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1. Introduction 
In[4], the theory of Lie superalgebras was given and in[5], 

theory of Kac- Moody Lie superalgebras was described. 
Borcherds[2] in itiated the study of generalized Kac-Moody 
algebras(GKM algebras). Wakimoto[19] introduced BKM 
superalgebras(BKM Lie superalgebras). The existence of 
special imaginary roots for Kac-Moody algebras(KM 
algebras) were shown in [1] and the concept of special 
imaginary roots was extended from KM algebras to GKM 
algebras in[7]. In[11], some properties of roots of GKM 
algebras were studied and in[12],[14], special imaginary 
roots of these classes were found out and finally in[15], a 
complete classificat ion of GKM algebras possessing special 
imaginary roots was found out.  

The notion of special imaginary roots of BKM algebras 
was generalized to BKM superalgebras in[16] and certain 
classes of BKM Lie superalgebras possessing special 
imaginary roots were found out in[16]. In [18], a complete 
classification of BKM Lie superalgebras possessing special 
imaginary roots was given. The concept of strictly imaginary 
roots for KM algebras was introduced by Kac([5],[6]). 
Casperson[3] gave a complete classification of KM algebras 
possessing strictly imaginary p roperty. The concept of 
purely imaginary roots for KM algebras was introduced 
in[10] and therein  the KM algebras possessing purely 
imaginary p roperty were completely classified.   

Again in[13], the concept of purely imaginary roots from 
KM algebras to GKM was extended, and the GKM algebras 
possessing purely imaginary property were completely 
classified. In[14], the properties of strictly  imaginary  roots 
and purely imaginary roots of GKM algebras were compared  

 
*Corresponding author:  
sthanun@yahoo.com(N.Sthanumoorthy) 
Published online at http://journal.sapub.org/am 
Copyright © 2012 Scientific & Academic Publishing. All Rights Reserved 

and using the classification of GKM algebras possessing 
purely imaginary property, the algebras whose purely 
imaginary  roots are strict ly imaginary roots were found. 
Complete classification of GKM algebras possessing special 
imaginary  roots and strictly imaginary property were given 
in[15]. 

The concepts of strictly imaginary roots and purely 
imaginary roots of Borcherds Kac-Moody algebras(BKM 
algebras) were extended to BKM superalgebras in[17]. A 
complete classification of those BKM superalgebras with 
purely alien imaginary property and purely imaginary 
property were given in[17]. Moreover, the properties of 
strictly imaginary roots and purely imaginary roots of BKM 
superalgebras were compared and the BKM superalgebras 
whose purely imaginary roots are also strictly imaginary 
were found out in[17]. 

Aim of this paper is to g ive a complete classification of 
BKM Lie superalgebras possessing strictly imaginary 
property.  

2. Preliminaries 
2.1. Basic Definitions  

In this section, we briefly recall the fundamental 
definit ions regarding BKM Lie superalgebras, their Weyl 
groups and root systems as given in[19]. 

For the defin ition of Generalized Generalized  Cartan 
matrix(GGCM) one can see[9]. 

Definition 2.1.1:[19]. 
Let },{1,2,= nI 

 be a finite index set and let 

IjiijaA ∈,)(=  be an nn×  real matrix. Let  ψ  be a subset 

of I . If A  satisfies the following conditions, then 
),( ψA  is called a BKM super matrix. 

1)~(c  2=iia  or 0≤iia  
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2)~(c  
0≤⇒≠ ijaji

 
3)~(c  0=0= jiij aa ⇔  

4)~(c  if 2=iia  then jallforaij  Z∈  

5)~(c  if ψ∈i  and 2=iia  then   

.2 jallforaij Z∈  

Define, subsets eI r  and mI i  of I  by  
0}.;{=2},=;{= ir ≤∈∈ ii

m
ii

e aIiIaIiI  

Let )|(= 0> Iimm i ∈∈Z  be a collection of positive 

integers such that 1=im  for all .reIi∈  We call m  a 
charge of A. 

Also set 

0}<;{:=0};=;{:=

;=2}=:{:=

0

rr

iiii

e
ii

e

aiai
Iai

ψψψψ

ψψψ

∈∈

∩∈
−

 and 

−∪≤∈ ψψψψ 0
i =0};{:= ii
m ai . 

Remarks:   
 (1) If ψ  is an empty set then the BKM super matrix 

coincides with the corresponding BKM matrix( or GKM 
matrix).  

(2) For description of the quasi- Dynkin diagram, 
),(AqDyn  one can refer to[19]. A Generalized 

Generalized Cartan Matrix is called indecomposable if it 
cannot be reduced to a block d iagonal fo rm by shuffling rows 
and columns[8]. 

For the sake of completeness we repeat the following 
fundamentals already exp lained in[17]. 

Definition 2.1.2:[6]  

Let I  be an index set. ),( ψA  be an indecomposable 

BKM super matrix where IjiijaA ∈,)(=  and I⊂ψ . 
Then one and only one of the following three possibilities 
holds for A . 

(Fin) det 0≠A ; there exists 0>u  such that 0>Au  

and 0>0 uAu ⇒≥  or 0=u . 
(Aff) Corank =1; there exists 0>u  such that 0=Au  

and 0=0 AuAu ⇒≥  
(Ind) det 0≠A ; there exists 0>u  such that 0<Au  

and 0=0>0,> uuAu ⇒  
Referring to the above three cases, we say that A  is of 

fin ite, affine or indefinite type respectively and write 
AffAFinA ∈∈ ,  or IndA∈  respectively. 

Definition 2.1.3:[18] 

We say that a BKM super matrix ),( ψA  is of 
hyperbolic type, if it is indefinite type and every principal 
submatrix of A  is either fin ite or affine type BKM super 
matrix. 

Definition 2.1.4[19]:  
If a BKM super matrix njiijaA ≤≤ ,1)(=  decomposes as 

DBA =  where, :)(= ,1 njiijiD ≤≤δε  a diagonal matrix 

and njiijbB ≤≤ .1)(=  is a symmetric matrix, then A  is said 
to be symmetrizable. 

If A  is a symmetrizab le BKM supermatrix, then taking 
the diagonal matrix D  satisfying 0,>,...,, 21 nεεε  by 

,= ijiij ba ε  we have 00 ≤⇔≤ ijij ba  and 

00 ≥⇔≥ ijij ba for all i  and .j  

We assume that ),( ψA  is a symmetrizable and  
indecomposable BKM supermatrix. 

Definition 2.1.5:[19]  

For any BKM supermatrix, ),( ψA  where 

njiijaA ≤≤ ,1)(= , we have a t rip le ),,( ∨ΠΠh , where 

};{= Iii ∈Π α  and };{= Iii ∈Π ∨∨ α  satisfying the 
following relat ions:  

 (i) h  is a finite d imensional (complex) vector space 
such that −n2=dimh  rank A.  

 (ii) *}{= h⊂Π ∈Iiiα  is linearly independent and 

h⊂Π ∈
∨∨

Iii }{= α  is linearly independent, where 

).,(H=* Chh Com  

iii) ijij a=, 〉〈 ∨αα , where 〉〈,  denotes a duality pairing 

between h  and .*h  This triple  ),,( ∨ΠΠh  is called a 
realization of A. 

Call an element of Π  (respectively ∨Π ) a  fundamental 
root or a simple root (respectively fundamental coroot or a 
simple coroot). 

Moreover, set };{= rr e
i

e Ii∈Π α  and 

};{= ii m
i

m Ii∈Π α . We call an element of erΠ  (resp. 
miΠ ) a real simple root (resp. an imaginary simple root). 

 Also divide Π  as }\;{:=e ψα Iiiven ∈Π , the set of 

all even simple roots and };{:=o ψα ∈Π iidd , the set of 
all odd simple roots.  

