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Abstract In the present paper, a ratio-cum-product type estimator of finite population mean using known coefficient of
kurtosis and median of auxiliary variable has been proposed. The explicit expressions for bias and mean squared error of the
proposed estimator with large sample approximation are derived up to the first order of approximation. A comparison has
been made with the existing estimators of population mean using auxiliary variable under simple random sampling scheme.
An empirical study is also carried out to demonstrate the performance of the suggested estimator along with the existing
estimators of population mean under simple random sampling. It has been shown through the empirical study that the
proposed estimator has minimum mean squared error among all existing estimators of population mean. It is the best
estimator of population mean among all existing estimators.
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1. Introduction

Use of auxiliary information has been in practice to
increase the efficiency of the estimators. When population
parameters of the auxiliary variable are known, several
estimators for population mean of study variable have been
discussed in the literature. When the variable under study
and the auxiliary variables are highly and positively
correlated and the line of regression passes through origin,
ratio method of estimation is preferred to use. On the other
hand, if they are highly and negatively correlated, product
method of estimation is suggested to use.

Let the finite population U = (Uq,U,,...,Uy ) consists
of N units. Suppose two auxiliary variables X; and X,
are observed on U; (i=12,..,N) , where X is
positively and X, is negatively correlated with the study

variable Yy . Asimple random sample of size nwithn <N, is

drawn using simple random sampling without replacement
(SRSWOR) from the population U to estimate the population

mean(Y_) of study character Yy, whenthe population
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N
_ 1N - 1
means X. = — % x. and X, =—> X, of X and X,
1 E i 2 N E 2i
respectively are known.
Usual ratio and product estimators given by Cochran [1]
and Robson [12] respectively for estimating the population

mean Y respectively are defined as,

X

o _vM
=y— 1.1
YR=Y % (1.1)
V. ovX2 L.2)
yP =Yy )?2 :

Upadhyaya and Singh [18] suggested ratio and product
estimators utilizing coefficient of variation and coefficient of
kurtosis of auxiliary variables as

L=y X1Cy, + B2 (%) 13)

' %Cy, + £2(%)

t,=y XL, + 52(X2) (L4)
X2Cy, + B2(X2)

= 7{ X1 (%) +cxlj w5)

%S (%) +Cy
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X2f(%2)+Cy,

To estimate Y Singh  [16]

ratio-cum-product estimator as

o

Singh and Tailor [15] suggested a ratio-cum-product

estimator of Y’ utilizing the correlation coefficient between
auxiliary variables as

t =7 X1+ Pxxo || X2+ Pxxo 18)
6 — — — .
X1+ Pxgxy Xo+ Pxgxy

suggested a

1.7)

MSE(Yg) = 6Y [C{ +C{, —2p,,C,Cy,]
MSE(Yp) = 0¥ 2[C +CZ +2py,,C,Cy, ]
MSE () = 6Y °[C] + A7C5 —2py 4CyCy ]
MSE (tp) = 0 °[CJ + A3Cy, +2pyx, 42CyCy, ]

MSE (t5) = OV °[Cy + 77C — 2y, 4CyCy ]

MSE (t,) = 6Y °[C{ +75C;

MSE (ts) = 6Y “[C{ + Cy (1- 2y, ) + Cp {1+ 2(1cyx, — K, )}
MSE (ts) = 6Y 2[Cy + i4Cy; (11— 21y, ) + #aCi bt + 20y, = H15yix, )}
MSE (t;) = 0 °[CJ + 4Cx, (A — 2icy, )+ A5C5 {Ap + 2(icy, — iy, )]

MSE (tg) = OY [C{ + 715, (11 — 21y, ) + 72Cx, {72 + 20 yx, — 71K, )}

C C C S
_ y _ y _ X1 _ 7y
YX _pyxl(cx J Kyx _pyX2£CX ] KXo _pxlxz(cx } Cy _YT*
1 2 2

