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Abstract Cubature methods has been used and well developed to approximate integrals in high dimension for a long
time. However, the number of functions evaluations increasing enormously large make a weak point for such methods. In
that situation, adaptive cubature is often preferred choice because of a high efficiency and a low cost of calculation it brings
back for the approximation problem. However, the data of the integrated regions and of values of the integrand must be
continuous due to the theory of integration. It is infeasible to store in computer memory. To deal with this, the discretization
of data for both of the region and the function values are used by constructing the net of the potential mesh points. This
technique is acceptable since the result we want to extract is only an approximation within a requisite error. The paper aims

to present that technique and some remarkable results.
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1. Introduction

1.1. Background and Problem Statement

The algorithm of the Adaptive cubature as well as other
methods of numerical integration in high dimension are
developed and have been used for a very long time. It
definitely has the advantage of accuracy, but also has the
drawback of the cost for computation such as the
consummation of time and memory since the increasing
complexity in calculation. With the help of computers, the
implementations of such algorithm in high dimension need
to be adjusted. Moreover, in the general case of high
dimension, a program for the algorithm have not been
provided yet. A primary obstacle of programming the
algorithm is the fact that the integrated domain in high
dimension with the smooth boundary are described by
hypersurfaces which are produced by continuous data of
points. Unfortunately, it is impossible to find enough
memorized space of hardware to store the data. This makes
the algorithm somewhat theoretical and impractical with a
tremendous mass of computation. The algorithm itself
amends this by a prescribed error, called the tolerance,
which requires the accepted estimate error of the
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approximation must not exceed this tolerance. This reduces
quite a lot the number of calculation, but this itself is not
enough to make the algorithm feasible to implement
because we still need a strategy to store the information we
need in the computation process about the values of the
integrand on the boundary of the integrated domain.

1.2. Background and Problem Statement

The cubature is the term introduced by Krommer and
Ueberhuber [1,2] to indicate the numerical computation of
multiple integral. It includes many techniques such as the
Monte Carlo and Quasi-Monte Carlo cubature, Bayesian
cubature, adaptive cubature. To adaptive cubature, in 2003,
Genz and Cools published an algorithm of adaptive
cubature for simplices [3] as well as CUBPACK in
FORTRAN90. We knew, in high dimensions, the Monte
Carlo cubature is the most preferable choice for a numerical
integration because of the advantage in dialing with the
curse of dimensionality. But this method only yields, in
general, a rate of convergence O(1/+v/n) which is quite
slow for the number of n sample points. Another
shortcoming of this method, especially in the case of no
permission for using the probability error, is that the order
of convergence is only represented in the randomized terms.
That is, the estimate error produced by the Monte Carlo
method is not deterministic [4] and it is unsuitable if the
cubature problem needs a guaranteed error. That is an
indirect reason why we still need to invoke the deterministic
cubature, especially in a moderate number of dimensions
(say, less than 7). The authors Genz and Malik, Berntsen
and Espelid and Genz, Dooren and Ridder presented in



2 Dinh Van Tiep and Tran Thi Hue:

A Technique of Discretizing Continuous Data for

Programming Adaptive Deterministic Cubature Methods in Moderate Dimensions

[5,6,7] their works on the adaptive cubature, however, these
were developed on a hyper-cube, which is the simplest
region in high dimensions. A natural development for
an adaptive cubature on more general region in high
dimensions is discussed in this paper.

1.3. Contribution

In this paper, we derive an algorithm for the numerical
integration over more general regions which are enclosed
by measurable surfaces. In some sense, the storage of data
describing the region is another challenge. We cannot store
all data of this boundary because it composes continuous
surfaces. With the need of a strategy to store the data
required for calculation in each iterated step, we establish a
net of the stored data with the mesh points become denser
on the region over which the estimate error is not less than
the corresponding tolerance distributed over this region.
The technique is the way of discretizing the continuous data
of the integrated region. The extracted phase to get the data
is organized in an adaptive way in which only the values
needed for calculation in the next iteration are invoked. The
introduction of this technique for the general domain of
dimension n is the main contribution of the paper. In
addition, the creation of data points and well organize them
in the form of a net so that we can easily access the data
also reveals another challenge to program the general
algorithm. In the paper, we propose a solution to this
problem by a simple approach using the bisection in not too
high dimensions. This approach in such dimensions is
useful to simplify the structure of the program and this
definitely contributes to speed up the computation process.

