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Abstract  In this paper, the longitudinal polarization (order parameter) and electric susceptibility in the microtubule 

system have been investigated in the absence and presence of an external electric field using the mean-field approximation 

(MFA). We analyzed the behavior of the pseudo-spins inside the tubulin dimers by the transverse Ising approximation. We 

found out that in the absence of the electric field, the coupling constant of spin-spin interaction and anisotropic interaction 

bring the system in a ferroelectric (FE) phase while high temperatures and transverse fields bring the transition to paraelectric 

(PE) phase. Moreover, the presence of an external electric field increases the critical temperatures and brings the hysteresis 

phenomenon in the microtubule system.  
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1. Introduction 

The cytoskeleton is an assembly of multiple proteins 

connect together in order to give and maintain cell and 

membrane shape. In the cytoskeleton, there are three types  

of filament namely: actin filaments, intermediate filaments, 

and microtubules (MTs) [1,2]. MTs, major elements of the 

cytoskeleton are supposed to be the center of cellular 

organization and information processing. They play an 

important role in intracellular transport where they serve as 

road-rail for motors proteins, essential during cell division 

and cell motility [3,4]. For example, the coronavirus, 

hepatitis C virus, and many other viruses interact with 

microtubules directly or indirectly by associating with motor 

proteins [5] to move through the multiplication areas of the 

cell and facilitate replication of the virus. The perturbation of 

the displacement of microtubules associated with the 

coronavirus slows the replication of the virus [6-8]. 

It had been shown that MT is a long cylindrical tube about 

25nm in outer diameter and 14nm in inner diameter. The 

interior of the cylinder is likely to be filled with ordered 

water, which implies the existence of electric dipoles and 

electric fields [9,10]. Forms by 13 protofilaments, MTs are 

extremely dynamic and unstable because of the dynamic 

behavior of its basic units call tubulin dimers that attach end 

to end to form a protofilament [11,12]. Each tubulin dimer 

consists of two elements, α tubulin negatively charged and β 
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tubulin positively charged. This polarity difference implies 

that MTs are polarized structures where tubulin dimers are 

seen as electric dipoles [13,14]. There is an unbound mobile 

electron on each dimer, which can be localized to either α 

tubulin or β tubulin. Thus, depending on the location of the 

mobile electron, the tubulin dimer has two basic states as 

shown in Fig.1. These states are pseudo-spins where one can 

be spin up and another spin down depending on the mobility 

of electrons in the tubulin dimer [15,16]. In agreement   

with the behavior of ferroelectric (FE) materials to have    

a spontaneous electric polarization whose direction of 

polarization can be reversed under the action of an electric 

field [17-20], it has been hypothesized that MTs are oriented 

assemblies of electrical dipoles and can be assimilated     

to ferroelectric systems [21]. In ferroelectric systems, 

polarization is considered as the order parameter to describe 

the entire system. In classical electrodynamics, it is a 

macroscopic quantity defined as the average of the local 

contribution of elementary dipole moments and quantifies 

the transition from ferroelectric to paraelectric (PE-PE) 

phase [22,23]. In general, the system is usually considered in 

the ordered state or ferroelectric state when spins align in the 

same direction for increasing the polarization. In this case, it 

is possible to orientate the information in a precise direction. 

When the polarization gets to zero the system goes from 

ferroelectric to disorderly or paraelectric (PE) state because 

the spins are oriented in several directions where the 

information has not easily controlled. 

Many works on ferroelectric proprieties of MTs have been 

done to better characterize the system. The piezoelectric 

properties of the microtubule were first discovered by 

Athenstadt et al. [24], He was looking for piezoelectric 



10 C. Kenfack-Sadem et al.:  Dynamics of Microtubule Pseudo-Spin under the Influence of External Electric Field  

 

