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Abstract

In this article we prove the substantiation of the method of averaging for the fuzzy integrodifferential inclu-

sions with small parameter. Thereby we expand a circle of systems to which it is possible to apply Krylov-Bogolyubov

method of averaging.
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1. Introduction

Many important problems of analytical dynamics are de-
scribed by the nonlinear mathematical models that as a rule
are presented by the nonlinear differential or the integrodif-
ferential equations. The absence of exact universal research
methods for nonlinear systems has caused the development
of numerous approximate analytic and numerically-analytic
methods that can be realized in effective computer algo-
rithms.

The averaging methods combined with the asymptotic
representations (in Poincare sense) began to be applied as
the basic constructive tool for solving the complicated
problems of analytical dynamics described by the differen-
tial equations. Averaging theory for ordinary differential
equations has a rich history, dating to back to the work of
N.M. Krylov and N.N. Bogoliubov[1], and has been used
extensively in engineering applications[2-6]. Books that
cover averaging theory for differential equations and inclu-
sions include[7-10].

In recent years, the fuzzy set theory introduced by
Zadeh[11] has emerged as an interesting and fascinating
branch of pure and applied sciences. The applications of
fuzzy set theory can be found in many branches of science
as physical, mathematical, differential equations and engi-
neering sciences. Recently there have been new advances in
the theory of fuzzy differential equations[12-16], fuzzy in-
tegrodifferential equations[17-20], differential inclusions
with fuzzy right-hand side[21-24] and fuzzy differential
inclusions[25-27] as well as in the theory of control fuzzy
differential equations[28-30], control fuzzy
integrodifferential equations[31-35], controlfuzzy differential
inclusions[36-39], and control fuzzy integrodifferential
inclusions[40]. In works[41-48] various schemes of an average
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for the fuzzy differential equations and inclusions have been
considered. In this article we prove the substantiation of the
method of full averaging for the integrodifferential inclu-
sions with small parameter on the metric space (E”;D) .
Thereby we expand a circle of systems to which it is possi-
ble to apply Krylov-Bogolyubov method of averaging.

2. Preliminaries

Let comp(R” conv R"t)r be a set of all nonempty
(convex) compact subsets from the space R”,

h(4,B)= rn>i(r)1{S,(A) >B.,S,(B)> 4}

be Hausdorff distance between sets 4 and B, S,(4) is
r -neighborhood of set 4.

Let E" be the set of all u:R" —[0,1] such that u satis-
fies the following conditions:

e u is normal, that is, there exists an x,eR" such that
u(xg) =1;

e u is fuzzy convex, that is,

u (ﬂx +(1- /l)y) > min{u(x),u(y)}

eforany x,yeR" and 0<A<1;

® 1 is upper semicontinuous,

o [u]o = cl{x e R":u(x) > 0} is compact.

If ueE", then u is called a fuzzy number, and E" is
said to be a fuzzy number space. For 0<a <1, denote
[u]a = {x eR":u(x)> a} .
Then from 1)-4), it follows that the « -level set
[u]” e conv(R”) forall 0<a<l.
Let 0 be the fuzzy mapping defined by é(x)z 0 if

x#0 and O(x)=1.
Define D:E" xE" —[0,00) by the relation

D(u,v) = oil;pglh([u]a ,[v]a) R

where # is the Hausdorff metric defined in comp(R").
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Then D isametricin E”.
Further we know that[49]:

1. (E”,D) is a complete metric space,

2. D(u +w, v+ w) = D(u,v) forall u,v,weE",

3. D(Au,Av)=|A|D(u,v) forall u,veE" and AcR.

Definition 1.[15] A mapping F:[0,7]— E"
is measurable if for all a<[0,1] the set-valued map
F,:[0,T]— conv(R”) defined by F,(t)=[F(1)]* is
Lebesgue measurable.

