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Abstract Several materials are known as anisotropic materials under external forces. This property is related to internal

structure of the materials. An example of anisotropic material is wood. Normally, Young modulus of wood is described for
three different directions: Longitudinal (L), Tangential (T) and Radial (R). A formula concerns with the influence of tensile
angle on Young modulus of anisotropic materials is proposed based on a thin material model. The formula is derived using
Hooke law and transformation matrix. Young Modulus at a specific tensile angle can be predicted using Young modulus
values for tensile angle of θ=0° and θ=90°. The formula has been used to study the influence of tensile angle on Young
modulus of single anisotropic materials (Oak red and Pine red) and series and parallel configuration in Longitudinal (L)
direction of combination of Oak red and Pine red. The study shows that for anisotropic materials that have Young modulus
Yx > Yy, and tensile angle is equal to 0° and 90° for x and y direction respectively, the Young modulus decreases as tensile
angle increases. The decrease rate is higher in the smaller tensile angle region.
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1. Introduction
One of mechanical property of materials is stiffness,
which can be represented by Young modulus. Each material
has specific Young modulus. In general, Young modulus
related to internal structure, i.e. to internal interaction
between components within materials. Today, Young
modulus of many materials has been measured and well
recorded. These values often be used as references, i.e. in
designing products.
Several materials are anisotropic mechanically, i.e. they
have different Young modulus values for different angle
tensile directions. Anisotropic also can be caused by a
preparation process, such as for steel [1]. Some natural
materials such as woods and bamboos are known as
anisotropic materials. These materials are plants which
grow in vertical direction. Stiffness of woods and
bamboos in vertical direction is different with their stiffness
in other directions, so that Young modulus depends on fiber
* Corresponding author:
widayani@fi.itb.ac.id (Widayani)
Published online at http://journal.sapub.org/cmaterials
Copyright © 2019 The Author(s). Published by Scientific & Academic Publishing
This work is licensed under the Creative Commons Attribution International
License (CC BY). http://creativecommons.org/licenses/by/4.0/

orientation [2].
Wood is known to have different Young modulus in the
Longitudinal (L), Tangential (T) and Radial (R) directions
[3]. During a growth period, wood plants grow taller and
the radius of the tree trunks get bigger. The schematic
description of the directions L, T and R of wood is shown in
the Figure 1. The L direction is the direction of wood fiber,
that is, in the vertical direction of tree trunks. The growth of
the wood trunk radius is influenced by the season, which
results in the appearance of typical circular lines (named as
growth rings) on its cross section. T is the direction of the
tangent of the circular lines, and the direction of R is normal
to the growth lines.

T

L

R
Figure 1. Schematic figure of three directions of a wood trunk:
L(Longitudinal), T(Tangential) and R(Radial)
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Bamboos also has different Young modulus in the vertical
and horizontal directions [4]. Therefore, utilizing woods and
bamboos must consider the orientation of the materials to get
good performances of the products.
Several studies have been carried out to explore the
influence of tensile angle direction on mechanical property
of materials. The studies were carried out both
experimentally [2] and theoretically [5]. This paper concerns
with a theoretical study of the influence of tensile angle
direction on the Young Modulus of anisotropic materials. A
formula of Young modulus as a function of tensile angle has
been derived and applied to a single and combination of two
anisotropic materials.
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2. Theory and Models

Figure 3. Three ordinates (x, y, z) is used to describe 3D material (cube)
and two ordinates (x, y) is used to describe a thin material (square)

2.1. Young Modulus of a Single Anisotropic Material
Basically, a material undergoes deformations under
external forces, as in Figure 2. Normal tensile forces result in
elongation, which can be accompanied by decreases in
thickness. In this study, the decreases in thickness does not
taken into account. In linear region, the normal force and the
deformation follow Hooke law:
(1)

σ = 𝑌𝑌ε

Where σ is “stress” ( σ = F / A ) and F is normal force,
A is surface area, and ε is “strain” ( ε = ∆L / L0 ), ΔL is
elongation, L0 is initial length. Y is Young modulus.