 

effects in living systems. The measurement of its 

piezoelectric properties and the subsequent classification as a 

piezoelectric polymer declared the existence of a permanent 

electric dipole on the microtubule. Brown et al. [25] 

re-examined the ferroelectric model of microtubules by 

showing the condition that the ferroelectric properties are 

important for the microtubule dynamic, and that microtubule 

can be affected by the transient endogenous electric fields of 

living cells. Pokorrny et al. [26] showed that the vibrations 

produced in the cell can generate an external electric field 

that influences certain proteins of the cell such as 

microtubules. In 2004, Chen Ying et al. [15] approached 

MTs as a one-dimensional ferroelectric system and describe 

the nonlinear dynamics of dimers of electric dipoles in a 

protofilament of the microtubule by virtue of the double-well 

potential, where they study MTs in the absence of the 

external electric field produced by other filaments in the 

cytoskeleton. They show that the ferroelectric to paraelectric 

FE-PE transition in the system occurs only through 

temperature. In 2005, Chen Ying et al. [27] studied the 

nonlinear dynamics of microtubules in the presence of a 

collective external electric field around the microtubules 

produced by vibrations inside the cell and showed that this 

electric field makes it possible to control the microtubule. In 

2011, Cifra et al [28] measured the electric field generated by 

the modes of longitudinal vibration of axial microtubules in 

the dynamics.  

 

Figure 1.  (a) Microtubule formed by protofilaments composed of tubulin 

heterodimers. (b) Heterodimer in α and β conformation state; the arrows 

denote the vectors of the electrical dipoles [14] 

But none of these works properly explain how to control 

the information in the precise direction, more precisely  

how to increase or decrease polarization in MTs systems. 

Knowing that chemical displacement and anisotropic 

interaction can affect the direction of the signal propagation, 

we are looking at the effects of spin-spin coupling and 

anisotropic coupling on the dynamic of spins that form MTs. 

Moreover, the value and the direction of the electric field 

also affect the polarization, so in addition to previous points, 

we plan to characterize the polarization according to the 

transversally and longitudinally of the electric field. The 

paper is organized as follows: in section 2 we describe MT’s 

system in terms of Hamiltonian, results, and discussions are 

presented in section 3 and section 4 concludes. 

2. Model and Calculations 

According with the work proposed by Chen Ying et al. 

[15] and that of Cifra et al. [28], we consider MT as a 

nonlinear ferroelectric chain made up of N pseudo-spin sites 

where anisotropic interaction [29,30] is taking into account. 

And then, we define the system using the Hamiltonian of the 

ferroelectric chain as: 

 
2
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         (1) 

The first term represents transverse energy associated  

with the transverse field x . iS  And jS  represent the 

pseudo-spin respectively in site i and site j with 
1

2
iS   . 

The second term characterizes the nearest -neighbor 

exchange interaction energy between the spin of the site i and 

the spin of the site j, with an interaction coupling 0J  . The 

notation ,i j   meaning that the sum is restricted to the 

nearest-neighbor pair of pseudo-spin, each pair being 

counted only once [31]. The third term represents anisotropic 

interaction, where D  is the anisotropic coefficient along 

the z-axis [32,33]. The last term represents the longitudinal 

external electric field and   denotes the electric dipole 

moment.  

Using the mean-field approximation (MFA) [15,34,35] 

we compute the effective Hamiltonian of the system using 

( , , )x y z
i i i iS S S S  as a vector, its components are three 

Pauli matrices of the pseudo spin. Assuming that the density 

matrix   of the many-body system equal to the product of 

the single-particle density matrices i  expressed as: 

 
1

exp( . )i i i iZ S 


         (2) 

Where  
1

BK T


  with k  the Boltzmann constant, 

T  the temperature and iZ  the partition function of a 

single-particle express as [15]:  

 1
exp( . ) 2 ( )

2
i i i iZ Tr S ch         (3) 

Since i  denotes the effective field exerting on iS  

defines as: 

 i
i

H

S



 


              (4) 

With H  the thermodynamic expectation value of the 

Hamiltonian H . 
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By using the sum over nearest-neighbors defined as

, 1 ( )

1

2

N

i j i j nn i 

   , where the factor of 
1

2
 is to avoid 

double counting pairs of sites and ( )nn i  denotes 

nearest-neighbors of i . Since there is no explicit j 

dependence inside the summation, this inner sum is simply 

and 

( )j nn i

q



  where the coordination number q  is 

equal to the number of neighbors of any given site. 

