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Solving Fourth Order Boundary Value Problem by
Using Extended Quantic B-spline Interpolation
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Abstract The aim of this paper is to solve the fourth order boundary value problem by using quantic b-spline where the
rectangular system be solved by using singular value decomposition technique (SVD), and because the solution is not unique
we used the least square optimization to optimal the numerical solution of the BVP. Numerical results are reported where we
make a comparison between the exact solution and the approximate solution using the new technique.
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1. Introduction

Differential equations are an important tool in constructing mathematical models for physical phenomena. This modeling
allows for a much clearer understanding and interpretation of the particular event. Finding the analytical and approximate
solution of these models with boundary conditions thus becomes essential. Many analytical and approximate methods were
developed solution of ordinary differential equation with boundary value conditions and a many these method as [1,2,3,4].

In this paper, the approximate solution of fourth order boundary value problem will be determine via Quantic B-spline, and
comparisons with current studie will be made in the literature where the extended are given by the continuous least square
optimization.

Since the fourth order B.V.P which is in the from:

z®W () + a2 () + Bz (1) +y()7 (6) + 85(®)z(t) = w(t) (€
Suchthat x <t <y,and t(x) =7, t(y) =7,
Where x,y, 74,7, are all constants, and a(t), B(t),y(t),5(t), w(t) are all a continuous functions defined on interval

[x, y].
Hence there has been much research activity concerning B-spline for solving boundary value problem we refer the reader
[5,6,7,8,9,10].

Quantic B-spline interpolation method [11]

The interval [x,y] of domain has been subdividedas x =t, < t; < -+ <ty = y.
To provide the support for the quantic B-spline near the end boundaries, ten additional knots have been introduced as

ts <ty < <ty <O0andty <ty <- <tyys.
The basis function B;(x),j = —2,—1, ..., N + 2 of quantic B-spline are as:

(Z _Zm—3)5 [Zm—3va—2)
(Z - Zm—3)5 - 6(2 - Zm—Z)5 [Zm—ZJZm—l)
1 (Z - Zm—3)5 - 6(2 - Zm—Z)5 + 15(Z - Zm—l)5 [Zm—lvzm)
BSJ (t) = h_5 (Zm+3 - Z)S - 6(Zm+2 - Z)S + 15(Zm+1 - Z)S [Zerm+1) (2)
(Zm+3 - Z)s - 6(Zm+3 - Z)S [Zm+1er+2)
(Zm+3 — 2)° [Zm+2,Zm+3)
0 otherwise
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The set of quantic B-spline Bs;(t) form a basis over the region x <t <y, the global approximation defined using
quantic B-spline:
N+2
Un(tm) = > RiBy(6) ®)
i=—2
By [12], The nodal value of U and it's derivatives of U to fourth order are given in terms of the parameters R; from the
use of spline (2) and the trial solution (3).

U(tl) = Ri_z + 26Ri_1 + 60Rl + 26Rl’+1 + Ri+2

5
U't) = 7 [=Ri—2 = 10R;_; + 10R; 11 + Ri1,]

" 20
U @)= F[Ri—z + 2R;_1 — 6R; + 2R; 1 + Ry ]

nr 60
u') = h_3[_Ri—2 +2R;_1 — 2R 41 + Riy7]

120
u (&)= F[Ri—z —4R;_1 + 6R; —4R; 1 + R; 5]
Definition: [13]

Any real number r x n matrix C can be decomposed as C = ESVT where E is r x r and column orthogonal (it's
column are eigenvectors of €.CT)

V is n x n and orthogonal (it's column are eigenvectors of C7.()

S is r x n diagonal (non-negative real values called singular values)

S = diagonal (54, S, 53, ...+, S,) order so that s; =s, > >, (if s is a singular value of C it's square is an
eigenvalue of CT.C).
Extended Quantic B-spline by using SVD and continuous least square error

Consider the Fourth order BVP:
z®() + a2z ®) + D)z () + ¥z () + 5(D)z(1) = w(D)
On [x,y] suchthat z(x) = 7, z(y) = 7, where a(t), B(t),y(t),6(t), w(t) are acontinuous function defined on [x, y],

and 7, 75, x,y are all constants.
The quantic B-spline is defined in equation (2)