A

F

F

L0

It is assumed that the decrease in y direction caused by σx
is very small, and vice versa, so that it can be neglected. The
Hooke law can be represented using matrix expression:
σ𝑥𝑥
𝑌𝑌𝑥𝑥 0 ε𝑥𝑥
(4)
�σ � = � 0 𝑌𝑌 � �ε �
𝑦𝑦
𝑦𝑦
𝑦𝑦
2.2. The Influence of Tensile Angle Direction on the
Young Modulus

The response of an anisotropic material depends on the
tensile angle direction. To discuss this, first we choose a pair
of ordinates x and y as a reference. A vector OP, where the
ordinates P are x and y, undergoes rotation with angle θ, now
we have new vector OP’, with ordinates P, are x’ and y’ as
shown by Figure 4.

∆L

Figure 2. Normal tensile stress causes elongation. Normal force F acted
on the surface area A causes elongation ∆L from initial length L0

Naturally, a material is a 3D material, as with our space is
3D space. Mathematically, 3D space is represented by 3
ordinates. For example, a cube in Cartesian coordinates can
be figured by ordinates x, y, and z. This study concerns with
thin materials. The thin materials can be approached by a
slice of a cube to get material in the form of a square, as
shown in the Figure 3.
The thickness of this slice is far less than it lengths. For
this form of materials, we can use two ordinates (x and y) to
describe stress, Young modulus, and strain. Specifically, for
anisotropic materials, the Young modulus in the x direction
is different with that of in the y direction. Therefore, Hooke
law can be written as follow:
σ𝑥𝑥 = 𝑌𝑌𝑥𝑥 ε𝑥𝑥

σ𝑦𝑦 = 𝑌𝑌𝑦𝑦 ε𝑦𝑦

(2)
(3)

Figure 4. Vector OP undergoes rotation with angle of θ . Initial coordinate
P (x, y) becomes new coordinate P’(x’, y’)

The initial and new coordinates are related through a
transformation matrix. The new ordinates (x’ and y’) can be
derived from initial ordinates (x and y) through following
transformation matrix [6].
𝑥𝑥′
𝑐𝑐𝑐𝑐𝑐𝑐θ −𝑠𝑠𝑠𝑠𝑠𝑠θ 𝑥𝑥
� �=�
�� �
(5)
𝑦𝑦′
𝑠𝑠𝑠𝑠𝑠𝑠θ 𝑐𝑐𝑐𝑐𝑐𝑐θ 𝑦𝑦

Basically, the Young modulus for before and after rotation
should be the same: Yx=Yx’ and Yy=Yy’, and Hooke law also
valid in the new coordinate:
σ𝑥𝑥′
𝑌𝑌𝑥𝑥 0 ε𝑥𝑥′
(6)
�σ � = � 0 𝑌𝑌 � �ε �
𝑦𝑦′
𝑦𝑦′
𝑦𝑦
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When a material experienced tensile stress at angle θ, it
means that the stress direction is not at x’, nor at y’ direction;
but it makes an angle θ to x’ as shown in Figure 5. It can be
seen that the stress components in x’ and y’ directions
depend on the angle θ. The x’ can be chosen as a specific
direction, i.e. for the case of wood, it can be chosen as
Longitudinal (L) direction.

𝜃𝜃

𝜎𝜎𝑥𝑥′
𝜃𝜃

𝜎𝜎𝑥𝑥

(7)
(8)

Inserting (7) and (8) into (6) gives:
𝑌𝑌𝑥𝑥 0 𝑐𝑐𝑐𝑐𝑐𝑐θ −𝑠𝑠𝑠𝑠𝑠𝑠θ ε𝑥𝑥
σ 𝑐𝑐𝑐𝑐𝑐𝑐θ
� = � 0 𝑌𝑌 � �
�� �
� 𝑥𝑥
σ𝑥𝑥 𝑠𝑠𝑠𝑠𝑠𝑠θ
𝑠𝑠𝑠𝑠𝑠𝑠θ 𝑐𝑐𝑐𝑐𝑐𝑐θ ε𝑦𝑦
𝑦𝑦

(9)

