbert spaces and
G* € L(Z,W)the adjoint operator of the linear operator
G € L(Z,W). Then,
Rang(G) = Z & Ker(G*) = {0}.
As a consequence of the foregoing Lemma one can prove
the following result:
Lemma 4.3.Let W and Z be Hilbert spaces and
G* € L(Z,W) the adjoint operator of the linear
operatorG € L(Z,W). Then Rang(G) = Zif, and only if,
one of the following statements holds:
a) Ker(G*) ={0}.
b) (GG*z,z)>0, z+0inZ.
¢) lim, o+ a(al + GG*) 'z =0.
d)  supgsolla(al + GG*)7H| < 1.

The following theorem follows directly from (35), lemma
4.1 and lemma 4.3.

Theorem 4.4.(9) is approximately controllable on [0, T]if,
and only if,

BsT*(t)z=0, vVt e [0,7], 2z =0 (36)

For the proof of the main theorem of this paper we shall
use the following version ofLemma 3.14 from [3] and
Lemma 4.4 from [2].

Lemma 4.5.Let {a;(j)}j>1, {,BSj }j o S = 1,2,..,1 be
sequences of real numbers such that
() <o), 1<s<1
[ and (37)
a+1) <agu (), 1<s<l 0<k<l-s  j=123

Then, for any 7 > 0 we have that

Z(ealmrﬁll_ + g, 4 emDip 4. pemig) a8)
j=1
=0, vt €[0,1]
if, and only if;
Bij =P =P3;==P; =0, Vj=1
Proof. (Lemma 4.5) By analytic extension we obtain
Z;?":l(emo')tﬁll. + eaz(i)flgzj + ea30)tﬁ3/‘ R eaz(i)flglj) =0,
vz€[0,00). (40)
Now, dividing this expression bye®2(Dt we get
Bo1 + Z}X’:Z e(a10)—a1(1))t’g1j + Z}X’:l e(azQ)—az(l))tﬁzj +
J=1coea3/—a2l1tf3/+...+ j=1ccealj—al1tfl=0,
vVt € [0, ).
From (37) we have that a;(j) — a,(1) < 0 and a,(j) —
a,(1)<0for j =1 and a,() —a,(1) <0, for s =3,

(39)

j =1, then passing to the limit when t — oo we obtain that
21 =
Then, we have that
2}‘."’:2 e‘h(})f‘gl}. + Z;’O:Z'eaz(])flgzj + 2;0:1 ea3(])f[;3]. +ot
Y2, em0p =0, vt € [0,00).

Now, dividing this expression by e3¢ we get
a1 + X2, el D-as@)ipg 30 o(a2(D-asM)ig, .
J=1cea3/—a31tf3/+...+ j=1ccealj—a31tLlj=0,
Vvt € [0, ).

From (37) we have that a;(j) — a3(1) < 0 and a,(j) —
az(1) < Ofor j = 1and a3(j) —a3(1) <O, for j = 2,
then passing to the limit when t — oo we obtain that

B3 = 0.
Then, we have that

T2 ealo)tﬁll. +37%, eaz(i)tﬁzl. +3% eaa(i)t/g3j 4ot
J=1cealjtflj=0,  Vt€[0,0).
In general, if we continue with this process and divide this
expression by e%Wt we get that
Bs1 + Xei1 e.(al(/)—a,\(l))tﬁlj +357%, e(“f(”‘“s(l))tﬂz,- 4o
i e(aso)—as(l))tﬁ(s)l_ il e(as+10)—a5(1))tﬁ(s+1)j
4ot Z}x’:l e(azU)—as(l))tﬁll_ =0, Vt € [0, ).
From (37) we have that

a,() —a,(1) <0,fork<s, j>1,
a,(j) —a,(1) <0, forj>1,
a,(j) — a,(1) <0, forj =1, k> s.
Then, passing to the limit when t = co we obtain that
Bs1 = 0. So, continuing with this procedure we get that

Bi1=P1 =P ="P1=0

Z eal(j)tﬁlj 4 Z eaz(f)fﬁzj 4 Z eflt(f)fﬁlj =0,
j=2 j=2

j=2

and

Vvt € [0, ).

Repeating this procedure from here, we would obtain that
P12 = B2z = P32 = - = B = 0,and continuing this way
we get

Bij=Poj =Pz ==p; =0, Vj =1

Now, we are ready to formulate and prove the main
theorem of this work.