Definition 2.[15] A mapping F:[0,7]— E" is said to be
integrably bounded if there is an integrable function #(r)
such that [x(r)|<h(r) forevery x(f)eFy().

Definition 3.[15] The integral of a fuzzy mapping

T a
F:[0,T]—>E" is defined levelwise by [IF(t)dt] =
0

T T T
IFa(t)dt . The set J'Fa (t)ar ©ofall J-f(t)dt such that
0 0 0

f:[0,T]— R" is a measurable selection for
F,:[0,T]— conv(R”) forall ae [0,1] .

Definition 4.[15] A measurable and integrably bounded
mapping F:[0,7]— E" is said to be integrable over

T
[0.7] if J.F(t)dteE"'
0

Note that if F:[0,7]— E" is measurable and integrably
bounded, then F is integrable. Further if F:[0,T]— E"
is continuous, then it is integrable.

Now we consider following fuzzy integrodifferential in-
clusion

)'ceF(t,x)-rj.CD(t,s,x(s))ds x(0) = xg, (1)

o
" dx/ - ng .
where x means Aft’ x € R" is the state;
F:R,xR" > E"

is a fuzzy mapping, ®:R, xR, xR" — E" is a fuzzy map-
ping, t,seR,, xyeR".

We interpret[21-24] the fuzzy differential inclusion (1) as
a family of integrodifferential inclusions

Xy € [F(t,xa )]a + J-I:d)(t,s,xa (s)):la ds x,(0) = xp, (2)

where the subscript ¢« indicates that the « -level set of a
fuzzy set is involved (the system (2) can only have any sig-
nificance as a replacement for (1) if the solutions generate
fuzzy sets (fuzzy R-solution)[24]).

Let X(¢) denotes the fuzzy R-solution of the fuzzy in-
tegrodifferential inclusion (1).

3. The Scheme of an Average

In this section we consider the Cauchy problem with
small parameter

Xeg|:F(t,x)+I(D(t,s,x(s))ds}, x(0)=xo, 3)

where ¢ >0 isasmall parameter.
In this section we associate with the equation (3) the fol-
lowing averaged integrodifferential equation

yeg{F(y)+J.®(t,y(s))ds:|, »(0) = xo, “4)

where
| T
Tli;nwD[T j F(t,x)dt,F(x)J:Oa )
0
1(]Z)l(t,x), t>0, t
a)(t,x): t 1 d)l(t,x):J‘CD(t,s,x)ds (6)
lim -®,(¢,x), =0, 0

t—>04+ 1
Remark. In this paper we will consider a case when the
limits (5), (6) exist.
Theorem. Let in domain

Q={(t,x)|t20,xchR”}
the following hold:
1) F(z,x) is continuous in (f,x)eR, xG ;
2) ®(t,s,x) iscontinuousin (¢,s,x)eR, xR, xG ;
3) there exist constants A, M; such that

D(F(t,x),é)ﬁ M, D(F(t,xl),F(t,xz)) < /1Hx1 —sz R

forall (t,x)eQ,andany x,x,eG ;

4) there exist continuous functions x(t,s), K(¢,s), and
constant M, such that

D((D(z,s,xl),(b(t,s,xz )) <u(t,s)|x —x,

Dlo(e.s5.x).0)< K (e.5),
ty ¢
J-J-K(t,s)dsdt <My(t,-1)°
40
forany 0<¢ <t,<o,andany x,x,eG;
5) there exist constants M5, and M, such that
bt
IIy(t,s)dsdtSM3(t2 —4)
4 0
it

”y(z,s)(t—s)dsdth4(z2_tl),

forany 0<¢ <t¢, <oo;
6) there exist continuous functions v(¢), K(t), and
constants v;, v,, K; such that

D@(.x).0)<K (). D(@(t.x).3 (1)) <o(0)]s ).

