Applied M athematics 2012, 2(4): 146-151
DOI: 10.5923/j.am.20120204.09

Partial New Mock Theta Functions
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Abstract By using a simple identity of mine, I have proved sixty identities connecting the mock theta functions of
Ramanujan with mock theta functions recently generated by Andrews and Bringmann et al, by taking their partial sums.
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1. Introduction

In his last letter to G.H. Hardy[14], Ramanujan wrote “I
discovered very interesting functions recently which I call
mock theta functions”. He also listed seventeen func-
tions—four of order three, two groups five in each group of
order five and three of order seven. He did not explain what
he meant by “order” of the mock theta functions. Later
Watson gave three more mock theta functions of order three.

Andrews while visiting Cambridge University found
notebooks of Ramanujan and called them “lost” notebooks.
The “lost” notebooks contain six mock theta functions and
Andrews and Hickerson[7] called them of order six. The
“lost” notebook also contains eight identities for the mock
theta functions and Choi[10] called these mock theta func-
tions of order ten.

Gordon and MclIntosh[13] gave eight mock theta func-
tions and called them of order eight, though four of themare
of lesser order. Hikami also gave a mock theta function and
called it of order two.

Recently Andrews in his paper[6] generated some mock
theta functions and found four of them interesting. Bring-
mann, Hikami and Lovejoy found two more mock theta
functions. We have made comprehensive study of these
functions in [16],[17] and also their bilateral form in[ 18].

In some of Ramanujan’s unpublished work, now pub-
lished as “lost” notebook, a number of identities and expan-
sion formulas for partial sums of theta functions are men-
tioned without proof. A study ofthese partial sums, identi-
ties and expansions has been made by Andrews and he wrote
that some of these partial theta functions identities have
interesting number theoretic interpretations. These observa-
tions motivated me to study the partial mock theta functions.
The definition of a partial mock theta functions is that we
take the partial sum of the infinite series representing these
functions. Thus for mock theta function y,(q),
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Moreover, by taking the partial sum, the additional ad-
vantage is that convergence of the series is not a restraint.

In this paper we use a simple summation identity and us-
ing this identity we connect the mock theta functions of
Andrews among themselves and the mock theta functions of
Bringmann et al among themselves. Further we show the
relationship between mock theta functions of Andrews with
the third, fifth, sixth and tenth order mock theta function of
Ramanujan and with eighth order mock theta functions of
Gordon and McIntosh.

The mock theta functions of Andrews [6]:
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The mock theta functions of Bringmann et al [9]:
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n=0
2. Basic Results
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The following ¢- notations have been used
For |qk| <1,

n-1
(@:4") ,=[]0-ag"),n >1
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A generalized basic hypergeometric series with base ¢,

is defined as
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3. Definitions of Mock Theta Functions

Third order mock theta functions of Ramanujan:
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Fifth order mock theta functions of Ramanujan:

fo@=3 4" 1qq), .
n=0

X 2
Fy(q)=>.4" I(5:07),

n=0
o0 q”2+n
fil@) =
1 ’;) (—CI),, s
i 202420
Ko=) 7——-
1 n=0(q;q2)n+1

Sixth order mock theta functions of Ramanujan :
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To distinguish these functions fromthe others in notation,

we have put a suffix L in their symbols.

Seventh order mock theta functions of Ramanujan:

N _ 4
gO(q)._,;)(an;q)n .

zl< 1.
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Eighth order mock theta functions of Gordon and
Mclntosh:
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n=0 \ n
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Tenth order mock theta functions of Ramanujan:
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Second order mock theta function
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Alternative definitions of second order mock theta func-
tions

Al )_q(q q()oo()q 34%)s, ﬂ(q’q;_q3;q2,q2)’
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4. Main Summation Theorem

We give a proof of the following identity
Theorem

S a,p = ﬁp+lza+2<ﬂ B e, @A)
r=0 r=0

m=0
Proof

The proof is given in my paper[15]. However it is very
simple, so I repeat the proof here. It is a simple rearrange-

ment of the series.

Z(ﬂ ﬂm+l)za =By — By + (B - ﬁz)za
m=0
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r=0
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=y +afit .t a,B, =By o+ +ta,) (@, =q"(~4;9),> B, =1+¢>"*" in (4.1))
p j2 _ _ ® _
=X aB - Bra) e, i) ¢(@)=a@+0-9) "4 (@) (59
r=0 r=0 m=0

which proves the theorem.

5. Relations of Partial New Mock Theta
Functions with Mock Theta
Functions of Ramanujan

5.1. Relations among Partial Mock Theta Functions of
Andrews and Partial Mock Theta Functions of
Bringmann et al

We give relations between partial mock theta functions of
Andrews and partial mocktheta functions of Bringmann et al.
In the limit we have the mock theta functions expressed as a
series in partial mock theta functions.

By definition
o 2n 2n+l1 ) 2n*
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have
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ql/7 (q) — q2p+3 . S (q2m+1 2m+3)
b n=l 0( q; q)2n+] mZO );)( q; q)ZnH
p
=W, (@)= a7, @1+ (U= Y (6" [70,,(0) - 471, () | (5:2)
m=0

we have used (5.1) in the penultimate step.
(i1) Letting p — o in (5.2), we have

qr(@) ==Y ¢ (Fon(@) — 470(@). (5.3)

m=0
In further relations the values of ¢, and g, will be in-
dicated in parenthesis.
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5.2. Relations of Mock Theta Functions of Andrews with

Third Order Mock Theta Functions of Ramanujan
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5.3. Relations of Mock Theta Functions of Andrews with
Fifth Order Mock Theta Functions of Ramanujan
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5.4. Relations of Mock Theta Functions of Andrews with
Sixth Order Mock Theta Functions of Ramanujan
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5.5. Relations of Mock Theta Functions of Andrews with

Seventh Order Mock Theta Functions of
Ramanujan
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5.6. Relations of Mock Theta Functions of Andrews with
Eighth Order Mock Theta Functions of Gordon and
McIntosh
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4m+4)
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5.7. Relations of Mock Theta Functions of Andrews with
Tenth Order Mock Theta Functions of Ramanujan
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+io<—1>'"q'"2 T+ DX, () (5.48)
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5.8. Relations of Mock Theta Functions of Andrews and
Mock Theta Functions of Bringmann et al with

Second Order Mock Theta Functions
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6. Conclusions

By the help of a simple summation formula identities
connecting various partial mock theta functions are given.
The consideration of partial sums of the mock theta functions
is helpful as there is no constraint about convergence of the
series. These partial identities may be helpful in giving
number theoretic interpretations.
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