Let 2Z is the residue class ring mod 2 with elements 0  

and .1  
Definition 2.1.6:[19]  

A 2Z -graded vector space 10= ggg ⊕  possessing the 

operation called the bracket product,  

,],[),(:],[
b

ggg ∈→∋× yxyx
mapilinear

 
is called a  Lie superalgebra if it satisfies the following 
conditions:  
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),,(,],[ 2Zggg ji ∈⊂ + jiji  
[ ] ],,[1)(=, |||| yxxy yx−−     

[ ][ ] ],],,[[]],[,[1)(=,, |||| zyxzxyzyx yx +−−  for all 
.,, g∈zyx  

Definition 2.1.7:[19]  
The Borcherds Kac-Moody Lie superalgebra (abbreviated 

as BKM Lie superalgebra or BKM superalgebra) )(~ Ag  
associated to a symmetrizable BKM super matrix 

njiijaA ≤≤ ,1)(=),( ψ  is the Lie superalgebra 

generated by the vector space h  and the elements 
)(, Iife ii ∈  satisfying the following relat ions:   

1. 0=],[ 'hh  for h∈'hh,   

2. iii eheh )(=],[ α   fo r nih ≤≤∈ 1,h   

3. iii fhfh )(=],[ α−   fo r nih ≤≤∈ ,1h   

4. ∨
iijji fe αδ=],[   fo r .,1 nji ≤≤   

5. if ,,,r jiIjIi e ≠∈∈  then 

0)(;0)(
11

==
−− ffee jiji
aadaad ijij  

6. if 0=,,, ijajiIji ≠∈ , then [ ]















0=,
0=][ ,

ji

ji

ff
ee

 

7. if 0ψ∈i  then 0=],[=],[ iiii ffee .  
Remarks:    

As we are assuming that the matrix ),( ψA  is 

symmetrizab le, the associated BKM superalgebra )(~ Ag  is 
simple (fo r a proof one can see[6], and also[19] ),which we 

will denote by )(Ag . So  for a BKM supermatrix ),( ψA , 
)(Ag  is called BKM Lie superalgebra or BKM 

superalgebra associated to ).,( ψA  
In[5], Dynkin diagrams were defined for Lie 

superalgebras. Dynkin diagrams were already extended from 
KM algebras to GKM algebras in[11] and then extended to 
BKM Lie superalgebras in[17], which  are again g iven below. 

Definition 2.1.8:[17]  

To every BKM super matrix ),( ψA , where 

IjiijaA ∈,)(= , ,I⊂ψ  the index set I , is associated 

with a Dynkin diagram )(AS  defined as follows: 
)(AS  has n  vertices and vertices i  and j  are 

connected by |}||,{|max jiij aa  number o f lines if 

4≤jiijaa  and there is an arrow pointing towards i  if 

1|>| ija . If 4|>||| jiij aa , i  and j  are connected by 
a bold faced edge equipped with the ordered pair 

|).||,(| jiij aa  Moreover     

1. if ψ∉iandaii 2= , the i -th vertex will be denoted 
by a white circle.  

2. if ψ∈iandaii 2= , the i -th vertex will be denoted 
by a white circle with (od) written within parentheses and 
below the circle to denote the vertex corresponding to an odd 
simple root in th is case.  

3. if ψ∉iandaii 0= , the i -th vertex will be denoted 
by a crossed circle.  

4. if ψ∈iandaii 0= , the i -th vertex will be denoted 
by a crossed circle with  (od) written within parentheses and 
below the circle to denote the vertex corresponding to an odd 
simple root in th is case.  

5. if ψ∉− iandkkaii 0>,= , the i -th vertex will 

be denoted by a white circle with )( k−  written within  
parentheses and above the circle.  

6. if ψ∈− iandkkaii 0>,= , the i -th vertex will 

be denoted by a white circle with )( k−  written within  
parentheses and above the circle with (od) written within 
parentheses and below the circle to denote the vertex 
corresponding to an odd simple root in this case.  

With these definitions, the Dynkin d iagrams of all BKM 
superalgebras can be drawn. 

Some examples of Dynkin diagrams of BKM 
superalgebras were drawn in[17]. 

A BKM Lie superalgebra g , like a KM or BKM algebra, 
has the following natural root space decomposition: 

αgg ⊕= where 

})(=],[|{= hgg ∈∀∈ hXhXhX αα   
is called the root space associated to .α  An element 

Q∈α  is called a root, if 0≠α  and 0.≠αg  The 

number mult αα gdim=  is called the multiplicity of the 

root α . A root α  of )(Ag  can be expressed as 

),(,=
1=

Z∈∑ iii
n

i
mmαα  where im 's are all 0≥  or 

all 0≤ . Corresponding to whether im 's are all 0≥  or all 

0≤ , α  is called a positive root or a negative root 

respectively. Also i
n

i
m∑ 1=

 is called the height of α  and 

is denoted by ).(αht  We denote by +∆∆,  and −∆  the 
set of all roots, positive roots and negative roots respectively. 
Also note that ii

eCg =α  and ii
fCg =α− . 

Definition 2.1.9:[19] 
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Let G  be a BKM Lie superalgebra. Set ∨∑ i
n

i
' αCh

1=
=  

and take a subspace ''h  of h  satisfying ''' hhh ⊕= . 

Define the symmetric b ilinear form )|( ⋅⋅  on h  as 
follows: 

),,1(,:=)|( nihhh iii ≤≤∈〉〈 hαεα  
'''''''''' hhforhh h∈2121 ,0:=)|( . Then )|( ⋅⋅  is 

non-degenerate on h  and this induces the linear 
isomorphis m, .: *hh→ν  

We completely identify h  and *h  via this map ν  and 
omit the symbol ν  in  the following results. The proofs of 
these results are in[19]. 

Lemma 2.1.10:[19]  

For nji ≤≤ ,1 , one has the following: 
1. ,= iii αεα ∨  

2. ,=)|( ijji bαα  

3. ,=)|( ijjiji bεεαα ∨∨  

4.If 0,≠iia  then *,,2=
)|(
)|2( h∈

〉〈 ∨

λλα
αα
λα

ii

i

ii

i

a
, in 

particular if 2=iia , then 

).(,=
)|(
)|2( *h∈〉〈 ∨ λλα

αα
λα

i
ii

i  

Remark:  
For 0)|(,i ≤⇒∈∈ ji

m IjIi αα . In terms of inner 

product )|( ⋅⋅ , we have 0}>)|(;{=r
iii

e αααΠ and 

0})|(;{=i ≤Π iii
m ααα . 

Definition 2.1.11:[17]  

For each ,reIi∈  we define the simple reflection 
*h∈ir  by  

.,,=)( *h∈〉〈− ∨ λααλλλ iiir  
The Weyl group W of )(Ag  is the subgroup of 

)( *hGL  generated by the ir 's )( reIi∈ . Note that 

});{,( re
i IirW ∈  is a coxeter system. So for a real root 

)(= iw αα  ),,( re
iWw Π∈∈ α  we define the reflection 

αr  of *h  with respect to α  by 

),(,=)( *h∈〉〈− ∨ λααλλλαr  
where h∈∨∨ )(= iw αα  is the dual real root of .α  

Note that Wwwrr i ∈−1=α . 
Lemma 2.1.12:[19].  

The bilinear form )|( ⋅⋅  on h  and *h  is invariant 
under the action of the Weyl group. 

In particular, we have ijiji aεαα =)|(  for 

.,1 nji ≤≤  
Definition 2.1.13:[17] 
The set of all real roots of a BKM Lie superalgebra is 

defined as  

)}.;({2)(= rrr e
i

ee iWW ψα ∈∪Π∆  

Then the set of all imaginary roots is .\= ri em ∆∆∆ We 
have, ee rr ∆∈−⇒∆∈ αα  and mm ii ∆∈−⇒∆∈ αα . 

Definition 2.1.14:[19] 

Let  i
n

ii
n

i
QQ αα 01=1=

=,= ≥+ ∑∑ ZZ , then we have 

++ ⊂∆ Q . Q  is called the root lattice and +Q  is called the 

positive root lattice.The root lattice Q  becomes a (partially) 

ordered set by putting +∈−⇔≥ Qβαβα  for 
Q∈βα , . 

Now, fo r Qm ii ∈∑ αα = , support of α  is defined as 

0};{=)(s ≠∈ imIiupp α . If )(s αupp  is a connected 

subset of the Dynkin diagram of ,A  we say that )(s αupp  
is connected. 

Definition 2.1.15:[19]  
Imaginary roots of BKM superalgebras are basically of 

two types, domestic-type and alien-type. 
Domestic-type imaginary root: 
An imaginary root which is conjugate to a fundamental 

root under the action of the Weyl group is called 

domestic-type imaginary root. We denote by 
imom⋅∆d

, the set 
of all domestic-type imaginary roots. 

Alien-type imaginary root: 
An imaginary root which is not a conjugate to a 

fundamental root under the action of the Weyl group is called 

alien-type imaginary  root. We denote by 
imli⋅∆a

, the set of 
all alien-type imaginary roots. 

Since an imaginary root is either conjugate or not 
conjugate to a fundamental root under the action of Weyl 
group, each imaginary root is either domestic imaginary or 
alien imaginary. 

We have .= ..a..i imliimdomm ∆∪∆∆  
Lemma 2.1.16:[19]   
1. mi

+∆  is invariant under the action of the Weyl group.  

