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Abstract

In this paper, a fuzzy inventory model for time-deteriorating items using penalty cost under the conditions of

infinite production rate is formulated and solved. Penalty cost is assumed to be linear and exponential. Fuzziness is
introduced in the cost component of holding cost and set up cost. Demand rate is also assumed to be fuzzy. In fuzzy
environment all related parameters are assumed to be trapezoidal. Representing these three costs by trapezoidal fuzzy
numbers, the optimum order quantity is calculated using signed distance method and graded mean integration method for
defuzzification. Numerical examples have been given in order to show the applicability of the proposed model. Sensitivity
analysis is also carried out to detect the shift in the variables of interest of the system.

Keywords Fuzzy Inventory Model, Trapezoidal Fuzzy Number, Defuzzification, Penalty Cost

1. Introduction

Inventory control is very important for both real world
applications and research purpose. In conventional inventory
models, the uncertainties are treated as randomness and
handled by using probability theory. The most widely used
inventory model is the Economic order quantity (EOQ)
model. This model was developed by Harris [1], Wilson [2].
Later Hadley [3] analyzed many inventory systems. But
uncertainties due to fuzziness primarily introduced by Zadeh
[4]. Zadeh et al [5] proposed some strategies for decision
making in fuzzy environment. Kacpryzk et al [6] discussed
some long-term inventory policy making through
fuzzy-decision making models.

Products like fresh vegetables, fruits, bakery items etc. do
not deteriorate at the beginning of the period but they
continuously deteriorate after some time. As a result, the
selling price of such product decreases which can be
considered as a penalty cost. Srivastava and Gupta [10] have
proposed an EOQ model for time-deteriorating items using
penalty cost.

Fujiwara and Perera [8] have proposed an EOQ model for
time continuously deteriorating items using linear and
exponential penalty cost. Pevekar and Nagare [14]
developed an inventory model for timely deteriorating
products considering penalty cost and shortage cost. Park [7]
and Vujosevic et al [9] developed the inventory model in
fuzzy sense whereas ordering cost and holding cost are
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represented by fuzzy numbers. Margatham and Lakshmidevi
[13] have proposed a fuzzy inventory model for deteriorating
items with price dependent demand.

Previously Park [7] has represented cost as trapezoidal
fuzzy numbers, wherein Vujosevic et al [9] represented
ordering cost by triangular fuzzy number and holding cost by
trapezoidal fuzzy number. Jaggi et al [11] applied the
extension principle to obtain the fuzzy total cost and they
defuzzified the fuzzy total cost by using graded mean
integration method and signed distance method.

In this article, fuzzy EOQ model for time deteriorating
items using penalty cost is considered where holding cost, set
up cost and demand rate are assumed as trapezoidal fuzzy
numbers. For defuzzification of the total cost function,
signed distance method and graded mean integration method
are used.

2. Definitions and Preliminaries

Definition 2.1. A trapezoidal fuzzy number
A=(a,b,c,d) is represented with membership function

Uy as:

L(x):;(;a, when a< x<b;
1 , whenb < x<c;
H-(x) = d—x
R(x) =——, whenc<x <d;
d-c
0 , otherwise

Definition ~ 2.2.  Suppose  A=(ab,c,d) and
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B =(ab,c,d) are two trapezoidal fuzzy number, then
arithmetic operations are defined as

1. A®B=(a +b,a,+b,,a,+b,a,+b,)
2. A®B = (albl,azbz,a3b3,a4b4)
3. A@B =(a, -b,,a, b, ,a,-b,,a,—b,)

. (ca,,0m,,0m,,08,),a >0
(04 =
' (aal,aaz,aag,aa4),a <0

Definition 2.3. Let E\:(a,b,c,d) be a trapezoidal

fuzzy number, then the signed distance method of Z\ is
defined as

d(A,O): %j[ALa + Avajde
0

Where A, =[A a, Aya]
=[a+(b-a)a,d -(d —c)a]a €[0,]

isa « - cutof fuzzy set A, which is a close interval.

d(:& o)zw

Definition 2.4. Let K:(a,b,c,d) be a trapezoidal
fuzzy number, then the graded mean integration

representation of A is defined as

_ ;ja[ALa+ARa]da
p(A)=<2

_a+2b+2c+d

j.ada 6
0

3. Assumptions and Notations

The model is developed on the following assumptions and
notations.