The value of q  depends on the dimension of the system, 

for example, for a 1D  lattice, 2q  ; for a 2D  triangular 

lattice, 4q  ; for a 3D  square lattice, 6q  . Assuming 

all these assumptions and consider z z
j iS S   , the 

final expression of the effective field is given by:  
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4
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Eq.(5) can be recast as follow: 
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By using Eq.(5), the effective Hamiltonian for the 

single-particle is:  

. .MFA i i i
i

H
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        (7) 

The thermodynamic expectation value of iS  is expressed 

as:
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Using Eq.(8),
 
the coordinates of the pseudo-spin are as 

follow: 
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The total polarization P  of the system is proportional to 

the thermal mean of the pseudo spin which is well defined in 

Ref. [33] by:

 

 
2 iP N S                (10) 

Since , ,x y z   and N  represents the number of 

dimers in the microtubule and   designates the single 

electric dipole. 

Using Eq (10), the expressions of longitudinal polarization 

and susceptibility for the system are respectively giving by: 

2z z
iP N S              (11) 

And  
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3. Results and Discussions  

In this section, we will compute numerically the 

longitudinal polarization and the electric susceptibility  

under the influence of various parameters such as spin-spin 

interaction, anisotropic interaction, and external field. 

Temperature greatly influences the dynamics of MTs and its 

variations show complex phenomena in living systems [36]. 

So, we will plot the polarization and the susceptibility     

as a function of temperature. Our main goal is to study    

the influence of these parameters on the transition of the 

ferroelectric phase to the paraelectric phase in the MT 

system.  

In Fig.2, we have plotted the temperature dependence of 

the longitudinal polarization (Fig.2a) and the susceptibility 

(Fig.2b) in the absence of the external electric field at 

different values of the coupling constants of the tubulin 

dimers considering a specific value of the transverse field 

1.5  . 

It is shown that the polarization is a decreasing function  

of environmental temperature (Fig.2a), meaning that spins 

that form MT have the tendency to depolarize when the 

temperature of the system increases. High temperatures 

bring the system in PE state and mess up the orientation of 

the information in a specific direction. By considering the 

variations of coupling constantly related to spin-spin 

interaction and the anisotropic interaction, it is shown that 

the increase of coupling constant in the tubulin dimers leads 

to an increase in longitudinal polarization. Meaning that the 

increase of coupling constant tends to bring the system in a 

ferroelectric phase. The transition of the system from FE to 

PE will be delayed when the chemical displacement and the 

anisotropic interaction between the spins increase, the same 

results were obtained in [33]. 

In Fig.2b, the susceptibility dependence on temperature 

shows two behaviors, an increase behavior at low 

temperatures and a decrease behavior at high temperatures 

supposing that the MT system has a strong capacity to 

polarize at low temperatures; this result is in agreement with 

the result previously obtained in Fig.2a. For each value of  

the coupling constant, one can observe the critical point of 
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susceptibility corresponding to the point where the 

polarization decreases to bring the system toward PE    

state. Moreover, these critical points correspond to critical 

temperatures that increase with increase the coupling 

constant. At high temperatures, the susceptibility is identical 

for the different values of the coupling constant, meaning 

that the coupling constant does not affect the polarization 

state of the system.  

In Fig.3, we have studied the longitudinal polarization and 

the susceptibility in the absence of an external electric field 

at a specific value of the coupling constant D J  by 

considering different values of the transverse field  . In 

Fig.3a, it is shown that by increasing the transverse field, the 

polarization decreases. So, the stronger is a transverse field 

and the weaker is the polarization of the MTs system. At high 

temperatures, the polarization is identical for the different 

values of the transverse field. Fig.3b shows the susceptibility 

as a function of temperature. It is observed that critical points 

disappear by increasing the transverse field. These results 

suggest that the presence of the transverse field in the system 

disturbs the orientation of the pseudo spins in the tubulin 

dimers and brings the system into PE state. 