2. If ,im
+∆∈α  then there exists Ww∈  satisfying 

.∨−∈ Cwα   
3. For 0.)|(, i ≤⇔∆∈∆∈ ++ αααα m   
Theorem 2.1.17:[19] 
For a symmetrizab le BKM supermatrix ),,( ψA  if we 

set  

}),;({2)(:= rrr e
i

ee iWW ψα ∈∪Π∆  
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,\:= ri em ∆∆∆  

}),;2({)(:= id
−

⋅ ∈±∪Π±∆ ψα iWW i
mimom

 
,\:= dia imommimli ⋅⋅ ∆∆∆  

then concerning mi∆  and imli⋅∆a  we have the following 

results: 1. )(=)(=a


KwKW Ww
imli

∈
⋅

+ ∪∆ .  

2. });({2)()(= ii
−+ ∈∪Π∪∆ ψα iWWKW i

mm


.  
where

}i)(0>,|<{= connectedssuppandQK i αααα ≤∈ ∨
+

 and 2}.|)(||{= ≥∈ αα suppKK


  

Also by notation ,==
1=1= i

n

ii
n

i
' αα RRhR ∑∑ ∨  

)}0(,;{= re
i

' IihhC ∈≥〉〈∈ ∨∨ αRh  and 

)}0(>,;{= re
i

' IihhC ∈〉〈∈ ∨∨ αRh


. 
Lemma 2.1.18:[19] 
For ∆∈α  and ,reIi∈  one has the following:   

1. The set };{ ∆∈+∈ ijj ααZ  is a finite set. Let p  
be the minimum contained in this set, and let q  be the 
maximum in this set. Then,  

(a) 〉−〈+ ∨ αα ,= iqp   

(b) },;{=};{ qjpjjj i ≤≤∈∆∈+∈ ZZ αα  
 (c) the sequence qjpijult ≤≤+ )}(m{ αα  is bilaterally 
symmetric, and the left half o f this sequence is monotone 
nondecreasing. Namely, 

1. 
)(m=)(m

=

ii kultjult
qpkj

αααα ++⇒
++

 

2. 
2

qpkjp +
≤≤≤   

).(m)(m ii kultjult αααα +≤+⇒   

3. ,0>)|( +∆∈−⇒ ii αααα   

.0<)|( +∆∈+⇒ ii αααα   

4. 0,)|( ≥⇒∆∈/+ ii αααα   

0.)|( ≤⇒∆∈/− ii αααα   
Strict ly domestic type imaginary roots, strictly alien type 

imaginary roots, strictly imaginary roots, purely imaginary 
roots, purely domestic type imaginary roots and purely alien 
imaginary root were already explained in[17]. We repeat the 
following definit ions which we need here. 

Definition 2.1.19:[`17] 
A domestic-type imaginary root γ  in a BKM super 

algebra is said to be  strictly domestic-type imaginary, if for 
every ,re∆∈α  either γα +  or γα −  is a root. Let 

imdomimdomimdom ⋅⋅
−

⋅⋅
+

⋅⋅ ∆∆∆ sss ,,  denote the set of all strict ly 
domestic-type imaginary roots, positive and negative strictly 
domestic-type imaginary roots respectively. 

Definition 2.1.20:[17] 
An alien-type imaginary  root γ  in a BKM super algebra 

is said to be  strictly alien-type imaginary, if for every 
,re∆∈α  either γα +  or γα −  is a  root. Let  

imaliimaliimali ⋅⋅
−

⋅⋅
+

⋅⋅ ∆∆∆ sss ,,  denote the set of all strict ly 
alien-type imaginary roots, positive and negative strictly 
alien-type imaginary roots respectively. 

Definition 2.1.21:[17]  
An imaginary root γ  in a BKM super algebra is said to 

be  strictly imaginary, if for every ,re∆∈α  either γα +  
or γα −  is a root. The set of all strictly  imaginary roots is 

denoted by .sim∆  Let imimim sss ,, −+ ∆∆∆  denote the set of all 
strictly imaginary roots, positive and negative strictly 
imaginary roots respectively. 

Remark:  
As it was noticed in[5], 
(1)If ,sim

+∆∈α  ,im
+∆∈β  then im

+∆∈+ βα   

(2) sim
+∆  is a semigroup. 

Definition 2.1.22:[17]  
A BKM super matrix ),( ψA  is said to  have  strictly 

imaginary property, if  
).(=)( is AA mim

++ ∆∆  
If a BKM supermatrix satisfies strictly imaginary property, 

we say that corresponding BKM Lie superalgebra satisfies 
strictly imaginary property. 

Purely alien imaginary  roots, purely domestic imaginary  
roots were already exp lained in Sthanumoorthy et al.(2009). 

Definition 2.1.23:[17]  
Let  ,im

+∆∈α  we say that α  is  purely imaginary, if 

for any ., ii mm
++ ∆∈+∆∈ βαβ  We say that the BKM 

super algebra )(Ag  has the  purely imaginary property, if 

),( ψA  satisfies this property. We have, 

.= adi imliimomm ⋅⋅ ∆∪∆∆  
Similarly we say that a negative root mi

−∆∈γ  is purely  
imaginary if γ−  is a purely imaginary root. Denote by

}i|{==)( ipp imaginarypurelysA mimim αα +++ ∆∈∆∆
  

and   
}.i|{==)( ipp inarypurelyimagsA mimim αα −−− ∆∈∆∆  

Then, the set of all purely imaginary roots is  

.= ppp imimim
−+ ∆∪∆∆  

We omit the proof of the following theorem for BKM Lie 
superalgebras which can be direct ly verified using the proof 
for KM algebras already proved in[3]. 

Theorem 2.1.24:[17]  
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For BKM Lie superalgebras, the following results are true:    
(a) If +∆∈α  and 0<, 〉〈 ∨ αα i  for all ,reIi∈  then 

...s imali
+∆∈α   

(b) If ααα γ ≠∆∈ ⋅
+ )(,a rimli  for all ,re∆∈γ  then 

...s imali
+∆∈α   

(c) If imali..s
+∆∈α  and 0, ≤〉〈 ∨ αα i  for all ,reIi∈  

then +∆∈+ βα  for all .+∆∈β   

(d)  If ,, a..s imliimali ⋅
++ ∆∈∆∈ βα  then .a imli⋅

+∆∈+ βα   

 (e) imali..s
+∆  is a semigroup.  

In addition to the above results, we prove the following 
results for BKM Lie superalgebras. 

Theorem 2.1.25:  
a) If }{\.

i
imdom αα ∆∈  and )( isupp αα +  is  

connected, then .im∆∈α   
b) If },{\.

i
imdom αα ∆∈  ααγ =)( /r  for all ,re∆∈γ  

then ... imalis∆∈α   
Proof:  
a) Let }{\.

i
imdom αα ∆∈  and )( isupp αα +  be 

connected. Then .+∆∈+ iαα  

So by lemma 2.1.18. .sim∆∈α  
b) Let }{\.

i
imdom αα ∆∈ . If ααγ =)( /r  for all  

,re∆∈γα  then ααααα γγ =>,< /−  

0=>,< /⇒ γαα  ⇒  0><,< γαα  or 

0.>>,< γαα   

So, by lemma 2.1.18., we have +∆∈+ γαα  or 

.+∆∈− γαα  Hence α  is a strictly imaginary root. 
Remark: 

 From the property )(d  of the Theorem (2.1.24), we have  

.iis mmim
+++ ∆⊂∆+∆  

3. Complete Classification of BKM Lie 
Superalgebras Possessing Strictly 
Imaginary Property 

Remark:  
In[17], a  complete classificat ion of BKM Lie 

superalgebras possessing purely imaginary property was 
given. 

3.1. First we Give the following Results from[3]. 

Definition 3.1.1:[3]  
We say that the generalized Cartan matrix A has the 

property SIM(more briefly: SIMA∈  ) if 

).(=)( AA imsim ∆∆  

Definition 3.1.2:[3] 
A  is said to satisfy NC1, if there exists no subsets 

},{1,, nTS ⊂  such that SA |  is affine or indefin ite 
type, and TSA ∪|  is decomposable. 

The following theorem proved by Casperson (1994) is for 
the indefinite Kac-Moody algebras possessing strictly 
imaginary property. Casperson (1994) gave a complete 
classification of Kac-Moody algebras possessing strictly 
imaginary p roperty. 