3.1. Assumptions

(i) A single product is considered over a prescribed
period of T unit of time.

(i) The replenishment occurs instantaneously at an
infinite rate.

(iii) No back order is permitted.

(iv) Delivery leads time zero.

3.2. Notations

Q = Number of items received at the beginning of the
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period.

D = Demand rate.

H = Inventory holding cost.

A = Set-up cost per cycle.

K = Time period at which deterioration of product start.

C (T) = Average total variable cost per unit time.

T = Length of replenishment cycle, which will not exceed
product lifetime.

T* = Optimum value of T.

Q* = Optimum value of Q.

H = Fuzzy inventory holding cost.

A = Fuzzy set up cost per cycle.

D =Fuzzy demandrate D

C (T) = Average total fuzzy variable cost per unit time.
Cu (T) = Defuzzified value of C (T) by applying signed
distance method.

Cu (T) = Defuzzified value of C (T) by applying
graded mean integration method.

4. Mathematical Model (for Infinite
production rate)

4.1. Crisp Model

In this context, we have considered two types of penalty
cost function of age
(i) Linear
(if) Exponential penalty cost functions, as a
measurement of utility of the product.

A linear penalty cost function
PO =xlt—p), t=u
= 0; otherwise

which gives the cost of keeping one unit of product in stock
until age t, where | be the time period at which deterioration
of product starts and = is a constant. There will be no penalty
cost incurred upon the products up to time period (O, ,u).

An exponential penalty cost function is taken as

P(t)= a(eﬁ(t"”) —1), t>u
=0, otherwise

Which also gives the cost of keeping one unit of product in
stock until age t, where £ be the time period at which

deterioration of product starts and ¢« and S are

constants.

The total variable cost per cycle time consists of the
inventory holding cost, set up cost and penalty cost. Since the
demand rate is D unit per time.

The total demand in one cycle of time-interval is T = DT.

The number of items received at the beginning of the
period is

Q=DT 4.1)
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Proposed Inventory Model in Crisp Sense
Case |. When linear penalty cost function is used

A linear penalty cost function P(T)=z(t—u)t> u

which gives the cost of keeping one unit of product in stock
until age t, where 4 be the time period at which

deterioration of product start and 7 is constant.
The cost due to the deterioration of the product delivered

during the period (t, t+dt) is given by 7z( )Ddt Thus
penalty cost due to the deterioration of the product delivered
during the time interval (., T) is given by

T 2 2
[2D(t - )0t = D B_”T Mﬂ
U

Now inventory holding cost for the period (0, T) is given
by

H%QT :%HDTZ (- Q=DT)

Therefore, the average total variable cost per unit time C(T)

is given by
HD D

(:(T):l{AJr”D“2

T 2

The optimal solution is obtained by differentiating C(T)
with respect to T and equating it to zero. Then the optimal
cycletime T is obtained and expressed as

T 2A+ D u?
(z+H)D

The optimal economic order quantity Q* is obtained by

4.3)

putting value of T ineq.(4.1),
. |DI2A+ Du?
= |[——— 4.4
Q (7r+ H) “4)

From the above expressions (4.3) and (4.4), it is clear that
if there is no perishability (i.e. 7 =0) ,then these two

expression become same as that of the non-perishable lot
size model.

Case I1. When exponential penalty cost function is used

An exponential penalty cost function
P(t)= (e'” 1)t > which gives the cost of
keeping one unit of product in stock until age t, where 4 be
the time period at which deterioration of product starts and
o and S are constants.

The cost due to the deterioration of the product delivered
during the  period (t,t + dt) is given by
(e’ ~1)Ddt.

The penalty cost due to the deterioration of the product

delivered during the time interval (4, T) is given by

[ooler 4 = e 1) ptr ]

Therefore, total variable cost per unit time is given by

Cc(T)= T§+ ; HDT + 22 [(eﬂ(T“’) ~1)- A(T - )]

By using second order approximation of the exponential
term e’ in (1)

We get,
Cc(T)= Tﬁ %HDT + 2aDﬂT+iaDy B—a Dup
The optimal solution is obtained by differentiating C(T)

with respect to T and equating it to zero.

Then, the optimal cycle time T~
expressed as

is obtained and

. [2A+aDpu’
T = (2 2EAF
D(H +ap)

The optimal economic order quantity Q* is obtained by

(4.5)

putting value of T in eq.(4.1),
. |DI2A+aDpu’®
= | E ) 4.6
Q (H +apB) (46

From the expression (4.5) and (4.6), it is clear that if
1 =0 and af = 7, then these two expressions are same
as (4.3) and (4.4).