Solving the equation (9), gives the relationship between
stress σx and strain εx:
σ𝑥𝑥 =

𝑌𝑌𝑥𝑥 𝑌𝑌𝑦𝑦
ε
𝑌𝑌𝑦𝑦 𝑐𝑐𝑐𝑐𝑐𝑐 2 θ+𝑌𝑌𝑥𝑥 𝑠𝑠𝑠𝑠𝑠𝑠 2 θ 𝑥𝑥

(10)

Regarding Equation (1), thus the Young modulus of
anisotropic materials under tensile angle direction θ can be
expressed as follow:
𝑌𝑌θ =

𝑌𝑌𝑥𝑥 𝑌𝑌𝑦𝑦

(11)

𝑌𝑌𝑦𝑦 𝑐𝑐𝑐𝑐𝑐𝑐 2 θ+𝑌𝑌𝑥𝑥 𝑠𝑠𝑠𝑠𝑠𝑠 2 θ

Noted that Yx and Yy are Young modulus at x and y
direction, respectively. According to Equation 11, Young
modulus of anisotropic materials under specific tensile angle
direction can be calculated if the Young modulus Yx and Yy
are known.
2.3. Young Modulus of Series and Parallel Configuration
of Two Anisotropic Materials
Consider two anisotropic materials with the same
dimension. There are two configurations in the combination
of these materials: series and parallel. The configurations are
seen in Figure 6.
For series configuration, the total extension is equal to the
addition of extension of material 1 and 2. The two materials
experienced the same stress. The Young modulus of series
configuration can be derived as follow:
σ

σ

1

2

𝑌𝑌 +𝑌𝑌

ε = ε1 + ε2 = 𝑌𝑌 + 𝑌𝑌 = σ � 𝑌𝑌1 𝑌𝑌 2 �

σ = 𝑌𝑌𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ε

1 2

θ=0°
(a)

Y2

Y1

The stresses σx’ and σy’ are the projection of stress σx on the
respected axis:
σ𝑦𝑦′ = σ𝑥𝑥 𝑠𝑠𝑠𝑠𝑠𝑠θ

(12)

θ=90°
(b)

Figure 5. Schematic figure of a material under stress directed at angle θ to
a specific (i.e. Longitudinal) orientation. The stress components in new
coordinate σx’ and σy’ are the projection of stress σx on the respected axis

σ𝑥𝑥′ = σ𝑥𝑥 𝑐𝑐𝑐𝑐𝑐𝑐θ

𝑌𝑌1 𝑌𝑌2

𝑌𝑌1 +𝑌𝑌2

Y2

𝜎𝜎𝑥𝑥

𝜎𝜎𝑦𝑦′

𝑌𝑌𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =
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Figure 6. Combination of two materials: (a) series configuration, (b)
parallel configuration

On the other hand, for parallel configuration, the total
stress is equal to the addition of stress on material 1 and 2. It
is assumed that the extension of material 1 is equal with that
of material 2. Young modulus of parallel configuration can
be derived as follow:
σ = σ1 + σ2 = 𝑌𝑌1 ε + 𝑌𝑌2 ε = (𝑌𝑌1 + 𝑌𝑌2 )ε

σ = 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ε

𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑌𝑌1 + 𝑌𝑌2

(13)

2.4. Series Configuration in Longitudinal (L) Direction
of Two Anisotropic Materials

Longitudinal (L)
Tangential (T)

y
θ

x

θ=0°

θ=90°

Figure 7. Series configuration in Longitudinal (L) direction. The figure
shows tensile angle direction of θ=0° and θ=90°

For anisotropic materials, there are several ways to
combine them in series and parallel configurations. For an
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example, woods have different Young modulus for three
different directions: Longitudinal (L), Tangential (T) and
radial (R). Let consider two anisotropic materials that each
have different Young modulus in the L and T directions.
Series configuration in Longitudinal direction of two
anisotropic materials is shown in Figure 7.
The tensile angle at θ=0° is considered as the two
materials arranged in series at Longitudinal direction. This
leads to the tensile angle at θ=90° is related to parallel
configuration of two materials in Tangential direction.
Therefore, Young modulus of the series combination in
Longitudinal direction for tensile direction θ=0° and θ=90°
are:
𝑌𝑌