Theorem 3.1.3:[3]  
A GCM lies in  SIM if and only if it satisfies the condition 

NC1 and has no principal submatrix contained in the 
following list: 

1. The 22×  matrices of the form 















−

−
2

2
b

a
 with 

4≥ab  and 1=a  or 1.=b  
2. The matrices of the following Dynkin diagrams of 

twisted affine type:  

 

3. The strictly hyperbolic 33×  matrices associated with 
the Dynkin diagrams of the form:  

 
4. The hyperbolic 44×  matrices associated with the 

Dynkin d iagrams of the form: 

 
From[3], we can conclude the following for affine 

Kac-Moody algebras: 
5. If an  algebra is affine, we have that 

{0}}\|{=s Z∈∆ nnkim δ  and hence 

},\|{=\ si ZZ knnimm ∈∆∆ δ  where δ  is the unique 

minimal positive imaginary root and k  is the order of the 
diagram automorph ism used to construct the algebra. 
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Again for the case of 22×  matrices, the fo llowing  
theorem gives a complete classificat ion of the non-strictly 
imaginary roots: 

Theorem 3.1.4:[3] 

Suppose, for the  GCM
















−

−
2

2
= b

a
A

, ),( +∈Zba , 

that .)}(:{=)( 11 ∅≠∆∈/±∈Γ AKA A αγγ  
Then, either  
1.
















−

−
24
12

=A
and

0}|)21)({(2=)( 211 ≥++Γ nnA αα (or)  
2. 
















−

−
2
12

= bA
 where 4,>b  and

}.2{=)( 211 αα +Γ A   
Corollary 3.1.5:[3] 

The GCM 















−

−
2

2
b

a

 is not in SIM if and only if 4≥ab  

and either 1=a  or 1.=b  

Proposition 3.1.6:[3]  
A GCM of affine type is a member of SIM if and only if it  

is of non-twisted affine type.  
Remarks: 
From[17], the set of all strict ly imaginary  roots of any 

BKM superalgebra is a subset of set of all purely imaginary 
roots, that is , imim sp \ ∆∆  may be an empty set or 
non-empty set depending upon the algebras. So, for the 
BKM superalgebras possessing purely imaginary property, 
we verify whether the set imim sp \ ∆∆  is empty or not. In the 
case where )=(=\ simpimsimpim ∆∆∅∆∆  all purely 

imaginary roots are strictly imaginary as pimsim ∆⊂∆  is 
always true. BKM superalgebras which satisfy the condition 

∅∆∆ =\ simpim  will be in the class of BKM algebras 
possessing strictly imaginary property.Hence the condition 

simpim ∆∆ =  is equivalent to ,= imsim ∆∆  which is 
equivalent to SIM property. 

3.2. As in the Cases of S pecial And Purely Imaginary 
Roots We Divide The Classes of BKM Superalgebras 
Into Two Categories. We Divide these BKM Lie 
Superalgebras into Two Categories. 

Category 1: BKM Lie superalgebras without odd 
roots(GKM algebras only) 

Category 2: BKM Lie superalgebras with a non-empty 
set of odd roots: 

We discuss category 1 below. 
Category 1: BKM Lie superalgebras  without odd 

root:(GKM algebras only) Complete classificat ion of GKM 
algebras possessing Strict ly imaginary  property was already 
given in[17]. 

Category 2: BKM Lie superalgebras with a non-empty 
set of odd roots: 

We divide this category 2 into two classes, which are  
Category2: Class(I): BKM Lie superalgebras of finite 

order Cartan matrices and with a non-empty set of odd 
roots   

Category2: Class(II): BKM Lie superalgebras of 
infinite order Cartan matrices and with a non-empty set 
of odd roots   

We discuss below these two classes separately . 
Category 2:Class(I): BKM Lie superalgebras  with a 

non-empty set of odd roots 
We classify these BKM superalgebras into three 

subclasses (i),(ii) and (iii). 
(i).BKM superalgebras with all simple roots being real  

with a non-empty set of odd roots:  
These are BKM superalgebras which do not have any 

imaginary  root. So  this set of BKM superalgebras do not 
possess strictly imaginary property. 

(ii).BKM superalgebras all whose simple roots are 
imaginary  with a non-empty set of odd roots: 

These are BKM superalgebras whose supermatrices do not 
appear as the extensions of KM matrices. So all the diagonal 
elements are negative. Hence there is no real simple root and 
all the roots are imaginary and also strictly imaginary. 

(iii).BKM superalgebras with finite  (non-zero) number of 
real simple roots and finite (non-zero) number o f imaginary 
simple roots  with a non-empty set of odd roots: 

Remark:  
Hereafter we denote by GGX, a Generalized Generalized 

Cartan matrix ( BKM super matrix or BKM matrix). We 
prove the following theorem for th is case. 

Theorem 3.2.1:  
Let rn

jiijaA +
1=,)(=  (the symmetrizable GGX)  

.=

111

1111

322

11221

11211



































−−

−−
−−−

−−−
−−−−−−
−−−−−−

−+−+−+

−++−−

−+−

−+−

rnrnrn

rrr

rnrrrr

rnrr

rnrr

wdb
GX

wdb
xxkdb

kdb
cccckb
aaaaak















 
Here ,)(1 0≥∈≤≤ Zriki  iiii dcba ,,,  are positive 

integers . Moreover, GX is KM matrix of finite, affine or 
indefinite  type of order 1≥n  and GGX is a supermatrix of 
fin ite, affine or indefin ite type with r  simple imaginary 
roots added to that of GX. Then the following results are true 
for BKM superalgebras with odd roots.   

1. GX is of finite type:  

(a) If )(=
1=



KWl ii

rn

i
∈∑

+

αα  with jjii

rn

jii
lal 2<

,1=
∑
+

≠

 (for 

all reIj∈ ) is true for all ,α  then the corresponding BKM 
superalgebra satisfies SIM property. 
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(b)If }|{2)()\( 00
−∈∪∪Π∈ ψαψψα iWWW i

im  

0}),<|{=0}=|{=( 0 i
im

i
im kiandki ψψψψ ∈∈ −  with 

1>,,...,, iiii wxdb  in the above GGX for 

rnir +≤≤+1  is true for all ,α  then the corresponding 
BKM superalgebra satisfies SIM property.  

Here in (a) and (b ), −∪ψψψ 0=  is the set of all odd 
roots and 

}|{2)()(= −

∈
+ ∈Π∆ ψαα ii

im

Ww

im WWKw




 is the 

set of all positive imaginary roots.  
2. GX is of untwisted affine type:  

(a) If )(=
1=



KWl ii

rn

i
∈∑

+

αα  with jjii

rn

jii
lal 2<

,1=
∑
+

≠

 (for 

all reIj∈ ) is true for all ,α  then the corresponding 
BKM Lie superalgebra satisfies SIM property. 

(b)If }|{2)\( 00
−∈∪∪Π∈ ψαψψα iWW i

im  

with 1>,,...,, iiii wxdb  in the above GGX for 

rnir +≤≤+1  is true for all ,α  then the corresponding 
BKM Lie superalgebra satisfies SIM property.  

3. If GX is of twisted affine type, then Strictly imaginary  
property does not hold.  

4. If GX is of indefinite type, then Strictly imaginary  
property does not always hold. 

Proof: 
In the usual notation, let }{1,2,...,= rnI +  with 

}{1,2,...,= rI im  and }.2,...,1,{= rnrrI +++  

},...,,{= 21 rn+Π ααα  is the set of all simple roots with 

},...,,{= 21 r
im αααΠ  is the set of all simple imaginary 

roots and },...,,{= 21 rnrr
re

+++Π ααα  is the set of all 
simple real roots.  

Ingeneral rnjiaijji +≤≤ ,,1>=,< αα and 

}.2|{)(

}2|{}|{
)(}|{=

re
jk

re
jk

im

im

Ijandkajor

IjandkajIii
orIii

∈∀∈

∈∀∈∪∈

∈

Z

Z
ψ

 

(1) Let  GX be of fin ite type GCM and α  be an positive 
imaginary root. Then  

}.|{2)()(= −

∈
+ ∈Π∆∈ ψααα ii

im

Ww

im WWKw




Here 

2}.|>)(|)0(>,|<{= αααα suppandIiQK re
i ∈≤∈ ∨

+



 
We discuss below Case(a), Case(b) and Case(c) 

separately.  

Case(a): If )(=
1=



KWl ii

rn

i
∈∑

+

αα  then we have  

nrjrorl jii

rn

i
j +≤≤+∨

+
∨ ∑ 1f>,,>=<,<

1=
αααα  

>,<=
1=

∨
+

∑ jii

rn

i
l αα .=

1=
jii

rn

i
al∑

+

 

 By  Theorem 2.1.24.(a), it is clear that if im
+∆∈α  and 

0,<
1=

jii

rn

i
al∑

+

 then Strictly imaginary property holds. 