Then
S(Z - Zm—3)4 [Zm—3' Zm—Z)
S(Z - Zm—3)4 - 30(2 - Zm—Z)4 [Zm—Z'Zm—l)
1 5(2 - Zm—3)4 - 30(Z - Zm—Z)4 + 75(Z - Zm—l)4 [Zm—llzm)
BISJ (X) = F< _S(Zm+3 - 2)4 + 3O(Zm+2 - Z)4 - 75(Zm+1 - 2)4 [Zm:Zm+1)
_S(Zm+3 - Z)4 + 30(Zm+3 - 2)4 [Zm+1er+2)
~5(Zm43 — 2)* [Zm+2, Zm+3)
0 otherwise
And
ZO(Z - Zm—3)3 [Zm—3' Zm—Z)
ZO(Z - Zm—3)3 - 120(2 - Zm—Z)3 [Zm—Z'Zm—l)
1 {20(z— Zm—3)® —120(z — z,,_5)® + 300(z — z,,_;)3 [Zp—1)Zp)
B"5j(0) = 151 20(Zm+3 = 2)* = 120z 12 — 2)* + 300(zpn 41 — 2)° (2, Zm+1)
20(Zm+3 - 2)3 - 12O(Zm+2 - 2)3 [Zm+1ﬁzm+2)
20(zpm 43 — 2)° [Zm+2) Zm +3)
0 otherwise
60(z — Zm—3)2 [Zn—3)Zin—2)
60(2 - Zm—3)2 - 360(2 - Zm—Z)2 [Zm—Z'Zm—l)
1 60(2 - Zm—3)2 - 360(Z - Zm—Z)2 + 900(Z - Zm—l)2 [Zm—l'zm)
B"5j () = 151 ~60(zpn 43 — 2)* +360(Zp 12 — 2)* = 900(Zy 1 — 2)? [Zims Zm+1)
~60(Zp13 — 2)* +360(2Zp 4, — 2)* [Zin+1) Zim +2)
_60(Zm+3 - Z)Z [Zm+2' Zm+3)

0 otherwise
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120(2 - Zm—3) [Zm—S'Zm—Z)
120(z — zp—3) —720(z — z,_3) [Zm—2)Zm—1)
1 [120(z — zp3) —720(z —2zp—2) +1800(z —zp_1) (Zpn—1) Zm)
B@s;(6) =254 120(z 13 —2) = 720(Zp12 —2) +1800(zy41 — 2) (2, Zms1)
120(zp43 —2) = 720(zp42 — 2) [Zin+1) Zm+2)
120(zp 43 — 2) [Zm+2,Zm+3)
0 otherwise

Let z(t) = X722, Ry Bs . (t), be an approximate solution of equation (1) where R, is unknown real coefficients, let ¢,
t1, .., t, are n+ 1 grid points in the interval [x,y] and also t; = x + ih,i = 0,1,..,n,ts = x,t, =y, h = (y —x)/n in
order to get a matrix of transactions that is contrary to the matrix of transaction that is contrary to the matrix from behind to
make the image on the following form;

i3 ti2 i1 t; tit1 tit2 i3
B; 0 1 26 66 26 1 0
B’; 0 5/h —50/h 0 —50/h —5/h 0
B" 0 20/h? 40/h? —120/h? 40/h? 20/h? 0
B, 0 60/h%® | —120/h3 0 120/h® | —60/h® | 0O
B""; | 0 | 120/h* | —480/h* | 720/h* | —480/h* | 120/h* | ©

This system can be written in matrix form as follows C.B = A such that

'l 26 66 26 1 0 - 0 07
¢t ¢ ¢ & ¢ 0 - 0 0
0 ¢4 ¢ ¢3 ¢4 €5 - 0 0
N O e R 0
0 0 0 0
0 0 €1 G C3 Cy Cs
L0 0« 1 26 66 26 1oz
Where
120 60 20 5
o == — 33 + 7B —Ty(©) + 6()
—480 120 40 50
C2 = ==+ 53 a() + 57 B(0) —5-v (D) + 265(8)
720 120
c3 = W_?ﬁ(t) +666(t)
—480 120 40 50
€=~ 3 @O + 17 B — -y (0) +265(D)
120 60 20 5
¢ =g+ 370 + 5 B0 + Ey(t) +68(t)
_R—Z_ 'Z(x)z‘l'l_
R_; z(ty) ="
And B = 'A:
Rpia z(t,) =1
-Rn+2—(n+5)x1 L Z(}’) =17 “(n+3)x1