123 153
Izl?(t)dt <K/ (ta—4)’ J.tu(t)dt <u(t,—-14)°
4 4

)

Itzu(t)dt <0y (ty —1)>

4
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forany 0<#<ty<oo and x,x,€G;
7) the limits (5),(6) exist uniformly in xe G ; e ()= xp(s)] < (M + M3 ) (i =)
8) for any xpeG'cG and >0 the fuzzy R-solution

of the system (4) together with a o -neighbourhood belong forall ¢e [ti Lin ] and s<t.

to the domain G . Also,

Then forany 7 >0 and L >0 there exists 1 1 L
£°(n,L)e(0,0] suchthat forall e (0,6"] and Hx/’(t)_x/’(ti) (M, +M2);'
te[0,Le™"] the following statement fulfil: Let 6= Hxﬁ (%) —x}; (#)|l- Then, we get

D(X(1).Y(1))<n, (7)
where X(t), Y(t) are the fuzzy R-solutions of the initial Hxﬁ (1) —x}, AE Hxﬁ (0)-x5(1;)|+ Hxﬂ (1)~ x,lfj’(ti) <
and the full averaged equations.

Proof. Let 7 >0 is any constant. In the beginning, us
prove the validity of the inclusion for all ¢e[0,Le™"] <G +e(My+My)(t-1). (12)

X(t)c Y(t)+ S, (é), (8) By (12), and conditions 3), 5) of the theorem, we obtain
P 4
~ h [F(t,xﬁ (t))}ﬁ + I@(t,s,xﬂ(s))ds s
where [S,] (H)]a =S, (0) for all a€[0,1]. Let Be[0,1] is o
arbitrary and we prove the validity of the inclusion Vi
1 s 1
B B F t,xﬂ(tl-) +| | D t,s,xﬂ(t,-) ds <
@ <[ +5,00) [l @) | oleesh )
forall re[0,Le71]. .
We consider the integrodifferential inclusion
g <[op (6) -l (1) +J.y(t,s)Hxﬁ(s)—xlﬁ(ti)dsS
t s 0
X5 € g[F(t,xﬁ)]ﬁ +6|:J.(D(t,s,x/3(s))ds:| ) xﬁ(O) =x0" (9)
(0] t
<| —t; A d.
Let xg (¢) is any solution of the system (9). Then <[8;+ (M + M) (1, )]( +'([#(”S) S} +
xﬂ(t):x0+5.[v(‘r)dr’ (10)
0 t
5 we(My+ M) [ (e.5) (1 =5)Hts = a(e.tot)
t
where v(t)e[F(t,xﬂ (t)):|ﬁ +[I®(t,s,xﬁ(s))ds] . 0
0 forall te(t;,fy].

Divide the interval [0,L&”'] into partial intervals by the It follows, we have Hv(t)_ vl( I)H <a(enty) , for all
points ¢ =iL/mg , i=0,.,m, meN. We consider the . [t- f'+1] _
function l

As

() =y e+ o[V (e)ar, (O30 Llitimls Dy ) )

+ gz[Hv(T) —y! (T)‘PT >

forall te [t,-,tm ], then we get

where
I ()0 = min ()= o 5[1um)()
Flra ()] 4] [@(r.2(1,))ds
w(t)e[ (t vﬁ(l,))} +L[ (l‘A xﬂ(l,)) A:| where
By conditions 3), and 4) of the theorem, we have ()= (M, + M )LZ(,1+M J+5M4L(M] +M,)
1\& 1 2 m2 ) 3 m .
t T
Hx/; (2) —x/;(t,-)H < EI[MI +J.K(r,s)ds}r < Therefore
0 0 My+M,( L L(A+M;)
H_IS /I+M3 [zm(ﬁ.+2M3)+€M4j(e 3 1),

L
SS(MI+M2)(t—ti)S(M1+M2)Z, forall i=0,m—1.
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Then we obtain

Hxﬂ(l)—xlﬂ(l‘)HSZ(Ml +M2)é+

(A+2M;) +.9M4j(eL(’“M3) —1) '