 

 

a 

 

b 

Figure 2.  a) Longitudinal polarization as a function of temperature for different values of the coupling constants; b) Susceptibility versus temperature for 

different values of the coupling constants
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Figure 3.  a) Longitudinal polarization as a function of temperature for different values of the transverse field  . b) Susceptibility as a function of 

temperature for different values of the transverse field   

Fig.4 shows the behavior of the longitudinal polarization 

and the susceptibility in the presence of the external electric 

field 2 E  for a transverse field   and the coupling 

constant D J . The presence of a strong external electric 

field increases the polarization (see Fig.4a). This figure 

exhibits the same behavior that Fig.2a but, it is clearly shown 

that the range of polarization in this case, is higher than in 

Fig.2a. The behavior of the susceptibility is the same as that 

de Fig.2b. But in the presence of an external electric field,  

the critical temperatures are higher than those in Fig.2b. 

Meaning that the external electric field keeps the system in 

FE state [37]. In this case, the transition from FE to PE 

occurs later than in the absence of an external electric field.   

Fig.5, presents the longitudinal polarization as a function 

of the external electric field at constant temperature 

1.5BK T   and a given transverse field 1.5  . It is 

shown that the polarization increases by increasing the 

coupling constant. If the interaction between pseudo spins 

that form the MT changes when the external electric field 

varies, the system exhibits the hysteresis phenomenon. This 

result confirms the ferroelectric and nonlinear character of 

the MT system. 

Fig.6, presents the variations of the longitudinal 

polarization under the influence of the external electric field 

for a given value of interaction coupling 1.5J D  , at 

constant temperature 1.5BK T   by varying the transverse 
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field  . It is observed that the increase of the transverse 

field decreases the longitudinal polarization. So, increasing 

the transverse field destroys the hysteresis of the system.  

4. Conclusions 

In this work, by assuming microtubule system as an 

ensemble of N pseudo spins, we computed the longitudinal 

polarization and susceptibility using the mean-field 

approximation (MFA) in the absence and presence of the 

external electric field. In order to control the orientation of 

information in a specific direction, we studied the system in 

the absence of an external electric field by considering the 

influence of spin-spin interaction, anisotropic interaction and 

constant transverse field. The results obtained show that  

the increase of coupling constant brings the system in a 

ferroelectric phase while high temperatures bring the 

transition to the paraelectric phase. This last result was also 

obtained by studying the influence of the transverse field at a 

constant interaction coupling. In the presence of an external 

electric field, the critical temperature increase more than   

in the absence of an external electric field. In this case, the 

system is maintained in the ferroelectric configuration and 

exhibited the hysteresis phenomenon that is destroyed by 

increasing the transverse field in the system. The external 

electric field can be used to control the direction of 

information in the microtubules. Thus, the transverse field 

and temperature promote the paraelectric phase while 

spin-spin interaction, anisotropic interaction and external 

electric field maintain the MT system in the ferroelectric 

phase. 

 

a 

 

b 

Figure 4.  a) Longitudinal polarization as a function of temperature for different values of the electric field 2 E . b) Longitudinal susceptibility as a 

function of temperature for different values of the electric field 2 E  
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Figure 5.  Longitudinal polarization as a function of the electric field 2 E  at different values of coupling constant 

 

Figure 6.  Longitudinal polarization as a function of the electric field 2 E  at different values of the transverse field 

 

REFERENCES 

[1] G. Filliatreau, Dynamique des microtubules et transport    
du cytosquelette dans les axones peripheriques (Doctoral 
dissertation, Paris 6, 1991). 

[2] B. Franco, Régulation de la stabilité du cytosquelette 
microtubulaire: conséquences sur la croissance de la jonction 
neuromusculaire chez la Drosophile (Doctoral dissertation, 
2007).  

[3] A. Ganguly, H. Yang, R. Sharma, K. D. Patel, & F. Cabral, 
The role of microtubules and their dynamics in cell migration. 
Journal of Biological Chemistry, 287(52): (2012).  

[4] S. Forth & T. M. Kapoor, The mechanics of microtubule 
networks in cell division. Journal of Cell Biology, 216(6): 
(2017). 