Case(b): If ,)\( 00 ψψα ∪Π∈ imW  then α  can be 
written as  

.),(=
1=

im
ii

nr

ri
iallforr Π∈∏

+

+

αα
 

Here  11,1 =)( +++ − ririir ar ααα  

)(=)( 11,212 +++++ − riririrr arrr ααα  
 

21,,

2

1=
,

2

1=
= ++

+

+

+

+
∏∑ +− rjjij

r

rj
jij

r

rj
i aaa ααα

)(=

)(

323,2,1,

3

2=
1,,

3

1=

123

+++++

+

+
+

+

+

+++

++− ∑∑ rrrirjrj

r

rj
irjij

r

rj
i

irrr

aaaaa

rrr

αααα

α

.31,,

3

1=
++

+

+
∏+ rjjij

r

rj
aa α  

Finally,  





++− +

+

+
++

+

+
+

+

+

+++−++

∑∑∑ krk

nr

rk
irkrk

nr

rk
irkki

nr

rk
i

irrrnrnr

aaaaa

rrrrr

αααα

α

2,
3=

2,1,
2=

1,
1=

1231

=

)(....

) ........ 1,,
1=

1,1, nrjjij

rn

rj
nrnrnrinr aaaa ++

+

+
+−++−+ ∏++++ αα  

We divide this case(b) into Case(b)(1), Case(b)(2) 
(Case(b)(2)(i),Case(b)(2)(ii)) and Case(b)(3) separately. 

Case(b)(1): Let 0).=(= nim
i +∆∈αα   

We have jiiji aεαα =)|(  for .reIj∈   

Since 'jia s are always negative integers and si′ε  are 
always positive, by theorem 2.1.25., it is clear that 

.sim
i ∆∈α  

Case(b)(2):Let 1).=)((= 1 nr ir αα +   

Case(b)(2)(i): Let 1)=))((= 1 nr ir αα +  with 

.=1 jr /+  
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If ,=)( 1,1, jirijirij aar αααα ++ −/−  by the theorem 

2.1.25, .1,
sim

jiri a ∆∈− + αα  

On the contrary, if .=)( 1,1, jirijirij aar αααα ++ −−  
Then  

.= 1,1,1,1, iirijrjirjjiiiri aaaaa αααααα ++++ −+−−

0.=)(0=1,1, jrjirji oraaa α++−⇒
 

As jα  is a real simple root, 0,=/jα  

0.=1,1, ++− rjirji aaa  This is also not true, because 

1,1, ,, ++ rjirji aaa  are negative integers. So by theorem 

2.1.25., .1,
sim

iiri a ∆∈− + αα  

Case(b)(2)(ii): Let 1)=)((= 1 nr ir αα +  with  

.=1 jr +  Then 

jjjjijjijjiiijiij aaaaar αααααα +−−− =)(
 

jjjii a ααα 22= +− .= iα  

But 

 
.=)( jjiijjiij aar αααα −−
 
0.== jjijjiii aa αααα ⇒−⇒

 

⇒  
0=jia

 or 
0.=jα

 

Here 0=/jα  because jα  is a simple real root and 

0=/ija  for rej ψ∈  with Z2∈jia  and  .= ji /  So 

⇒−/− jjiijjiij aar αααα =)( αα =)( /jr  with 

1.|>| jia  Hence by theorem 2.1.25., sim∆∈⇒α  if 

1.|>| jia  
Case(b)(3):Let  

1).>)((....= 1231 nrrrrr irrrnrnr αα +++−++  
We have  

krk

nr

rk
irkki

nr

rk
i

irrrnrnr

aaa

rrrrr

ααα

α

1,
2=

1,
1=

1231

=

)(....

+

+

+
+

+

+

+++−++

∑∑ +−
 

1,1,32,
3=

2, ... −++−+++

+

+
+ +++ ∑ nrnrinrrrk

nr

rk
ir aaaa α

 

.=.... 1,,
1=

irnjjij

nr

rj
aa αα /++ ++

+

+
∏

 
As all the 'jia s are negative integers , by theorem 2.1.25.,  

.)(.... 1231
sim

irrrnrnr rrrrr ∆∈+++−++ α  
Case(c): If },|{2 −∈∈ ψαα iW i  then α  can be 

written as  

.),(2=
1=

−
+

+

∈∏ ψαα iallforr ii

nr

ri  
Here  

11,1 22=)(2 +++ − ririir ar ααα
 

)2(2=)(2 11,212 +++++ − riririrr arrr ααα

21,,

2

1=
,

2

1=
222= ++

+

+

+

+
∏∑ +− rjjij

r

rj
jij

r

rj
i aaa ααα

)2(222=

)(2

323,2,1,

3

2=
1,,

3

1=

123

+++++

+

+
+

+

+

+++

++− ∑∑ rrrirjrj

r

rj
irjij

r

rj
i

irrr

aaaaa

rrr

αααα

α

.2 31,,

3

1=
++

+

+
∏+ rjjij

r

rj
aa α  

 Finally,   





++− +

+

+
+

+

+

+++−++

∑∑ krk

nr

rk
irkki

nr

rk
i

irrrnrnr

aaa

rrrrr

ααα

α

1,
2=

1,
1=

1231

222=

)(2....
 

.2...2 1,1,2,
3=

2, 



++ +−++−++

+

+
+ ∑ nrnrnrinrkrk

nr

rk
ir aaaa αα

.2.... 1,,
1=

nrjjij

rn

rj
aa ++

+

+
∏++ α  

We discuss below Case(c)(1), Case(c)(2) and Case(3) 
separately in Case(c). 

Case(c)(1): Let 0).=(2= nim
i +∆∈αα   

We have jiiji aεαα 2=)|(2  for .reIj∈   

Since 'jia s are always negative integers and si′ε  are 
always positive, by theorem 2.1.25., it is clear that 

.2 sim
i ∆∈α  

 Case(c)(2): Let 1).=)((2= 1 nr ir αα +   

 Case(c)(2)(i):Let 1)=)((2= 1 nr ir αα +  with 

.=1 jr /+  

If ,22=)2(2 1,1, jirijirij aar αααα ++ −/−  then 

.22 1,
sim

jiri a ∆∈− + αα  
We have,  

.2222=

)2(2

1,1,1,

1,

jrjirjjiiiri

jirij

aaaa
ar

αααα

αα

+++

+

+−−

−

 
But  

iiri

jrjirjjiiiri

a
aaaa

αα

αααα

1,

1,1,1,

22=

2222

+

+++

−

+−−

  
0.=2)(0=22 1,1, jrjirji oraaa α++−⇒
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As jα  is a real simple root with 0,=/jα  

0.=1,1, ++− rjirji aaa  This is not true, because 

1,1, ,, ++ rjirji aaa  are negative integers. So by theorem 

2.1.25., .1,
sim

iiri a ∆∈− + αα  

Case(c)(2)(ii): Let 1)=)((2= 1 nr ir αα +  with 

.=1 jr +  Then  

jjjjijjijjii

ijiij

aaaa
ar

αααα

αα

2222=

)2(2

+−−

−

 
jjijjii aa ααα 442= +−  .2= iα  

But 

jjiijjiij aar αααα 22=)2(2 −−
 

0=222=2 jjijjiii aae αααα ⇒−⇒
 

⇒  
0=jia

 or 
0.=jα

 

Here 0=/jα  because jα  is a simple real root and 

0=/ija  for rej ψ∈  with Z2∈jia  and .= ji /  So  

.22=)2(2 jjiijjiij aar αααα −/−  αα =)( /jr  with  

1.|>| jia  By theorem 2.1.25., sim∆∈⇒α  if 1.|>| jia  

Case(c)(3):Let 
1).>)((2....= 1231 nrrrrr irrrnrnr αα +++−++  We have   

krk

nr

rk
irkki

nr

rk
i

irrrnrnr

aaa

rrrrr

ααα

α

1,
2=

1,
1=

1231

222=

)(2....

+

+

+
+

+

+

+++−++

∑∑ +−
 

1,1,32,
3=

2, 2...2 −++−+++

+

+
+ +++ ∑ nrnrinrrrk

nr

rk
ir aaaa α

 

.2=2.... 1,,
1=

irnjjij

nr

rj
aa αα /++ ++

+

+
∏

 
As all the 'jia s are negative integers, by theorem 2.1.25., 

.)(2.... 1231
sim

irrrnrnr rrrrr ∆∈+++−++ α  
(2) Let GX be of untwisted affine type. For KM algebras 

of untwisted affine type, SIM property holds as per 
Casperson(1994). For BKM algebras with odd roots which 
we get as extensions of KM algebras untwisted affine type, 
the proof is exactly same to case(1) and hence SIM property 
holds. 