1.4. Organization of the Paper

The paper is divided into 4 section. The second section is
intended to briefly describe the basis of the adaptive
cubature for approximating the multiple integrals over the
quite general region, so called the non-rectangular
hyper-boxes. The idea is developed from two specified
methods, the Simpson’s rule and the Composite Simpson’s

rule with 4 subintervals developed for the multiple integrals.

The challenges are not only from the curse of
dimensionality, but also from the complicated of the
integrated region. For this point, as the aforementioned
discussion, the complication in depicting the general region
can be overcome in a somewhat temporarily acceptable
approach in which we store discretely a set of data points
that establish the skeleton of the region. We are not going to
use these points all at once, but with the accommaodation to
fit the requirement each checking time. This does not makes
the memory of computer working without overloading.
Another benefit of this approach is the same as that of a
usual adaptive cubature with the flexibility in subdividing
the integrated region by adjusting the size of the
sub-regions for the next iteration incorporating with the
estimate of the error obtained from the use of the two
methods applied at this step.

The third section shows off the algorithm of the method
which is organized and presented generally in the style of
the Matlab language. An illustration for the proper
operation of the algorithm is also presented in the case of
the dimension 2, the approximation of double integrals.
In the last section, we briefly conclude the feature of
the algorithm discussed including its advantages and
shortcoming.

2. Adaptive Cubature

2.1. Approximation of the Multiple Integrals over
Non-rectangular Hyper-boxes

Consider the problem of approximating multiple integral |
of a function f which is continuously differentiable up to
order 4 on aregion B ¢ R™*1, a non-rectangular hyper-box

B ={(x1, %2, ., Xn41) = (X, Xp41) ER" X R | F(X)
< X4 < G(X),x ED c R},

F and G are continuous functions on the rectangular
hyper-box D c R™, D = [ay,b;] X [ay, by] X ... X [ay, by].
Our aim now is to formulate an approximation for

G(x)

1= roxdy= [ dx [ f&aadig, @
B D F(x)
with y = (X, x,,4+1), by using the Simpson’s rule and the
Composite Simpson’s rule with n = 4.
Simpson’s rule. Firstly, the inner integral of (1) is that of
one variable, and treated as

G(x)
fp(x) f(xr xn+1)dxn+1

=0, £ (3, x5,) + naf (%, 252,) + nof (%, 652,)] — Eo, (2)

K@ 9 o
where E, = 90X R ( R, x n+1) n,=n;=1n, =4,
G-F
k() = %(X) Fx) = xn+1 < xn+1 = xn+1 + k) <
xy, = G(x),R € D, the notation xy,, indicates that x}y; ,

depends on the fixed point x € D.
Theorem 1 (Simpson’s rule)

1
hihy .. h, ﬁ
= 3n+1 Z njq X
1<iy,ains1S3

q=1
151, jn41S3

X k(x1 ,x2 e X l")f(xl ,x2 e ’“”“) +E, (3

Tl+1

bi—a;

where h; = ,xl. =a; + (iq - 1)hi (vi,q=1,..,n),
and x = (x;*, ..., x,),Vol(D) = (by — ay) ... (b, — ay,),
Vol(D) ot
= B @k,
90 n+1

n
a* i ol
) i (KRO)F (R0,250))|
i=1 t

®

for some x and £ € D, and some xX,; in the interval
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(F(®),6(z)).
PROOF: Integrate both sides of (2) over D with respect to

x with the use of Mean Value Theorem for the multiple
integral of the term E, over D to get

f Z n]k(x)f(x an) dx

Vol(D) _ - %
+ 225 () S (R ). 4

Reapply Simpson’s rule for one variable on [a,, b,,] for
terms in the sum of the first term of (4), denoting that
D = D,,_; X [ay, b,], to get the first term of (4) to be