+M1+M2[i
ﬂ,+M3 2m

Now we have function & B (t) such that
fﬂ(f):éﬂ(ti)+8_[g(r)dr’ $5(0)=x0, 1€[tpntin],
(0]

where
Hvl (t)—g(t)H = min
w(0)e] F( (1)) ] o[ 1ot ()]
By condition 7) of the theorem, for any 7, >0, there ex-
ists £%(;,L)>0 such that the following estimate is true

for 0<e<e’:

;{H [[F(r,xlﬂ(,i))]ﬁ +j[¢(r,s,xlﬂ(ti))}ﬁdsJ -

[ ()= w()]

4 0

tl

[ﬁ(xlﬂ (tl«))]ﬂ +% f T[&)(T,xlﬂ(ti))]ﬂ d‘r} <n.

4

Hence,
ti,
= o)
4

Then

Hxif (ti1) = Ep (6 )| < L

Also we have

€5 (0)=¢5(1)

<

2L
¥ (0)-&()] < “C(My+ M)+ Ly
forall re(t,6y].

From here and by conditions 3), 6) of the theorem, we
obtain

h[[ﬁ(gﬂ(z))}ﬁ +j.|:(l>(t,§ﬁ(s)ﬂﬁ ds,

b(m,e,t,m)= (ﬂwrtu(t))((Ml +M2)$+L771J+

&t?
N

;(t)(M1 +M,).

Therefore,

t

p[gﬁ(z),g[p(gﬂ(t))]ﬂ +g.[[a>(t,§[,(s))}”’ dsJ <

0

< h[e[F(xlﬂ (tl-))r +et[&)(t,xlﬁ(ti))]ﬁ,
g[ﬁ(fﬁ (t)):|ﬂ + g-i.[a)(t,fﬁ (s)):|ﬁ ds] <

Sgb(m,g,t,nl).

13)
From (13) it follows the existence of such a solution
yp(t) of inclusion

speelF)) +e[[8(rp ()] ds> 25(0)=x0,

that for all ¢e[0,Le7]
65 (0)-ys ()] < ¥ e (m,my)

where
E(M] +M2)l)2
3 .

c(m,g,r]l):(/1+ul)L(M1 M, +771)+
m

Than we obtain

g (1) =35 (1) < 40y M)t Ly () ) 1) ¢

+e(l+u‘ )LLc(m, g,m ) .

Also lim ay(m,e)=0,and lim c(m,&,m7)=0, then
&0 &0

m—>o0 m—>0

there exist m, &,and 7 such that Hxﬁ (1)-vp (t)H <n,
for all ¢e[0,L¢7']. Hence [X(t)}ﬂ c [Y(t)]ﬂ +8,(0), for
all re[0,Ls7'].as Be[0,1] isarbitrary, then
X()cy(t)+s, (é), forall re[0,Ls7'].

Now, we proof, that Y(¢)c X(¢)+ S, (é) , for all
te[0,Ls7']. Also, let Be[0,1] is arbitrary and we prove
the validity of the inclusion [Y(t)]ﬂ c [X(t)]ﬂ +8,(0) for

all re[0,Le7'].
We consider the integrodifferential inclusion

. s
yp e s[f(yﬂ)]ﬂ +5|:j®(t,yﬂ (s))ds:| s yp(0)=x0 - (14)

0

Let yg(t) isany solution of the system (14). Then

Yp(t)=x0+£jz(r)dr’ (15)
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where

¢ B
() e[ F(rp(0)] {j (t2p(9))d }

0

Divide the interval [O,Ls’l] into partial intervals by
i=0,.,m, meN. We consider

the points ¢ =iL/me,
the function

‘
y};(t):y}f(t,-)+e.|.zl (v)dr, ylﬁ(O):xO > te[ti’tiﬂ]’
1

where

|+ ()-=()] = min

By conditions 6), and 8) of the theorem, we have

[y (6) =g (1)] < My + 012) =
[y (6) =y ()] < £ (b, + My ) (1= 5)

L
S(M1+M2);,

[ (0)- v (&)
forall re[s,1,,] and s<t.

yﬂ(ti)‘y}i(ti) .