𝑌𝑌

𝑌𝑌0 = 𝑌𝑌𝑥𝑥 = 𝑌𝑌 1𝐿𝐿+𝑌𝑌2𝐿𝐿
1𝐿𝐿

(14)

2𝐿𝐿

(15)

𝑌𝑌90 = 𝑌𝑌𝑦𝑦 = 𝑌𝑌1𝑇𝑇 +𝑌𝑌2𝑇𝑇

Young modulus at any angles θ (0°<θ<90°) can be
calculated using Equation (11).
2.5. Parallel Configuration in Longitudinal Direction of
Two Anisotropic Materials
Figure 8 shows parallel configuration in Longitudinal
direction of two anisotropic materials. The tensile at θ =0° is
considered as the two materials are arranged in parallel at
longitudinal direction, so that the tensile angle at θ=90° is
related to series configuration of two materials in Tangential
direction.

Young modulus at any angles θ (0°<θ<90°) can be
calculated using Equation (11).

3. Calculation Method
The formula of Young modulus (Equation 11) were used
to analyse an anisotropic material model of woods. The
materials are: single material of Oak red and Pine red, and
series and parallel configuration of the combination of Oak
red and Pine red. The Young modulus is calculated for
several tensile angles: 0°, 15°, 30°, 60°, 75° and 90°. All the
calculations were carried out using Microsoft Excel.
In the calculation, the Young modulus data of Oak red and
Pine red, are taken form a reference [7], which provide a
very complete mechanical properties of woods that are
growth in America. The Young modulus of wood normally
obtained for compression. Woods are natural materials, so
that their mechanical properties depend on growth condition
such as weather, soil, moisture. The moduli values provided
in the reference are average values. The moduli were
determined using bending tests: a simply supported,
center-loaded beam, on a span depth ratio of 14/1. In the
calculation, the values are used without any correction for
shear deflection.
In this calculation, the Young's modulus along the
longitudinal direction (YL) were for the woods with moisture
content of 12% [7]. Young modulus along tangential
direction (YT) were calculated using ratio YT/YL [7]. Figure 9
illustrates the L, R and T directions of a wood beam.
Fiber direction

R

L
T

Circular lines (Growth rings)

θ=0°

Figure 9. Schematic figure of L, R and T directions of a wood beam

y

The Young modulus of Longitudinal and Tangential
directions of Oak red and Pine red are shown in Table 1.

θ=90°

Table 1. Young modulus of Longitudinal (L) and Tangential (T) directions
of Oak red and Pine red

x
Figure 8. Parallel configuration in Longitudinal direction. The figure
shows tensile direction at θ=0° and θ=90°

Therefore, Young modulus of the parallel configuration in
Longitudinal direction for tensile angle direction θ=0° and
θ=90° are:
𝑌𝑌0 = 𝑌𝑌𝑥𝑥 = 𝑌𝑌1𝐿𝐿 +𝑌𝑌2𝐿𝐿

𝑌𝑌90 = 𝑌𝑌𝑦𝑦 =

𝑌𝑌1𝑇𝑇 𝑌𝑌2𝑇𝑇

𝑌𝑌1𝑇𝑇 +𝑌𝑌2𝑇𝑇

(16)
(17)

Material

YL (MPa)

YT/YL

YT (MPa)

Oak red

12500 [7]

0.082 [7]

1025

Pine red

11200 [7]

0.044 [7]

492.8

For analysis on combination of two materials that is
carried out for series and parallel configuration of Oak red
and Pine red in Longitudinal direction, the Young modulus
Yx (θ=0°) and Yy (θ=90°) should be determined first using
related formulas (Equation 14-15 and Equation 16-17). The
calculated values are shown in Table 2.