)

Dp—1 1SjnJn+1ins3

njnnjn+1k(x x )f(X xln) ax’

+ f Ern,(x")dx’, (5

Dp—1

where x’ = (x;,, ..., x;,_,), and for some %, € (an, by,),

ETn(X’) =

3
1h3 o*
336 D Mes 7 (KO ZS (¥, F xT)). 6)
Jn+1=1
Applying Intermediate Value Theorem for (5), and then
Mean Value Theorem for the second term of (4), we obtain

Vol(D)hi o*

fErn(x )dx' = 30 ax

Dp—1

k(®M)f (0, 2577)),
( )

for some £ € D. Similarly, reapplying the Simpson’s rule
consecutively to other (n—1) dimensions of D, we
complete the proof.

Composite Simpson’s rule with n=4.

Set q(x) = k(x) ,VX € D,p; = ',Vi =1,2,..,n. Similar
to the above derlvatlon of Slmpson’s rule, the following
result is obtained for the Composite Simpson’s rule.

Theorem 2. (Composite Simpson’s rule) Let m; = mg =
1,m,=m,=4,my; =2 be the coefficients of the
Composite Simpson’s rule with n = 4. We have,

n+1
P1P2 - Pn
=t 3 ([Im)
1<iq,ip,.0ln+1<5

s=1
1<j1 J2see jn+1<5

X q(z1 ,z2 . )f(z1 ,Z2 ) e Tzli"l“) +E, (7)
Ziis =a; + (is — 1)pl~ (Vi,s=1,..,n),z= (z1 ,...,z,l{‘),
1 Vol(D) |, of
2= 16 90 k> (@) axt,, (Z 2741)

n
0t
S anrwo.)
i=1

for some z,2® € D, and some zZ}, € (F(i(")),G(i(i))).

2.2. Adaptive Cubature in High Dimensions

Let denote S, S, the first term in the right-hand side of
(3), (7), respectively. Assume that X ~ Z,8® ~ 20, vi =
1,2,..,n. So, E; ~ 16E,. Since [ =S, +E; =S, + E,,
we have E, = (S, — S;)/15. Hence,

1
|Sz_1|zﬁ|52_51|- (8)

This means that we can use the difference between two
estimates S; and S, of I to approximate the error E, in
the approximation revealed by (7). Therefore, we can
design the size of the error to be less than a given tolerance
e>0. Concretely, if [S, —S;| < 15¢, then we could
believe that S, approximates I to within e. Otherwise, if
[S, — S;| = 15¢, we mostly get wrong when using S, to
approximate I with the error less than ¢. In the latter case,
we may get a reasonable approximation by reapplying the
above-mentioned procedure on smaller regions (each of such
a sub-region has only a size of nearly 1/2"*! of that of the
original region B, and the expected tolerance for
approximation of the integral over that sub-region is only
g/2™1), Now in such smaller region, we search for
x~780 ~ 20,vi =1,2,..,n Since the size of such
sub-regions becomes smaller and smaller, |X—Z| —
0,[8® — 2| > 0,vi = 1,2,...,n, we can eventually reach
the target if continuing the procedure. Theoretically, the
procedure always succeeds in finding an approximation of 1
lying to within the given tolerance. However, a computer
program cannot execute the procedure in the infinite number
of times. Therefore, we set up a limitation for the search by
requiring that the level of subdivision (or the number of
times in which the procedure is repeated) does not exceed a
prior number N. So, the program will reveal the status of
failure if N is exceeded. Otherwise, we obtain a desired
approximation.