(3) Let  GX be of twisted affine type. As per 
Casperson(1994) mentioned above, SIM property does not 
hold for KM algebras and the same is true for BKM Lie 
superalgebras which  appear as extension of KM algebras of 
twisted affine type. Hence SIM property does not hold. 

(4)Let GX be of indefinite type. As far as indefin ite BKM 
Lie superalgebras are concerned, extension of fin ite and 

untwisted affine type of KM algebras will hold SIM property, 
where as other algebras do not hold.  

The following example will illustrate the above theorem. 
Example: Extension of finite type  
Let rn

jiijaA +
1=,)(=  ( the symmetrizable GGX)  

.
21
12=

2

1

21

















−−
−−
−−−

b
b

aak

 
This is a BKM supermatrix o f indefinite type denoted by 

2SBGA , which is an extension of finite type 2A . 

If 0,>k  4>11ba  and 2,== 22 ba  then the 
Dynkin d iagram can be drawn as follows:  

 
Figure 1.  Dynkin diagram of SBGA2 

The Weyl group for corresponding BKM Lie superalgebra 
is }.,,,,{1,= 232233232 rrrrrrrrrW  

}.|{2)()(= −

∈
+ ∈∪Π∪∆ ψα iWWKW i

im

Ww

im




 
Here  





+−
++

∈

),,,(),,(
=),,(|

=

)(

332111321

111312111

kkkbkkorkkk
rqprqp

KW
Ww

ααα





 

orkkbkkbbkk
orkkbkkkor

),)(,(
),,(

322131211

322121

−+−+
−+

 







+
≤≤−

−+−+

2
2

))(,)(,(

311
2213

221132111

kbk
kbkkwith

kbbkkbbkkor

. 



 ++

Π

orborbor
rqprqp

W im

)(1,0,,0)(1,(1,0,0)=
),,(|

=

)(

21

222322212 ααα

 





+
+++

))(,(1,
))(),((1,),1)((1,

211

212121

bbbor
bbbborbb

. 
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

 ++

∈ −

orborbor
rqprqp

iW i

)(2,0,2,0)(2,2(2,0,0)=
),,(|

=

}|{2

21

333332313 ααα
ψα

 

.
)),2((2,2

))),2((2,2(),2)(2,2(

211

212121





+
+++

bbbor
bbbborbb

 

Case(a): )(


KW∈α . The following relat ions (i), 
(ii),...,(v ii) can be directly verified. 

(i)If 332211= αααα kkk ++ with

,
2

2 311
2213

kbkkbkk +
≤≤−  then  

.2>=,<

2>=,<

32123

32112

kkkb
andkkbk

+−−

−+−
∨

∨

αα

αα

  
(ii) If ,)(= 332321111 αααα kkkbkk ++−+  with 

,
2

2 311
2213

kbkkbkk +
≤≤−  then 

 .)(>=,<

;2>=,<

321123

32112

kkkbb
kkbk

+++−

+−
∨

∨

αα

αα

  
(iii) If ,)(= 332212211 αααα kkbkkk −+++  with  

,
2

2 311
2213

kbkkbkk +
≤≤−  then 

.2>=,<

;)(>=,<

32213

321212

kkbk
kkkbb

−+

+++−
∨

∨

αα

αα

  
(iv)If

332212321111 )())((= αααα kkbkkbbkk −++−++

 with ,
2

2 311
2213

kbkkbkk +
≤≤−  then  

.2>=,<

;)(>=,<

32113

321212

kkbk
kkkbb

−+−

−−+
∨

∨

αα

αα

 
(v)If

,))(())((= 322112321111 αααα kbbkkbbkk −++−++  

with ,
2

2 311
2213

kbkkbkk +
≤≤−  then 

.2>=,<

;2>=,<

32113

32122

kkbk
kkkb

+−

−+
∨

∨

αα

αα

   
(vi)If  

322112321111 ))(()(= αααα kbbkkkbkk −+++++

with ,
2

2 311
2213

kbkkbkk +
≤≤−  then  

 .2>=,<

;2>=,<

32113

32122

kkbk
kkkb

+−

+−−
∨

∨

αα

αα

 

By Theorem 2.1.24., and from the above results (i), (ii), 
(iii), (iv), (v ) and (vi), it is clear that if 3221 2< kkbk −−  

and ,2< 2311 kkbk −−  that is if (in general), 

,2<
,1=

jjii

rn

jii
lal∑

+

≠

 then sim∆∈α  for all ).(


KW∈α   

Case (b): Let ).( imW Π∈α The following relat ions (i), 
(ii),...,(v i) can be easily verified.  

(i)If ,= 1
im
+∆∈αα  we get  

.=)(=)( 3211321112 αααααα brandbr ++  
By Theorem 2.1.25., if 1,>, 21 bb  then 112 =)( αα /r  

and 113 =)( αα /r  which implies .1
sim∆∈α  

 (ii) If ,= 211
imb +∆∈+ ααα  we get  

.)(=)(
=)(

3212112113

12112

ααααα
ααα

bbbbr
andbr

++++
+

 
 (iii) If ,= 321

imb +∆∈+ ααα  we get  

.=)(
)(=)(

13213

3222113212

ααα
ααααα

brand
bbbbr

+
++++

 

 (iv ) If ,)(= 32211
imbb +∆∈+++ αααα  we get  

andbbbr 3221322112 )(1=))(( αααααα +−++++  

.1)2()(=))(( 32122113222113 αααααα −+++++++ bbbbbbbr  

(v) If ,)()(= 3212211
imbbbb +∆∈++++ αααα  we 

get  

ndbbb
bbbbr

a)(=
))()((

321211

32122112

ααα
ααα

+++
++++

 

.)(=
))()((

322211

32122113

ααα
ααα

bbb
bbbbr

+++
++++

 
(vi) If ,)(= 321211

imbbb +∆∈+++ αααα  we get  

andbbbb
bbbr

3212211

3212112

)()(=
))((

ααα
ααα
++++

+++

 
.=))(( 2113212113 ααααα bbbbr ++++  

From the above results (ii), (iii), (iv), (v) and (v i) with 

0,>, 21 bb  it is clear that ααγ =)( /r  for 

211= ααα b+  in (ii), 321= ααα b+  in (iii), 

32211 )(= αααα +++ bb  in (iv), 

3212211 )()(= αααα bbbb ++++  in (v), 

321211 )(= αααα bbb +++  in (v i). Hence, by Theorem 
2.1.25., SIM property holds. 

In general, if 1>, 21 bb  then sim∆∈α  for 

).( imW Π∈α   
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Case(c): Let }.|{2 −∈∈ ψαα iW i  The following 
relations (i),(ii),...,(vi) can be direct ly verified. 

(i)If ,2= 1
im
+∆∈αα  we get  

.22=)(2a
22=)(2

32113

21112

ααα
ααα

brnd
br
+

+

 
By Theorem 2.1.25., if 1,>, 21 bb  then 

112 2=)(2 αα /r  and 113 2=)(2 αα /r  which implies 

.2 1
sim∆∈α  

(ii) If ,22= 211
imb +∆∈+ ααα  we get  

.)2(22=)2(2
a2=)2(2

3212112113

12112

ααααα
ααα

bbbbr
ndbr

++++
+

 
(iii) If ,22= 321

imb +∆∈+ ααα  we get  

.2=)2(2a
2)2(2=)2(2

13213

3222113212

ααα
ααααα

brnd
bbbbr

+
++++

 
 (iv ) If ,2)2(2= 32211

imbb +∆∈+++ αααα  we get  

ndb
bbr

a2)2(12=
)2)2((2

3221

322112

ααα
ααα

+−+
+++

 

 .1)22()2(2=
)2)2((2

3212211

3222113

ααα
ααα

−++++
+++

bbbb
bbbr

 
(v)If ,)2()2(2= 3212211

imbbbb +∆∈++++ αααα  
we get  

andbbb
bbbbr

321211

32122112

)2(22=
))2()2((2

ααα
ααα

+++
++++

 

.2)2(2=
))2()2((2

322211

32122113

ααα
ααα

bbb
bbbbr

+++
++++

 
 (vi) If ,)2(22= 321211

imbbb +∆∈+++ αααα  we 
get  

andbbbb
bbbr

3212211

3212112

)2()2(2=
))2(2(2

ααα
ααα
++++

+++

.22=))2(2(2 2113212113 ααααα bbbbr ++++  
From the above results (ii), (iii), (iv), (v) and (v i) with 

,2, 21 Z∈bb  it is clear that ααγ =)( /r  for 

211 22= ααα b+  in (ii), 321 22= ααα b+  in (iii), 

32211 2)2(2= αααα +++ bb  in (iv), 

3212211 )2()2(2= αααα bbbb ++++  in (v), 

321211 )2(22= αααα bbb +++  in (vi). Hence, by 
theorem 2.1.25., SIM property holds. 