International Journal of Composite Materials 2019, 9(2): 33-38

37

Table 2.
Young modulus of series and parallel configuration in
Longitudinal direction of the combination of Oak red and Pine red
Configuration

Yx (MPa)

Yy (MPa)

Series

5907.2

1517.8

Parallel

23700

332.8

4. Results and Analysis
4.1. The Influence of Tensile Angle Direction on the
Young Modulus of Single Anisotropic Material
For study the influence of tensile angle direction on
Young modulus of single material, Oak red and Pine red
were chosen. Figure 10 and 11 show the stress-strain plot for
Oak red and Pine red, respectively.
In Figure 10 and 11, actually, the gradient of each curve is
the value of Young modulus of respected tensile angle
direction. It can be seen that Young modulus of the materials
gradually decreases under changes of load angle, from
Longitudinal to Tangential direction.

Figure 12. Plot of calculated Young modulus of Oak red and Pine red for
several different tensile angles. Tensile angle of θ=0° and θ=90° are related
to Longitudinal (L) and tangential (T) direction, respectively

As tensile angle increases, Young modulus decreases. The
decrease rate is higher in the smaller angle. This happens
because the materials are anisotropic materials. Using the
formula Young modulus (Equation 11), it can be seen that
when the same Yx and Yy is used, the Young modulus should
have the same value for any direction, thus it means that a
material with equal Yx and Yy is actually an isotropic material.
4.2. The Influence of Tensile Angle Direction on the
Young Modulus of Combination of Two Anisotropic
Materials

Figure 10. Plot of stress-strain for Oak red for several different tensile
angles. Tensile angles of θ=0° and θ=90° are related to Longitudinal (L) and
Tangential (T) direction, respectively

Figure 11. Plot of stress-strain for Pine red for several different tensile
angles. Tensile angle of θ=0° and θ=90° are related to Longitudinal (L) and
Tangential (T) direction, respectively

To see more clearly, plot of calculated Young modulus of
Oak red and Pine red for several different tensile angle is
depicted in Figure 12.

Combination of Oak red and Pine red was chosen to study
the influence of tensile direction on Young modulus. Two
configurations are used: series and parallel configuration
in Longitudinal direction as shown by Figure 6 and 7,
respectively. The Young modulus Yx and Yy which are related
to tensile angle of θ=0° and θ=90°, respectively, for each
configuration is as explained in the section “Theory and
Models” and the values used are as in Table 2.
Figure 13 and 14 show the stress – strain curves of series
and parallel configuration in Longitudinal direction,
respectively.

Figure 13. Plot of stress-strain of series configuration of Oak red and Pine
red in Longitudinal (L) direction for several different tensile angles

Similar with the case of single materials, Young modulus
of the materials gradually decreases as tensile angle
increases. It is important to note that the calculation of
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Young modulus depends on the values of Yx and Yy for each
configuration, which is correlated to the way to combine the
materials. As in Table 2, in this study, the Young modulus
Yx > Yy for every configuration.

matrix. The formula has been used to analyse the influence
of tensile angle direction on Young modulus of single
anisotropic materials (Oak red and Pine red), and series
and parallel configuration in Longitudinal direction (L) of
combination of Oak red and Pine red.
For anisotropic materials, we choose ordinates x and y so
that Yx > Yy, and tensile angle is equal to 0° and 90° for x and
y direction respectively, Young modulus decreases as tensile
angle increases. The decrease rate is higher for the smaller
tensile angle region. For a combination of two anisotropic
materials, the Young modulus Yx and Yy which are correlated
to the way to combine, should be defined first before using
the formula of Young modulus for a specific tensile angle.
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Figure 15. Plot of calculated Young modulus of series and parallel
configuration of Oak red and Pine red in Longitudinal (L) direction for
several different tensile angles

For tensile angle 0°, Young modulus of series
configuration is far lower than that of parallel configuration.
But as tensile angle increases, the Young modulus of parallel
configuration decreases to lower values than that for series
configuration for the same angles. As Young modulus
actually depicts stiffness, the results means that even parallel
configuration gives higher stiffness, but under any angle
tensile (θ>0°), the stiffness will drop significantly.

5. Conclusions
A formula of Young modulus of anisotropic materials as a
function of tensile angle direction has been proposed. The
formula was derived using Hooke law and transformation