3. Algorithm for the Adaptive Cubature

3.1. Pseudo Matlab Code for the Implementation

We describe the algorithm for the aforementioned
procedure in the form of a pseudo-code with the use of
Matlab functions. However, the notations and the structure
of the repeat loops or the if-condition, the assignment
operator are not the same as those in Matlab. They are
changed in order to make the program familiar with the
mathematic notations, so it may be simpler to analyse.

INPUT region B (including D, and functions
F(x), G(x)), function f, tolerance ¢, limited level N.

OUTPUT approximation AP of I, or a message
announces that the level N is exceeded (that is, the
procedure fails!).
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Step 1 (% Initiate the procedure.)

AP = 0;
i:=0;

L; =1; (% L; indicates the current level of subdivision.)
g = 15¢;

ny, =1;

n, = 4;

ns = 1; (% n;'s are coefficients of Simpson’s rule.)

m; =1;

m, = 4;

mg = 2;

my == 4;

mg = 1;

(% m;'s are coefficients of Composite Simpson’s rule.)
For l =1 to n do:
rl=1;
sh=2N+1;
End do; (%These are the starting and ending indices of
mesh points on each interval [a;, b,].)
R; == 0; (%lnitial region is numbered by 0.)
For l =1 to n do:
(%Set up the mesh points on each dimension [a;, b;].)

For j=1to 2V + 1 do:
X] = a;+ (= 1)(b — a)/2";
End do;
End do;
For j, =1t 2V +1,vqg =12,...,n, do:
(%See NOTE below.)

Fi(ija worJin) = F(XI X2, 0 X0M);
GG, jor werfn) = G(XI1, X P2, 0, X3M);
End do;

Step 2 While i > 0 do steps 3-5.
Step3 For [ =1 to n do:
ri

np=05(x; - x1);
ti=0.5(sl —r});
End do;
IF (L; = N) or (t! is odd) THEN
OUTPUT (“Level exceeded!™);
STOP.

ELSE For [ =1 to n do:
For j =1 to 3 do:

xj] = Xlrl + (j — DhL;
End do;
End do;

S, =0;

S, =0 ; (%lnitiate the values for Simpson’s and
Composite Simpson’s rule.)

h :==1; (%lnitiate a value for the product of h;’s.)

For l =1 to n do:

h = h hy;

End do;

For j,=110 3,vqg =1,...,n, do:

(%Set up data of mesh points for Simpson s rule.)

ki(jler' "'rjn) = OS[GL(rll +'(jl - ll)ti"rzi )
+ Gy = Dy ooy 7+ (G = D)
~ Fi(ri + (jy — D, 7
+ (= DL, e, 1+ G — DED);

For w:=1 to 3 do:

YU J2s s s W) , o
= Fy(r{ + Gy — Dt} 7}
+ (Jp, — DS, o,k + (i, — DEL)
+ W = Dk (1, jzo ooesJin)s

Sl = Sl + 3_n_1h njlnjz ...njnnwk(jl,jz, ...,jn) X

Xf(x1 ,xz ,...,x.rjln,y(jl,jz,...,jn,W));

End do; (%End For-loop for w. See the convention in
NOTE below.)

End do; (%End For-loop for j;.)
For I =1 to 5 do:
For j =1 to5do:
zl=x"+05( - DA
End do;
End do;
For j; =1 to 5,vi=1,2,...,n, do:
(%Set up data of mesh points for Composite Simpson’s
rule. Reference to the convention in NOTE below.)
PG Jzr o) = 025[G;(r{ + 0.5(; — Dtf, .., 7}
+0.5(, — DtL)
—F(r{ + 050, — Dt ..., %
+ 0.5, — DEL)];
For w:=1to 5 do:
Q(jlﬁjZ! ""jn'W)
= F(r{ + 0.5(; — Dt} .., %
+0.5(j, — 1th)
+ W = DG jas o Jn)i

52 = 52 + 2_n3_n_1h mjl

X f (Zl !Zz ) ---;Z‘r]],nl q(jl’jZP ""jTl' W)) ;
End do; (%End For-loop for w.)