 In general, for }|{2 −∈∈ ψαα iW i  SIM property 

holds if 1.>, 21 bb   

Example: Extension of untwisted affine type  
Let rn

jiijaA +
1=,)(=  (the symmetrizable GGX) 

.
22
22=

2

1

21

















−−
−−
−−−

b
b

aak
 This is a BKM supermatrix of 

indefinite  type denoted by (1)
1SBGA , which  is an extension 

of untwisted affine type (1)
1A .  

If k=0, 4>11ba  and 4,>22ba  then the Dynkin 
diagram can be drawn as fo llows: 

 
Figure 2.  Dynkin diagram of SBGA1

(1)
. 

The Weyl group of the corresponding BKM Lie superalgebra 
is 

}.|)(,)(,)(,)({1,= 1
23

1
32323232 +

++ ∈ZjrrrrrrrrrrW jjjj
 

Then  

}.|{2)()(= −

∈
+ ∈∪Π∪∆ ψα iWWKW i

im

Ww

im




 
Here  

{

)),2(,(),,(=

),,(|=)(

332111321

111312111

kkkbkkorkkk

rqprqpKW
Ww

+−

++
∈

ααα




orkkk
bbkkorkkbkkkor

)),23
)2((,())2(,,(

332

2111322121

−+
+−+

  

withkkbbk
kkbkk

)),......32)(2(
),2(,(

32211

32111

+−+
+−

 
}.022022 32213211 ≤+−−≤−+− kkbkandkkbk



 ++

Π

orborbor
rqprqp

W im

)(1,0,,0)(1,(1,0,0)
=),,(|

=

)(

21

222322212 ααα

 

orbbbbor
bbborbbb

))2(),2(4(1,
))2(,(1,)),2((1,

1221

121221

++
++

 

orbbbb
orbbbb
))6(4),2(4(1,

))),2(22((1,

1221

1221

++
++

 

orbbbb
orbbbb

))8(7),6(7(1,
))6(4),6(7(1,

1221

1221

++
++
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}.....))6(4(1,1, 21 orbb +  



 ++

∈ −

orborbor
rqprqp

iW i

)(2,0,2,0)(2,2(2,0,0)=
),,(|

=

}|{2

21

333332313 ααα
ψα

 

orbbbbor
bbborbbb

))2),2(2(2,2(4
))2,2((2,2)),22(2,2(

1221

121221

++
++

 

orbbbb
orbbbb
))6),2(42(2,2(4

))),4(22(2,2(

1221

1221

++
++

 

orbbbb
orbbbb

))8),2(76(2,2(7
))6),2(46(2,2(7

1221

1221

++
++

    

}.....))6(2,2,2(4 21 orbb +  

Case(a):Let  ).(


KwWw∈∪∈α  The following relat ions 
(i),(ii), ....,(vi) can be easily verified. 

(i) If 332211= αααα kkk ++  with 

1132 22 bkkk +≤  and ,22 3212 kbkk −≤  then    

.22>=,<

;22>=,<

32213

32112

kkbk
kkbk

+−−

−+−
∨

∨

αα

αα

 
(ii) If 332321111 )2(= αααα kkkbkk ++−+  with 

1132 22 bkkk +≤  and ,22 3212 kbkk −≤  then    

.222>=,<

;22>=,<

3211213

32112

kkbkbk
kkbk

+−−−

+−
∨

∨

αα

αα

 
(iii) If 332212211 )2(= αααα kkbkkk −+++  with 

1132 22 bkkk +≤  and ,22 3212 kbkk −≤  then    

.22>=,<

;222>=,<

32213

3221112

kkbk
kkbkbk

−+

+−−−
∨

∨

αα

αα

 

(iv) If 
33221

232211111

)2(
)232(=

α
ααα

kkbk
kkbkbkk

−++
−+++

  

with 1132 22 bkkk +≤  and ,22 3212 kbkk −≤  then  

.2223>=,<

;222>=,<

3211213

3221112

kkbkbk
kkbkbk

+−−

−++
∨

∨

αα

αα

 

(v) If 
3321121

2321111

)322(
)2(=
α
ααα

kkbkbk
kkbkk

+−++
+−+

 

 with 1132 22 bkkk +≤  and ,22 3212 kbkk −≤  then  

.2223>=,<

;222>=,<

3211212

3211213

kkbkbk
kkbkbk
+−−

+−+
∨

∨

αα

αα

 

(vi)If 
3321121

211212311

)322(
)423(4=

α
ααα

kkbkbk
bkbkkkk

+−++
++−+

  

with 1132 22 bkkk +≤  and ,22 3212 kbkk −≤  then  

.2223>=,<

;222>=,<

3211212

3211213

kkbkbk
kkbkbk

+−−

+−+
∨

∨

αα

αα

 
Similarly, we can find >,< ∨

iαα  for different 
im∆∈α  and 2,3.=i  

Hence by Theorem 2.1.24., and by the above results 
(i),(ii), ....,(vi) and others, it is clear that sim∆∈α  for all 

).(


KwWw∈∪∈α
 if 0,<22 3211 kkbk −+−  

0<22 3221 kkbk +−−  and 

0.<222 321121 kkbkbk +−−−  That is if 

,2<
3

,1
jjii

jii
lal∑

≠=

 SIM property holds. 

Case(b): Let }.|{2)( −∈∪Π∈ ψαα iWW i
im   

The following relations (i), (ii),...,(iv) can be easily  
verified. 

(i)If ,= 1
im
+∆∈αα  we get  

.=)(a=)( 3211321112 αααααα brndbr ++  

By Theorem 2.1.25., if 1,>, 21 bb  then 

113112 =)(a=)( αααα // rndr which implies .1
sim∆∈α  

(ii) If ,= 211
imb +∆∈+ ααα  we get  

.)(2=)(
a=)(

3212112113

12112

ααααα
ααα

bbbbr
ndbr

++++
+

 
(iii) If ,= 321

imb +∆∈+ ααα  we get  

.=)(
)2(=)(

13213

3222113212

ααα
ααααα

brand
bbbbr

+
++++  

(iv)If ,)7(8)6(7= 3212211
imbbbb +∆∈++++ αααα   

we get 
3212211

32122112

)7(8)8(10=
))7(8)6(7(

ααα
ααα

bbbb
bbbbr

++++
++++

 

.)6(6)6(7=
))7(8)6(7(

3212211

32122113

ααα
ααα

bbbb
bbbbrand

++++
++++  

Similarly, we can find )(αγr  for im∆∈α  and 

.reI∈γ  
Hence by Theorem 2.1.25., and by the above results (ii), 

(iii) and others, with 0,>, 21 bb  it is clear that 

ααγ =)( /r  for 1=αα , ,= 321 ααα b+  

,= 211 ααα b+
3212211 )7(8)6(7= αααα bbbb ++++  ,.....

).( imW Π∈  In general, if 1>, 21 bb  we get sim∆∈α  for 

).( imW Π∈α  
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Case(C): If }.|{2 −∈∈ ψαα iW i  The following 
relations (i), (ii),...,(iv) can be easily verified. 

(i)If ,2= 1
im
+∆∈αα  we get   

21112 22=)(2 ααα br + and .22=)( 32113 ααα br +  

By Theorem 2.1.25., if 1,>, 21 bb  then 

113112 2=)(22=)(2 αααα // randr  which  implies 

.2 1
sim∆∈α  

(ii) If ,22= 211
imb +∆∈+ ααα  we get  

.)2(222=)2(2
2=)2(2

3212112113

12112

ααααα
ααα

bbbbr
andbr

++++
+

 
(iii) If ,22= 321

imb +∆∈+ ααα  we get  

.2=)2(2
2)22(2=)2(2

13213

3222113212

ααα
ααααα

brand
bbbbr

+
++++

 
(iv)If

,)72(8)62(72= 3212211
imbbbb +∆∈++++ αααα  we 

get
andbbbb

bbbbr

3212211

32122112

)72(8)82(102=
))72(8)62(7(2

ααα
ααα

++++
++++

 

.)62(6)62(72=
))72(8)62(7(2

3212211

32122113

ααα
ααα

bbbb
bbbbr

++++
++++

 
Similarly, we can find )(αγr  for im∆∈α  and 

.reI∈γ  
Hence by Theorem 2.1.25 and by the above results (ii), 

(iii),...,(iv) and others, with 0,>, 21 bb  it  is clear that 

ααγ =)( /r for ,2= 1αα ,22= 321 ααα b+

,22= 211 ααα b+ .....,

,)72(8)62(72= 3212211 αααα bbbb ++++ .....