Theorem 4.6.(Main Result) For all nonempty open subset
wof Q and 7 > Othe system(9) is approximately controllable
on [0,7] . Moreover, a sequence of controls steering
thesystem (9) from initial state yyto an & —neighborhood of
the final state y;at timet > Ois given by

U, (t) = ByT(x — t)(al + GG*) ' (21 — T(D)z),
and the error of this approximation E,is given by
E, = a(al + GG*) Y(z; — T(1)z),

Proof. We shall apply Theorem 4.4 to prove the
controllability of system (9). To this end, we observe that

T*(t)y = ZeA;tF}y,y €7Z,t=0,
i=1

goo[0 LI 0 0
©=lo 0 0 1,1
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and, since the eigenvalues of the matrix A; are simple, there
exists a family of complete complementary projections

{1(), 2D, a5(),q4()} on R* such that
eVt = e g (B +er = Diqs (DB + e Vg5 (DB +
em(;)tq;(j)P}.*.

Therefore,

ByT*(O)z = X, Boe Pz = 370, Tt %V B Py 2,
where Ps,j = qs(])[; = P]qs(])

Now, suppose that B;T*(t)z = 0, Vt € [0,]. Then,

w 4
B:T* (t)Z—ZB et zz eVt B P z=0

j=1 ] =1s=1

@ZZ e"‘s(")tBa’jPS*'jzz 0,Vx €

j=1s=1
The assumption (22) implies that the sequence
{a() =0,()) = —Apsis =1234; j=12,..} satisfies the
conditions on Lemma 4.5. In fact, we have trivially that
as1 () < ag(j) for s =1,2,3,4; j =1,2,..and from (22)

we obtain:
A A;
LS P4 gt S Btk 1 <5< 4,0<k<4-—s.
Aj Ps j Ps
Therefore,

—Ai11Ps < —Apsiir 1 Ss<40<k<4-s.
i.e.,
a;+ D) <ag 1 (), 1<5s<4,0<k<4—s.

Then, from Lemma 4.5 we obtain for all x € Q) that
(B;Piz)(x) =0, Vx€Q, s=1234=12,.

Since
ij ij ij ij

i Gz Qi3 O

ij ij ij

() = Gy Gz Ag3

4s ) ) i

a3; Gz QAzg

i i

i dy q
12 Q43

Ay
we obtain that,

(B Psy) () = (Boa,(NPy)(x) = 0.

Then,
[a-- alllz ai1jg a14][E 0 0 07 1001
AR R 1 HCR o
° 0 0 1'[ a3, a3 a34}|° 0 E Offysc0f Lo
ay, aj, ay aj, Lo 0“ 0“ EjJ Ya(x)
[ah el ol a,lllﬂ[Ejyl(x)'
(B3P, S]y)(x)_g 101 0o 1] az1 31212 a§3 aj, lE]yz(x) [0]
332 333 a34} i¥3(X) 0
341 ay, a Ejy,(x)]

[l Eyy1 () + 2l Eya(9) + alsBys (9) + iy Bya ()
321 1Y1(X)+azz JYZ(X)+aZ3 JY3(X)+324 iV (X)
|, Eiya 00 + 2 Eyya (0 + alyEyys (0 + alyEyya (9|
la41 1Y1(X)+a4z JYZ(X)+a43 JY3(X)+344 1Y4(X)J

[0 1,1
“lo o

_ [0
=l _' ,. _'
_ [1m[3lz]1 Ejy, () + ay, Ejy,(x) + ay; Ejy;(x) + 3lz]4EjY4(X)]] _ [0]
1,241 By () + ag By, (%) + ag Eys () + ag, Eya(x)] ol
Vx € Q

01]]
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i.e.,
) ) (BiPeyy) () =
aéle}'Jﬁ(x) + alz]zE}YZ(x) + alzjsE}J%(x) + az4 3@(")] [ ] Vx € w.
aZ1EjY1(x) + af{z@l’z(x) + af{35‘3’3(x) + a44 Ejy,(x) 0
On the other hand, from Theorem 1.1 we know that
¢, rare analytic functions, which implies the analyticity of

Ez = Zj:l <Z,®jr > ¢; . Then, from Theorem 1.2 we
get for j = 1,2, ... that
(BiPsy)(x) =

[alzjl Ejy, (x) + alzsz/-y2 (x) + a1213E/-y3 (x) + a12]4Ejy4(x)l ~
aZlEjyl(x) + aZZE,-yZ(x) + g3 By (x) + alyEjy, (x)

0

[0], vx € Q.

From Theorem 3.8, the system (10) is approximately
controllable. So, from part iii) of Theorem 3.3 we conclude
thaty = 0.

Therefore,

(B;T*(t)y) =0, Vte[0,7] >y =0

Then, from Theorem 4.4 we obtain that system (9) is
approximately controllable.