A= XiCy _ XiBh(%)
TXC A0 T KB 0)+C,
N _ N .
> (yj-V) > (% — X;)?
2 _ J= 2 _j= 52
y (N-1) =% (N-1) = ¥

, T Zpyxz 72Cny2]

Tailor et.al [17] suggested two estimators of population
mean using coefficients of variation and coefficients of
kurtosis of auxiliary variables as,

= 7( X1Cy +ﬂz(X1)J[ XoCy, + B2(X2) J 19

%Cyy +B2(x1) J\ XoCy, + fa(X)

oy X152(x0) +Cy, |[ Xfo(X) +Cy, (1.10)
; X182 (%) +Cy )\ X2B2(X2) +Cy,

To the first degree of approximation the mean squared
error (MSE) of the estimators Yg, Vp, 4, 1y, 13, 14,

t5, tg., t; and tgrespectively are

(1.11)
(1.12)
(1.13)
(1.14)
(1.15)
(1.16)
(1.17)
(1.18)
(1.19)

(1.20)

N
Dy =) - X3)
= L i=12

(N-1)

Many authors, such as Kadilar and Cingi ([2], [3]), Shabbir and Gupta [13], Singh and Vishwakarma [14], Koyuncu and
Kadilar ([4], [5], [6], [7]), Sanaullah et al. [8], Mouhamed et al. [9], Parmar et al. [11], Tailor et al [17], Yadav et al. ([19],



50 Subhash Kumar Yadav et al.:  Improved Ratio-Cum-Product Estimators of Population
Mean Using Known Population Parameters of Auxiliary Variables

[20]), Onyeka et al. [10] have improved the ratio and product estimators as given in (2.1) and (2.3 for the population mean of
the study variable in the stratified random sampling.

2. Proposed Estimator

Making the use of auxiliary information more appropriately, assuming that the information on co-efficient of kurtosis and
median of auxiliary variables X; and X, are known, we propose the estimator as,

tzy(xlﬂz(xl)Jer(Xl)j( zzﬁz(xz)Jer(Xz)j 2.1)
%82 (%) + My (%) J\ X2B2(X2) + Mg (X2)

To obtain the bias and mean square error of the proposed estimator, we assume that
V :Y_(1+ eo) ’Yl = )Zl(l'i' el) , Yz = )?2(l+ eZ) such that E(eo) = E(el) = E(eZ) =0 and E(eg) = 49(:5 ,
2 2 2 2
E(ef) =0C, E(e2) =6C;, . E(eper) =6py CyCy . E(o€2) =y, CyCy, . E(e183) = Opy 5, Cy Cx, -

Expressing the proposed estimator t in terms of €;s, we get

_ Xafp(4) + Mg (x1) ](iz(ljez)ﬂz(xszd(xZ)J
X1d+e1) B (%) + Mg (%) X2P2(X2) + Mg (X2)

_ XiBy(4)+Mg (%) j( XoB(%) + Mg (%) + izﬂz(XQ)ezJ
X182 (X)) + My (%) + X152 (X )&y X2B2(%2) + Mg (X2)

=Y (L+eg)(L+mer) L (L+7708)

t :Y_(1+ eO)(

:Y_(l+ eO)L

=Y (L+eq)(L-me; +7ier )L+ 7€)

=Y (L+€g)(A—1&1 +n{ e — 10712818, +772€))

=V (L+eq — 181 +77{'6] — 117728187 + 11285 — THEQ’ +112€085)
or =Y =Y (8o —7m€y + 716 —1hT12&1€) + 7728 — ThEGEL +1128082) (2.2)
Xif (%)

Xif (%) + Mg (%)
Taking expectation on both sides of (2.2), we get

E(t—Y) = VE (e — 718, + 77767 — 17728185 + 1182 — €081 + 772802)

where 77; = =12

= V[ (e0) ~mE (61) + 11 E(e) 2B (e182) + 12 (e2) ~mE (e0ey) + 172E (egey)]
Substituting the values of E(ey), E(e)). E(ey), E(e?). E(ee,), E(ege;) and E(ege,) we getthe biasof t as