my, My k(i jz, oesjn) X

End do; (%End For-loop for j;.)
For [ =1 to n do: (%Save data before deleting level.)

u =1
uf = si;
u = t};
ut = Fj;
u® =G
u =g;
u’ = L;
End do;

leve l; :=u’; (%Variable level is used to store the
sequence of operating level.)
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If size(level) > 1 then
count = 0;
Jj=1
While j < size(level) — 1 do:
If level; == level(end) then
count = count + 1;
End if;
j=j+1
End do; (%End while-loop.)
R; :== 2™ — mod(count, 2™"*1); (%To point out which
sub-region to be operated in current level.)
End if;
Step 4 i =i —1; (%Delete the current level.)
Step 5 If |S, — S;| < u® then
AP = AP + S;;
status;,, = "PASS";  (%Variable  status;
announces the results obtained when performing the
procedure on the current sub-region.)
Else (%Add one level.)
status;,, == "FAIL";
For K =1 to 2™ do:
j=de2bi(K — 1,/ left — msb");
i =1+ 1; (%Set up data for the sub-region

K-th.)
For v =1 to n do:
If j, == 0 then
rl=ul;
sh=ul +u;
Else
rl=ul 4+ ud;
Sy = ub;
End if;
End do;

If j,4q1 = 0 then

F; :==u%

G; == 0.5(u* + u®);

Else

Fi=Gi_q;

G; = u®;

End if;

End do; (%To end For-loop for K.)
End If. (%To end Step 5.)
END IF. (%To end IF-condition in early of Step 3.)
Step 6 OUTPUT AP, R, level, status;
STOP.

NOTE: In the pseudo-code, we use the convention for
For-loop of the type “For [; =1to ... ,Vj=12,..,n" to
mean that there are n nested For-loops:

For [, =1 to 2V + 1 do:

For I, =1 to 2V + 1 do:

For I, =1 to 2V + 1 do:
Statements relate to (14, [, ...
End do; (%End For-loop for [,,.)

) ln);

End do; (%End For-loop for [;.)

08+

06+

04 2

0 0‘1 U‘A U‘.ﬁ U‘.S 1‘
Figure 1. The region B and its 4 sub-regions in the first iteration step

3.2. Numerical Example
Consider the double integral (n = 1)

I= ffB (x% + xy)dA,

where the non-rectangular region
B ={(x,y)|0<x<1,x%<y<x}. The exact result is

I= %z 0.0919(6). An implementation use the above

algorithm yields an approximation AP = 0.0916621 of I
to within the given tolerance £ = 10~5. The limit level is
N = 4. The whole procedure is described in the Table 1.

Table 1. The result produced by the implementation

Level; | Sub-region R; | Status; | Level; | Sub-regionR; | Status;
1 0 Fail 2 2 Fail
2 4 Fail 3 4 Pass
3 4 Pass 3 3 Pass
3 3 Pass 3 2 Pass
3 2 Pass 3 1 Pass
3 1 Pass 2 1 Fail
2 3 Fail 3 4 Pass
3 4 Pass 3 3 Pass
3 3 Pass 3 2 Pass
3 2 Pass 3 1 Pass
3 1 Pass Procedure is Successful

4. Conclusions

The algorithm discussed in the paper dials with a basis
problem of numerical analysis with a technique which
enables to optimize the implementation of the science
computers even when the setting of the multiple integration
is quite general, a general iterated regions with a continuous
multivariable function refer to as the integrand.

There are the repeat loops presented in the implementation
which are nested loops. To realize each such loop in the
program we need to makes the verification with respect to
the dimension of the multiple integral. That means, each
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dimension has a particular program to the corresponding
algorithm. Therefore, it is preferable to use the
implementation for not too high dimension, say less than 7.
For these sizes of dimension, the algorithm take much more
advantages of a high speed of convergence comparing to the
Monte Carlo and Quasi-Monte Carlo cubature which are
preferable choices in very high dimensions.
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