).( imW Π∈  In general, if 1>, 21 bb  we get sim∆∈α  for 

}.|{2 −∈∈ ψαα iW i  
Class(II): BKM Lie superalgebras  of infinite order and 

with a fin ite non-empty set of odd roots  
We divide this class into three subclasses. 
(i) All simple roots are imaginary(odd or even) 
(ii) One simple real root(odd or even) and infinite number 

of imaginary roots(odd or even) 
 (iii) Finite number of simple real roots and infin ite 

number of imaginary roots. 
We discuss these cases below 
(i) All simple roots are imaginary(odd or even):  
For this class, all the roots are imaginary. So these 

algebras satisfy strictly imaginary property. 
(ii) One simple real root(odd or even) and infinite number 

of imaginary roots(odd or even):  
We prove the following theorem for this case.  

Theorem 3.2.2:  Let ∞
1=,)(= jiijaA (the symmetrizable 

GGX)  

.

2

=
222

1211

121





























−−−

−−−
−−−−−
−−−−

−

−















rrr

rr

rr

kdb

kdb
ccckb
aaaa

 
Here ,2)( 0≥∈≥ Ziki  iiii dcba ,,,  are positive 

integers and GGX is the BKM supermatrix with one real 
simple root and infinite number of imaginary roots. If 

ii
i

lαα ∑
∞

1=
=  with 0<2 11

2=
lal ii

i
+∑

∞

 is true for all ,α  

then the corresponding BKM Lie superalgebra satisfies 
Strict ly imaginary property. 

Proof: 
In the usual notation {1,2,3...}=I  with {1}=reI  

and 2}.|{= ≥∈ iIiI im ,......},,,{= 321 αααΠ  with  

}{= 1α
reΠ  and }.|{= im

i
im Ii∈Π α  We define 

N∈ψ  and 

}.|2{{1}=
)(}|2{=)({1}=

im

im

Iii
orIiior

∈≥∪

∈≥

ψ

ψψ
  

Let ii
i

lαα ∑
∞

1=
=  and 1=αβ . Then by Theorem 

2.1.24.,  

ii

rn

i
ii

rn

i
ii

rn

i
alll 1

1=
1

1=
1

1=
1 =>,<=>,>=<,< ∑∑∑

+
∨

+
∨

+
∨ αααααα

If 0,<1
1=

ii

rn

i
al∑

+

 which is same as 0<2 11
2=

lal ii
i

+∑
∞

 

then Strictly imaginary property holds. 
Remark:  
For BKM superalgebras which appear as extension of 

twisted affine type(Case 3) and extension of indefinite 
type(Case 4), examples were given 
in[17]( nullpimsim =\ ∆∆ set)(Section 4, Case 3, subcase 
2). 

Remarks: 
We have seen above that in the case of BKM Lie 

superalgebras of infinite order with one simple real root (odd 
or even ) and infinite number of imaginary  roots (odd or even) 
for ,}|2{ imIii ∈≥⊆ψ  SIM property holds only when 

|| 1ia  and || 1ia  are all greater than one. As a counter 
example, we consider Monster Lie superalgebra with one 
simple real root and infinite number of simple imaginary 

roots(odd or even). Consider ii
n

lαα ∑
∞

1=
=  with 
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0<2 11
2=

lal ii
i

+∑
∞

 and 0=1ia  for 1(1)2 +≤≤ ci  

(c(1): mult iplicity  of the root corresponding to -2 ). As 
0=1ia  ( 1(1)2 +≤≤ ci ), the corresponding BKM Lie 

superalgebra does not satisfy SIM property. We prove this 
below. Consider Monster Lie superalgebra which has the 
following supermatrix as defined below:  

Let ..}{1,2,3,...1}{= ∪−I  be an index set and 
consider the Borcherds-Cartan super matrix 

IjijiA ∈+− ,))((=  with charge ),|)((= Iiicm ∈  

where )(ic  are the coefficients of the elliptic modular 
function  

.)(=

.....21493760196884=744)(

1=

21

n

n
qnc

qqqqj

∑
∞

−

− +++−

  

Here

,
4331
320

320
1002

=))((= ,




























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−−

−−
−

+− ∈


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









IjijiA

 

is the BKM supermatrix and .}.{1,2,3....1}{= ∪−I  

We define 2}.|{ ≥∈⊆ iIiψ  1−α  is the real root 
corresponding to the diagonal element 2 and 

1)(1)(2 +≤≤ ciiα  are the imaginary roots 
corresponding to the diagonal element -2  

We consider any 1,(1)2, +≤≤ ciforiα  then 

0.=>=,< 11 ii a−
∨
−αα  

This implies iα  does not satisfy the strictly imaginary  

property for 1(1)2 +≤≤ ci . Hence Strictly imaginary 
property does not hold for a Monster Lie superalgebra. 

(iii) Fin ite number(atleast two) of simple real roots and 
infinite number of imaginary roots:  

We prove the following theorem for this case.  
Theorem 3.2.3:  
Let ∞

1=,)(= jiijaA  ( the symmetrizable GGX)  

.
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Here ,0≥∈Zik  iiiiiiii dcbadcba ′′′′ ,,,,,,,  are 

positive integers and GGX is the BKM supermatrix with 
2)( ≥rr  real simple roots and infinite number of 

imaginary  roots. If 
ii

i
lαα ∑

∞

1=
=  with 0<2 11

1=
lal ii

ri
+∑

∞

+

 is 

true for all ,α  then the corresponding BKM Lie 
superalgebra satisfies Strictly imaginary property. 

 Proof: 
In the usual notations {1,2,3...}=I  with  

}{1,2,...,= rI re ( 2≥r ) and 

3).1}(|{= ≥+≥ iriiI im  Here, 

,......},,,{= 321 αααΠ  the set of all simple roots with 

},,...,,{= 21 r
re αααΠ  the set of simple real root and 

1},|{= +≥Π rii
im α  the set of all simple imaginary 

roots.  
We define N∈ψ  and 

}.|{}|{
)(}|{)(}|{=

imre

imre

IjjIii
orIjjorIii

∈∪∈=

∈=∈

ψ

ψψ
  

Let ii
i

lαα ∑
∞

1=
=  and .},....,,{ 21

re
r Π∈ααα   

re
jii

i
jii

i
j Ijall ∈∀∑∑

∞
∨

∞
∨ ,>=,>=<,<

1=1=
αααα

 
As all jia ji =, /  are negative integers and 2,=jja  

we have 0.<
1=

jii
i

al∑
∞

 Hence 0><,< ∨
ji αα  and SIM 

property holds. 
Remarks:    
As in the case of Monster Lie superalgebra with one 

simple real root and infinite number of imaginary  simple 
roots with the condition 0,== 11 ii aa  we can consider 
BKM Lie superalgebras with two simple real roots and 
infinite number of imaginary simple roots with the condition,

1,2.=ff0== jorandisomeoraa ijji  

 In this case, as 0=>=,< jiji a∨αα reIjallfor ∈  

and for some ,imIi∈  (similar to Monster Lie superalgebra 
as in theorem 3.2.3. ) SIM property does not hold . Hence we 
understand that for the infinite order case, the SIM property 
depends on the non-diagonal non-zero entries of the 
corresponding BKM supermatrix.  

4. Conclusions 
In this paper, a  complete classification o f Borcherds 

Kac-Moody Lie superalgebras possessing strictly imaginary 
property is given. From this classification, one can 
understand that strictly imaginary  property depends main ly 
on the coefficients of the corresponding BKM supermatrix. 
With these findings, different complete classifications of 
Borcherds Kac-Moody Lie superalgebras possessing special 
imaginary roots, purely imaginary roots and strictly 
imaginary roots were separately found out in different 
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research papers. In fact, these classifications will be very 
much helpfu l to the researchers to extend these classes of 
root systems to other types of fin ite and infinite d imensional 
Lie (super)algebras. Moreover, other characteristics of these 
classes of Borcherds Kac-Moody Lie superalgebras 
possessing these root systems can also be studied. These 
findings may also lead to many other applications.  
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