Then (similarly (12)), we get

Let 5,:‘

Sg‘l +8(Ml +M2)(t—tl),

[vs(0)- 5 &)
and

|2(6) =2 ()| <[5 + &My + 11, (e -

i) )(2+to(t))+

}[Hz(z’) —Z! (z’)‘Pz’ )

[y (@)=l ()] =5 () -

forall te [ti,tm ], then we get

1) g o),
m

where
_ I’ )
a,(e,m)= (M1+M2) (ﬂ+ul)+g(M1+M2) .

Therefore for all i= O,m -1
G = () 1)@y (m.z)

l

where

@y (m.s)= (M, +M2)[fn”z<ﬂui UIJ'

Then, we obtain
[y ()= (0] £ 20+ M) (M52 1)y ()
Now we have function ¢ (t) such that
Splt)= é'/;(l,-)+€jr(2')d2' . ¢p(0)=x0, te[titin],
where '
min | (0)-w()].

)] [ofesspie)]

By condition 7) of the theorem, for any 7, >0, there ex-
ists & (72,L)>0 such that the following estimate is true
for 0<e<el:

liy)

(O e e

7 0

ra)(r,ylﬂ (t,-))dr} <175

i

[7(h )]+ |

Hence,
o f o 6) - (e fae <2
t;
Then
Hyk(t”l)_gﬂ(tm) <Lm,.
Also we have
Hgﬁ(t)f"/ﬁ(tl) %(M1 My),

Hyﬂ 5,3()“ 2L (M +My)+ L,

forall re[,1,].
From here and by conditions 3), and 6) of the theorem,
we obtain

t
( té’ﬁ(t) ﬁ+j tsé'ﬁ(s ds,
0

/1

¢
t yﬁ(t +J- t,s, xﬂ(t ds]<b(m,£,t,r72) >
0

where
— L L
b(m,e,t,my)=A=—(M +M2)+(—(M1 + M2)+4772j><
m m

t t
xI,u(t,s)ds +e(M; + MZ)J',u(t,s)ds :
0 [

Therefore,
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p| 50, F(165(0)] +e[[@(ts.gp(s)] a5 |<
<eb(me,tn,). (16)

From (16) it follows the existence of such a solution
x4(r) of inclusion

Xp € g[F(t,xﬁ)]ﬂ + gj[d)(t,s,xﬁ (v))]ﬂ ds> Xp (0) =Xo>

0

that for all ¢<[0,Le™"]
[ =xp () s L (msma)

where

2 2
c(myemy)=(M, +M2)(M+5M4L+ L M3]+
m m

+L, (A+M5).
Than we obtain
[y (1) =5 (1) <

<a(My+ M) vy + 3, (m,g)(eL(“"l) —1) +
m

A+M;)L

+e( E(m,g,r]z).

Also  lim Ez(m,g)zo, and lim E(m,g,nz)zo, then
>0 £—0
Mm—so0 m—>o0

there exist m, ¢,and 75, such that Hyﬁ(t)fxﬂ(t)H«y,
for all te[0,L&"']. Hence [Y(t)]ﬂc[X(t)]ﬂ+S,7(0), for
all 1e[0,Le™']. As B €[0,1] is arbitrary, then

Y(t)c x()+ A (é), for all 7e[0,L&™']. This concludes the
proof.

5. Conclusions

In this article we prove the substantiation of the method
of full averaging for the fuzzy integrodifferential inclusions
with small parameter. Thereby we expand a circle of sys-
tems to which it is possible to apply Krylov-Bogolyubov
method of averaging. In a case if limits (5) and (6) do not
exist it is possible to receive only result similar[46].
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