[5] Z. Wang, C. Zhang, & G. Wang, Molecular motors control 
length of antiparallel microtubule overlaps. Modern Physics 
Letters B, 26(04): (2012). 

[6] A. T. Rüdiger, P. Mayrhofer, Y. Ma-Lauer, G. Pohlentz,     
J. Müthing, A. von Brunn, & C. Schwegmann-Weßels, 
Tubulins interact with porcine and human S proteins of the 
genus Alphacoronavirus and support successful assembly and 
release of infectious viral particles. Virology, 497, 185-197 
(2016). 

[7] F. Roohvand, P. Maillard, J. P. Lavergne, S. Boulant, M. 
Walic, U. Andréo,... & A. Budkowska, Initiation of hepatitis 
C virus infection requires the dynamic microtubule network 
role of the viral nucleocapsid protein. Journal of Biological 
Chemistry, 284(20): 13778-13791. (2009). 

[8] M. C. Hagemeijer, M. H. Verheije, M. Ulasli, I. A. Shaltiël, L. 
A. de Vries, F. Reggiori,... & C. A. de Haan, Dynamics of 
coronavirus replication-transcription complexes. Journal of 
virology, 84(4): 2134-2149. (2010). 

15 10 5 5 10 15
2 E

1000

500

500

1000

Longitudinal Polarization

15 10 5 5 10 15
2 E

1000

500

500

1000

Longitudinal Polarization

 

1.5

J D 1.5

J D 3.5

J D 5.5

J D 7.5

 

KB T 1.5

1.5

3.5

5.5

7.5



16 C. Kenfack-Sadem et al.:  Dynamics of Microtubule Pseudo-Spin under the Influence of External Electric Field  

 

 

[9] L. A. AMOS, & A. Klug, Arrangement of subunits in 
flagellar microtubules. Journal of cell science, 14(3): 523-549. 
(1974).  

[10] D. J. Bicout, Green’s functions and first passage time 
distributions for dynamic instability of microtubules. Physical 
Review E, 56(6): 6656. (1997).  

[11] T. Antal, P. L. Krapivsky, S. Redner, M. Mailman, & B. 
Chakraborty, Dynamics of an idealized model of microtubule 
growth and catastrophe. Physical Review E, 76(4): 041907. 
(2007).  

[12] Bonnemay, L. Utilisation de nanoparticules magnétiques 
pour perturber la localisation spatiotemporelle de protéines de 
signalisation (Doctoral dissertation, Paris 6, 2014).  

[13] R. Stracke, K. J. Böhm, L. Wollweber, J. A. Tuszynski, & E. 
Unger, Analysis of the migration behaviour of single 
microtubules in electric fields. Biochemical and biophysical 
research communications, 293(1): 602-609. (2002). 

[14] J. Pokorný, Excitation of vibrations in microtubules in living 
cells. Bioelectrochemistry, 63(1-2), 321-326. (2004). 

[15] C. Ying, Q. Xi-Jun, & L. Ru-Xin, Pseudo-spin model for the 
cytoskeletal microtubule surface. Chinese Physics Letters, 
21(11): 2313. (2004). 

[16] E. Nogales, S. G. Wolf, & K. H. Downing, Structure of the  
ab tubulin dimer by electron crystallography (Correction). 
Nature, 393(6681): 191. (1998).  

[17] Y. L. Li, L. E. Cross, & L. Q. Chen, A phenomenological 
thermodynamic potential for Ba Ti O 3 single crystals. 
Journal of Applied Physics, 98(6): 064101. (2005). 

[18] M. Ragheb, Modélisation des propriétés des matériaux 
ferroélectriques displacifs monocristallins (Doctoral 
dissertation, 2013).  

[19] J. DIONOT, ÉCOLE DOCTORALE 564 PHYSIQUE EN 
ÎLE-DE-FRANCE (Doctoral dissertation, UNIVERSITÉ 
PARIS-SUD).  

[20] A. J. Bell, Phenomenologically derived electric 
field-temperature phase diagrams and piezoelectric 
coefficients for single crystal barium titanate under fields 
along different axes. Journal of Applied Physics, 89(7): 
3907-3914. (2001).  