Now, given the initial and the final states yyand y;, we
consider the sequence of controls

U, () = ByT(@—)(al + GG )" (1 — T(D)yo)
=G*(al + GG (y; — T(1)yp), a > 0.
Then,
Gug = GG*(al + GG (y1 — T(D)yo)
= (al + GG
+al)(al +GG) ' — T(Dyo)
yi = T(@yy —alal + GG (yy — T(@)yo) .
From part ¢) of Lemma 4.3 we know that
lim,,_ o+ a(al + GG*)L(y, — T(1)y,) = 0.

Therefore,

lim, o+ Gu, =y
ie.,
lima—>0+{T(T)yO + fOT T(T - S) B,u, (S)dS} =1

This completes the proof of the Theorem.

Corollary 4.7.The approximate controllability of the
system (9) is equivalent to the approximate controllability of
the system (10).

= T(™)yo.

5. Final Remark

The result presented in this paper can be formulated in a
more general setting. Indeed, we can consider the following
Timoshenko Type Equation in a general Hilbert space Zand
u,v €Z

{ii —ci +a(=A)*u+ Au = C,f,(t),t € (0,7] Al
—cii + y$8(—A)*v + Av = C,f5(t), t € (0, T]( )
where, A: D(A) c Z — Zis an unbounded linear operator in
Z with the spectral decomposition given by
Az = 2}11 /11 21};:1@' ¢j,k) ¢j,k,
with eigenvalues
0<A <A <<, = oo,
each one with multiplicity {y, }equal to the dimension of the
corresponding eigenspace.
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a) There exists a complete orthonormal set {@,} of

eigenvectors of A.
b) For all z € D(A) we have

Az = Z;o:1 ln 2?1:1 <z ¢n,k > ¢n,k = Z;?:l AnEnZ(42)
The controls fi,f, € L*(0,7,Z) and C;,C,:Z — Z are

linear and bounded.When Z = L?(Q), the operators I and
1,1 are particular cases of C;and C,.

REFERENCES

(1]

(2]

S. Axler, P. Bourdon and W. Ramey, Harmonic Fucntion
Theory. Graduate Texts in Math., 137. Springer Verlag, New
York (1992).

Salah Badraoui, Approximate Controllability of a
Reaction-Diffusion System with a Cross Diffusion Matrix
and Fractional Derivatives on Bounded Domains, Journal of
Boundary Value Problems, Vol. 2010, ArtID 281238,
14pgs.(2010).

R.F. Curtain, A.J. Pritchard, Infinite Dimensional Linear
Systems. Lecture Notes in Control and Information Sciences,
8. Springer Verlag, Berlin (1978).

R.F. Curtain, H.J. Zwart, An Introduction to Infinite
Dimensional Linear Systems Theory. Text in Applied
Mathematics, 21. Springer Verlag, New York (1995).

Luiz A. F. de Oliveira, On Reaction-Diffusion Systems” E.
Journal of Differential Equations, Vol. 1998(1998), NO. 24,
pp. 1-10.

(6]

[11]

[12]

[13]

[14]

Jong Uhn Kim, On the Energy Decay of a Linear
Thermoelastic Bar and Plate. SIAM J. Math Anal.Vol.23, No.
4, pp 889, (1992).

J. Lagnese, Boundary Stabilization of Thin Plate. SIAM
Studies in Appl. Math.10, Philadelphia. Controllability of
Timoshenko Type Equation. 17,(1989).

H. Larez, H. Leiva and J. Uzcategui, Controllability of Block
Diagonal Systems and Applications, Int. J. Systems, Control
and Communications, Vol. 3, No. 1, (2011).

H. Larez and H. Leiva, Interior controllability of a 2£2
reaction-diffusion system with cross-diffusion matrix,
Boundary Value Problems, Vol. 2009, Article ID560407, 9
pages, doi:10.1155/2009/560407.

H. Leivaand Y. Quintana, Interior controllability of a broad
class of reaction diffusion equation, Mathematical Problems
in Engineering, Vol. 2009, Article 1D708516, 8 pages,
doi:10.1155/2009/708516.

H. Leiva, A Lemma on CO-Semigroups and Applications
PDEs Systems Quaestions Mathematicae, Vol. 26, pp.
247-265 (2003).

H. Leiva, A necessary and sufficient algebraic condition for
the controllability of thermoelastic plate equation, IMA
Journal of Control and Information, pp.1-18, (2003).

H. Leivaand N. Merentes, Interior controllability of the
thermoelastic plate equation, African Diaspora Journal of
Mathematics, Vol. 12, N. 1, pp. 1-14 (2011).

Y. Shibata, On the Exponential Decay of the Energy of a
Linear Thermoelastic Plate. Comp. Appl. Math. Vol. 13, No.
2, pp- 81-102,(1994).



	1. Introduction
	2. Abstract Formulation of the Problem
	3. Controllability of the System (10)
	4. Proof of the Main Theorem
	5. Final Remark