The singular decomposition of C has the form ¢ = ESVT so

€1
E =

€n+3

€n+3 %1 o Un+s
: and VT = - :

(n+3)x(n+3)

€2(n+3) Unts o 172(’”“*")](n+5)><(n+5)
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S1 0 0
0 s 0
: : 0
and S =
0 Sn+3
0O 0 .. 0
0 0 .. 0 du+3yxm+s)
So D(n+3)><1 = ET.A,
p1
d;
let P, =—then P =
Si Pn+3
0
0 Jm+s)x1

and B=V.P

Hence z; = C;_2B;_» + C;—1Bi—1 + (;B; + Ci41Biy1 + Ciy2Biy2 + Cii3Bigs

i =0,1,2,..,n, then we have

Z; = Rgit° + Ry ;t* + Ry ;t3 + Ry ;t? + Ryt + Ry, be the solution of ODE by Quintic B-spline on the interval [x, y].

The last equation can be solved by using continuous least square error to obtain the values of the constants with make the
difference between the left-hand side and the right —hand side of BVP (1) is minimum.

Example 1: Consider the following ODE
z® —zB) 472" 27/ 43z=06t3-3t2-3
With boundary conditions z(0) = 1,z(1) = 6 and the exact solution is
z=1+3t?+2¢3

Now let h = 0.1,n = 10 then t, = 0,t, = 10,a(t) = —1,8(t) = 1,y(t) = —2,6(t) = 3, w(t) = 6t3 — 3t> — 3
This system can be written as follows:-

CB=A
Such that
1 26 66 26 1 0 0 0
1262103 —4674922 7188198 —4676922 1141903 0 0 0
0 1262103 —4674922 7188198 —4676922 1141903 0 0
- 0 0 1262103 —4674922 7188198 —4676922 1141903 0
0 0 0 0
0 0 1262103 —4674922 7188198 —4676922 1141903
0 0 1 26 66 26 1 izxas
And
_R_Z_
1 7 R_,
-3 Ry
—3.024 Ry
—3.072 R,
—3.108 R
—3.096 Ry
A= -3 B =]|Rs )
—2.784 R
—2.412 R,
—1.848 Rg
—1.056 Ry
0 Ry
6  13x1 Ri1
‘R12‘15x1
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Since B = V. P be the values of the coefficient

R_, = —0.0014,R_; = 0.0085,R;, = 0.0094, R; = 0.0062
R, = 0.0024,R; = 0,R, = —0.0001, Rs = 0.0024

Rg = 0.0079,R; = 0.0169,Rg = 0.0294, Ry = 0.0436
Ry = 0.0540,R;; = 0.0487,R;, = 0.0051

Table (1). Shows the Extended B-spline with exact solution for the example

. Extended Exact

[ti tis1) Extended B-spline z;
zi(t;) zi(t;)
[0,0.1) zy =1—0.16456804266057264940993486976319¢ — 15m + 3m? + 2m? 1.0078 1.0077
[0.1,0.2) | z; = 1+ 0.25087279044178913786311671413490e — 15m + 3m? + 2m?> 1.0742 1.0742
[0.2,0.3) | z, =1+ 0.34048396953945273635557698396101e — 15m + 3m? + 2m3 1.2188 1.2187
[0.3,0.4) | z; =1+ 0.25166002328735829968011676416183e — 15m + 3m? + 2m3 1.4532 1.4532
[0.4,0.5) | z, = 1.4.22225336538196842050817887e-—15m + 3m? + 2m3 1.7898 1.7897
[0506) | zs =1+ 3m? + 2m? 2.2403 2.2402
[0.6,0.7) | zg =1+ 3m? +2m3 2.8167 2.8167
[0.7,08) | z; =1+ 3m? + 2m3 3.5313 3.5312
[0.8,0.9) | zg = 1+ 3m? + 2m? 4.3957 4.3957
[0.9,1) Zg =1+ 3m? +2m3 5.4223 5.4222

2. Conclusions

Fourth order boundary value problem solved by using the extended quantic B-spline with continuous Least Square
approximation and singular value decomposition technique. The numerical results showed that the extended quantic
B-spline approximations are considered very well.
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