[21] J. A. Brown, & J. A. Tuszynski, A review of the ferroelectric 
model of microtubules. Ferroelectrics, 220(1): 141-155. 
(1999). 

[22] R. D. King-Smith, & D. Vanderbilt, Theory of polarization of 
crystalline solids. Physical Review B, 47(3): 1651. (1993). 

[23] R. Resta, Macroscopic polarization in crystalline dielectrics: 
the geometric phase approach. Reviews of modern physics, 
66(3): 899. (1994). 

[24] P. M. Vassilev, R. T. Dronzine, M. P. Vassileva, & G. A. 
Georgiev, Parallel arrays of microtubules formed in electric 

and magnetic fields. Bioscience reports, 2(12): 1025-1029. 
(1982). 

[25] J. A. Brown, & J. A. Tuszynski, A review of the ferroelectric 
model of microtubules. Ferroelectrics, 220(1): 141-155. 
(1999).  

[26] J. Pokorny, Conditions for coherent vibrations in the 
cytoskeleton. Bioelectrochem. Bioenerg. 48, 267–271. 
(1999). 

[27] Y. Chen, X. J. Qiu, & X. L. Dong, Pseudo-spin model for the 
microtubule wall in external field. Biosystems, 82(2): 
127-136. (2005). 

[28] J- Cifra, M., D. Havelka, & M. A. Deriu, Electric field 
generated by longitudinal axial microtubule vibration modes 
with high spatial resolution microtubule model. In Journal of 
Physics: Conference Series (Vol. 329, No. 1, p. 012013). IOP 
Publishing, (2011).  

[29] Z. Wang, Composite Multiferroics and Magnetoelectric 
Skyrmions (Doctoral dissertation, ResearchSpace@ 
Auckland, 2017).  

[30] M. A. Neto, R. A. Dos Anjos, & J. R. De Sousa, Anisotropic 
Ising model in a magnetic field: Effective-field theory 
analysis. Physical Review B, 73(21): 214439. (2006). 

[31] C. L. Wang, S. R. P. Smith, & D. R. Tilley, Ferroelectric thin 
films described by an Ising model in a transverse field. 
Journal of Physics: Condensed Matter, 6(45): 9633. (1994).  

[32] Z. Wang, & M. J. Grimson, Pseudo-Spin Based Dynamical 
Model for Polarisation Switching in Ferroelectrics. arXiv 
preprint arXiv: 1506.08500. (2015). 

[33] X. S. Wang, C. L. Wang, W. L. Zhong, & X. Y. Xue, 
Polarization and dielectric properties of temperature-graded 
ferroelectric structure from the transverse Ising model. 
Materials Science and Engineering: B, 99(1-3), 576-579. 
(2003).  

[34] E. Kantar, Bilayer Ising system designed with half-integer 
spins: Magnetic hysteresis, compensation behaviors and 
phase diagrams. Modern Physics Letters B, 30(23), 1650295. 
(2016). 

[35] F. G. Kuang, X. Y. Kuang, & B. B. Zheng, Pyroelectric   
and Phase Transition Properties of a Finite Alternating 
Ferroelectric Superlattice with Three Surface Layers. Modern 
Physics Letters B, 25(15), 1321-1333. (2011).  

[36] M. C. Ekosso, A. J. Fotue, S. C. Kenfack, H. Fotsin, & L. C. 
Fai, Effects of temperature variations on the dynamics of 
microtubules. Modern Physics Letters B, 33(34), 1950433. 
(2019). 

[37] Y. Benhouria, I. Essaoudi, A. Ainane, R. Ahuja, & F. 
Dujardin, Dielectric Properties and Hysteresis Loops of a 
Ferroelectric Nanoparticle System Described by the 
Transverse Ising Model. Journal of Superconductivity and 
Novel Magnetism, 27(9), 2153-2162. (2014). 

 

 
Copyright ©  2020 The Author(s). Published by Scientific & Academic Publishing 

This work is licensed under the Creative Commons Attribution International License (CC BY). http://creativecommons.org/licenses/by/4.0/ 

 

 

http://creativecommons.org/licenses/by/4.0/