B(t) = OV [mC7, (m — k) + 12C, (12K, — iy, )] (2.3)

To find the mean squared error of the suggested estimator tup to first degree of approximation square and take
expectation on both sides of (2.2). That is,

MSE(t) = E(t—Y)? =Y ?E(eq — 1) +7726;)°

20,2 22 22
=Y “E(ey +mief +n565 —2mene; + 2179608, — 2171772€1€)
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After substituting the values of E(eg) , E(elz) , E(e%) ., E(egey) . E(gpe,) and E(e€,), we get the mean
squared error of t as

MSE(t) =Y [C§ + 771C)%1 (= 20y, ) + UZC)%Z{UZ +2(Kyy, ~ Ky, )}] (2.4)

3. Efficiency Comparison

We know that the variance of sample mean Y in simple random sampling without replacement (SRSWOR) is,

V(y)=6S; =0Y°C] 3.1)

From (1.11) - (1.20), (2.4) and (3.1) we have
(i) MSE(t) <V (y) it Ky > D and Ky > (M, —77?2) (32)
(i) MSE(t) < MSE(Yg) it Ky <(1+T771J and Ky, < (TR, —7772) (3.3)
(iiiy MSE(t) < MSE(Yp) it Ky > (%—7721()(1)(2) and Ky > —(H%) (3.4)
(iv) MSE(t) < MSE(t,) T Ky, < (1S, ~2) (35)
(v) MSE(t) < MSE(t,) it Ky, >~ (i, —’772) (36)
(vi) MSE(t) < MSE (t3) it either iy, >(7 1;771j it 71 < and Ky < (M, —7772) 3.7)
or Kyy, < (%) it yp > and Ky, < (Mkyx, —7772) (3.8)
(vii) MSE(t) < MSE(t,) it either &y, > —(WTUZ) it yp >1, and Ky < (%—nzicxl)(z) (3.9)

Yoty | .
or Kyx, <_( 2 > 2} it yp <mp and Ky <(%—772KX1X2) (3.10)

o 1+ _ 1+ Kxx, (it —1)
(viiiy MSE(t) < MSE(t5) if either Kyx, >—[ ZUZJ it 75 <1 and Ky, >{ 2771 — Xlxznl—l (3.11)

1+n,

K -1
if 17, >1 and Ky, > Lim _ R (T2 ~1) (3.12)
2 2 771—1

(ix) MSE(t) < MSE(tg) if one of the following conditions is satisfied

Kyyxo (712 = Ha412)
Kty <[Mjif <y and Ky >{ LA —’72“’2}” o < 1ty (3.13)
2 12— My 2

or Kyy < —(
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K —_
Kty <(”1+771 it 7 < gy and Ky < —22 Uitz = tt2) _mp sty | o> 1ty (3.14)
2 M = My 2
K J—
Kty >(M it 7> g and Ky >1—22 Uitz = tuta) _mp+stp | o <ty (3.15)
2 2~ Ho
K —_
Kty >(% it 7> 4y and Ky < —22 Unit2 ~ ta112) _mp + iy if 17,> 1, (3.16)
) 2
2 2 2
A,C +2(Kyy, — MK -1,C + 2(Kyy,, — K
() MSE(t) < MSE(t,) i >2<1 2 x2{12 ( yXo % xlxz)} 2 x2{772 ( yx, —Th xlxz)} (3.17)
X2 771 - 71
2 2 2
C +2(Kyy, — K -n,C +2(K\y. — K
(xi) MSE(t) < MSE ) i ;1 <72 x2{72 ( yxo 71 xlxz)} 2 x2{772 ( yx, —Th xlxz)} (3.18)
X m—n

4. Empirical Study

The performance of the proposed estimator is assessed with that of SRSWOR sample mean, traditional Ratio-cum-Product
estimators, and existing modified estimators for a certain hypothetical population of size 30, that is given as below:

Sl. No. Y Xy X, SI. No. Y Xy X,
1 38 56 | 1271 16 169 | 40 2.13
2 6.0 58 4.30 17 174 | 49 2.14
3 7.3 21 2.06 18 183 | 48 2.23
4 7.8 63 | 1136 19 197 | 49 2.20
5 8.9 19 6.50 20 210 | 29 2.18
6 8.9 26 2.09 21 224 | 30 2.16
7 9.3 24 121 22 241 | 31 2.57
8 95 69 2.78 23 250 | 32 | 1215
9 115 | 15 1.95 24 252 | 125 | 8.00
10 125 | 18 1.63 25 259 | 95 2.36
1 126 | 19 | 1312 26 263 | 9% 8.25
12 142 | 20 | 1225 27 216 | 97 211
13 141 | 45 2.36 28 289 | 98 2.58
14 150 | 38 2.07 29 327 | 31 2.08
15 155 | 39 2.31 30 362 | 34 2.07

The population parameters of the auxiliary variables and the constants computed from the above populations are given

below:

N =30
X,= 4.4637

B, (x1)=0.6206

Cy,= 0.8727

n=10 Y =175 X,=47.1333
Pry = 03637  p,,, =—01994  p,, =0.0736
B,(x2)=0.2296  C, =0.4758 Cy, = 0.6046

6 = 0.0667 Mg (X)) =36 My (%) =2.21
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Table 4.1. The variance of SRSWOR sample mean, mean squared errors of the existing and proposed modified estimators

V()

4.6129

MSE(¥r)

7.7989

MSE(¥,)

16.7563

MSE(t;)

7.5756

MSE(t,)

15.2646

MSE(t3)

7.5865

MSE(t,)

7.3175

MSE(ts)

18.3606

MSE(ts)

17.9278

MSE(t,)

16.7655

MSE(tg)

9.4541

MSE(t)*

4.4003

*Proposed Estimator

To see the performance of the proposed estimator t in comparison toy, yg,¥,, t1,ts, ts, ty, ts, te, t7 andtg, we calculated
the percent relative efficiency of proposed estimator with respect t0 ¥, yr, ¥y, t1, t2, t3, ts, ts, te, t7; and tg. The Percent
relative efficiency (%) of the proposed estimator t with respect to the existing estimators (e) has been computed as

MSE . .
PRE(t) = {W((;)} X100 and is presented in Table 4.2.
Table 4.2. Percent relative efficiencies of proposed estimator over other estimators
Estimator \4 Vr Vo ty t, t3 t,
PRE 104.8320 | 177.2350 | 380.7982 | 172.1610 | 346.8995 | 172.4094 | 166.2948
Estimator ts te t; tg t
PRE 417.2575 | 407.4214 | 381.0089 | 214.8515 | 100.0000
From the values of Table 4.2, it is observed that the  ACKNOWLEDGMENTS

proposed estimator is more efficient than the usual unbiased
estimator y, ratio estimator yr, product estimator y, and
other existing estimators ty,t,, t3, ty,ts, tg, t7, and tg with
considerable gain in efficiency.

5. Conclusions

In this paper, a ratio-cum-product estimator for the
estimation of finite population mean with known coefficient
of kurtosis and median of auxiliary characters has been
proposed. The bias and mean squared error of the proposed
estimator are obtained and compared with that of the
SRSWOR sample mean, ratio estimator, product estimator,
Singh and Tailor [15] and Singh [16], Upadhyaya and Singh
[18] and Parmar et.al [11] estimators. Further, we have
derived the conditions for which the proposed estimator is
more efficient than the existing estimators. We have also
assessed the performance of the proposed estimator with that
of the existing estimators for a hypothetical population. It is
observed that the mean squared error of the proposed
estimator is less than the mean squared errors of the existing
estimators. Hence, we strongly recommend that the proposed
estimator may be preferred over the existing estimators for
the use of practical application.

The authors are very much thankful to the Editor in-Chief
of AJOR, and to the anonymous learned referees for their
valuable suggestions regarding improvement of the paper.
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