
Applied Mathematics. 2011; 1(2) 62-64 
DOI: 10.5923/j.am.20110102.10 

 

Steady State Solution of a Catastrophic-cum-Restorative 
M/G/1 Queuing System Using Supplementary    

Variable Technique 

Rakesh Kumar 

School of Mathematics, Shri Mata Vaishno Devi University, Katra, Sub Post-Office, University Campus,  
Jammu and Kashmir, Post-Code 182320, India 

 

Abstract  Non- Markovian queuing models have their place in modeling the real life phenomena. In fact, their utility get 
enhanced when one is not able to get a particular probability distribution for either the inter-arrival times or for the service 
times. The service times are assumed to have general service time distribution in case of computer communication modeling. 
Recently, the emphasis is put on the catastrophe modeling and its applications in real situations. Keeping this in view, an 
M/G/1 queuing model has been developed with catastrophic and restorative effects. The steady-state solution of the model 
has been obtained using supplementary variable technique. Some queuing models have been obtained as particular cases of 
this model.  
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1. Introduction 
Catastrophe modeling and analysis has been playing a 

vital role in various areas of science and technology. The 
notion of catastrophes occurring at random, leading to the 
annihilation of all the customers there and momentarily 
inactivation of service facility until a new arrival of a cus-
tomer, is not uncommon in many practical problems. Chao 
has modeled computer networks with a virus by queuing 
networks with catastrophes[1]. Jain and Kumar[2] intro-
duced the concept of restoration in catastrophic queues. 
According to them, any system suffering from catastrophe 
will always require some sort of time to function in a normal 
way, which is taken as restoration time. During the process 
of restoration, no arrival is allowed to join the system. 
Kumar[3-5] studied some queuing models with catastrophic 
and restorative effects. Jain and Kumar[6] studied M/G/1 
queue in presence of catastrophes. Di Crescenzo et al[7] 
studied a double ended queuing model with catastrophes and 
repair and obtained the transient and steady-state solutions. 
Tarabia[8] performed the transient and steady-state analysis 
of an M/M/1queue with balking, catastrophes, server failures 
and repairs using the generating function and direct approach. 
Park et al[9] studied the GI/Geo/1 queue with catastrophes 
and obtained the steady state solution. Thangaraj and Vani- 
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tha[10] studied an M/M/1queue with catastrophes and ob-
tained the transient solution using continued fractions. 
Bohm[11] discussed various queuing systems with total 
disasters. 

This paper is the generalization of the paper studied by 
Jain and Kumar[6] in the sense that the idea of restoration 
has been incorporated in the M/G/1 queue with catastrophes. 
This type of queuing system finds its application in computer 
communication networks where an arrival of a virus may 
cause catastrophe (i.e. annihilates all the packets in the buffer) 
and the recovery/scanning time of viruses may be modeled 
as restoration time. The steady-state solution of the model 
has been obtained using Supplementary Variable technique.  

The rest of the paper has been arranged as follows: in 
section 2, the queuing model has been formulated; section 3 
deals with the steady-state solution of the model and the 
model has been concluded in section 4. 

2. Formulation of Queuing Model 
The queuing model under consideration is based on the 

following assumptions: 
(i) The arrivals occur in a Poisson stream with mean rateλ. 
(ii) The service time distribution is general with cumula-

tive distribution function (CDF) B(x) and density function 
b(x), which has mean β.  

(iii) The queue discipline is FCFS. 
(iv) When the system is not empty the catastrophes may 

occur at the service facility according to a Poisson process 



 Applied Mathematics. 2011; 1(2) 62-64 63 
 

 

with rate ξ. The catastrophes annihilate all the customers in 
the system instantaneously and the system starts working 
after the restoration process is over. The arrivals are not 
allowed during restoration periods. 

(v) The restoration times are independently, identically 
and exponentially distributed with parameter γ. 

3. Steady-state Solution of the Queuing 
Model 

Supplementary variable technique has been employed to 
derive the steady-state solution of the model. 

Define,  
Pn (x, t) dx = the joint probability that at time t there are n 

units waiting in the queue and the elapsed service time of the 
unit in service lies in the interval (x, x + dx ); n ≥0. 

P00 (t) = the probability that at time t the system is empty 
without the occurrence of catastrophe.  

Q00 (t) = the probability that at time t the system is empty 
with the occurrence of catastrophe.  

In steady state, 
Pn (x) = Lt Pn (x, t), (n ≥0)          (1) 

t→∞ 
P00 = Lt P00 (t)                   (2) 

t→∞ 
Q00 = Lt Q00 (t)                   (3) 

t→∞ 
Let η(x) be the conditional probability density of a service 

completion given that elapsed service time is x, so that 

)(1
)()(
xB

xbx
−

=η              (4) 
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The steady state equations governing the model are 
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These equations are to be solved with the following 

boundary conditions: 
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and the normalizing condition 
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The probability P n of finding n customers in the queue, 
irrespective of the value of x is given by 
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Define the generating functions by  
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Multiply (7) by zn summing over the range of n and adding 
(8), we have 
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In order to evaluate )0,(zPq , multiplying (11) and (12) 
by appropriate powers of z and adding, we have 
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Hence, 

R(z) = Pq(z) + P00 + Q00 
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Now, Q00 can be evaluated from equation (10) as  
Q00= [ ]

γ
ξ 001 P−             (26) 

Also P00 can be can be obtained by using the normalizing 
condition as  
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Thus, the steady-state solution of the M/G/1 queue with 
catastrophic and restorative effects has been obtained. 

3.1. Particular Cases 

(i) When γ = ∞ (no restoration occurs) 
P (z) = 
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and Q00 = 0 
(28) and (29) provide the probability generating function 

of system size of an M/G/1 queue with catastrophes which is 
studied by Jain and Kumar[6]. 
(ii) When 0ξ = and γ = ∞ (no catastrophes and no 
restoration) 

The equations (23) and (24) give 
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Which is the steady state probability generating function 
of simple M/G/1 queue. 

4. Conclusions 
This paper discusses an M/G/1 queuing system with 

catastrophic and restorative effects. The steady-state solution 
of the model has been derived. This model finds its applica-
tion in computer-communication. 
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