4.2. Fuzzy Model
Case I. When linear penalty cost function is used

Due to uncertainty in the environment, it is not easy to
define all the parameters precisely. Accordingly we assume

some of these parameters H , A and D may change
with some limit.

Let H=(H, H, H,,H,), A=(A,A,,A,A,) and
D=(D,,D,,D,,D,) are trapezoidal fuzzy numbers.
The total variable cost per unit time in fuzzy sense is given

by
+HD ”DT Dy
2 2

N, 2
+ﬂDﬂ
2

We defuzzify the fuzzy total cost G(T) by using signed
distance method and graded mean integration method.
(i) By Signed distance method, total cost is given by

CulT)=3lcs, M), (MCy, My, ()]
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Where,
Cdsl(T)—i{AﬁﬂD;”Z:{leDl+”;)1:T—7zD1ﬂ
Cusz(T):T1:A2+ ;”2:+_H22D2+”22:T—ﬂ02ﬂ
cdsg(T):::A3 +”D;“2:+:H32D3 +ﬂ23:T—7zD3,u
Cds4(T)=_|%:A4+ﬂD;”2:+:H42D4 +ﬂ£2)4:T—ﬂD4/1
C,.(T)= %[Cdsl (T)+Cy (T)+Cy (T)+Cy, (T)]

To minimize total cost function per unit time C,(T),

the optimal value of T can be obtained by solving the
following equation:

dC, (T
4Cq(T) )=0 4.7)
dT
Provided
d?c, (T
%()>0 (4.8)
d*(T)
Equation (4.7) is equivalent to
_1 MM JHD 7Dy
T? 2 2 2
o1 A2+;;D2y2 , HDy 7D,
1 L TP 2 2 2
== , =0
+ _i A3+7ZD—3’U +ﬂ+ﬂ-_D3
T2 2 2 2
ot A4+7rD4,uz , HaD, , 7D,
T2 2 2 2

After simplification we get the optimal cycle time T is
obtained and expressed as

- 2(A+A +Ay+A)+au’ (D + D, + Dy + D)
“\(H,D; +H,D, + H3D;+ H,D, )+ (D, + D, + D, + D, )

The optimal economic order quantity Q" is
Q =D*T"=(D,T",D,T", D,T", D,T°)
(if) By Graded mean integration method, total cost is given
by

Cas (T)=£[Cuey (T).Cas, (T).Cuc, (T).Cuc, (T)]

Where,
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Cdel(T)—TliAﬁﬁD;”z} [H;DH”?}T—;;DW
CdGZ(T)=i:A2+”D;“2} [HZDM”SZ}T—;;DZ#
Cuo )=+ B[ . e
CdGA(T):¢:A4+ﬂD;#2}+{H“2D4+7Z[2)4}T—7zD4,u

Cys(T)= %[chl (T)+2C4q, (T)+2Cyq, (T)+Cyg, (T )]

To minimize total cost function per unit time Cg4¢(T) the
optimal value of T can be obtained by solving the following
equation.

dCdG (T) =0 (49)
dT
Provided
d%cy (T
;—G()>0 (4.10)
d*(T)
Equation (4.9) is equivalent to
i 2
_i Al+—7Z'D1/l +_H1D1_|_7T_Dl
T? 2 2 2
1 7D,u? | H,D, zD
[y
36 ) =0
2 1 A3+77D3y +H3D3+7Z'D3
T? 2 2 2
2
N _iz A4+77D4y +H4D4+7Z'D4
T 2 2 2

After simplification we get the optimal cycle time T " is
obtained and expressed as

2(A+2R +2A+ Ay)
. +7° (D, +2D, +2D; + D,
~4|(H,D, +2H,D, + 2H;D; +H,D,)
+m(Dy+2D, +2D;+D,)

The optimal economic order quantity Q" is
Q =b*T"=(pT",D,T", D,T", D,T")
Case 1. when exponential penalty cost function is used,

Due to uncertainty in the environment, it is not easy to
define all the parameters precisely, Accordingly we assume

some of these parameters Iq A and D may change
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with some limit.
Let H=(H, H, H,H,), A=(A A, A,A,)
and D =(D,,D,,D,,D,) are as trapezoidal fuzzy numbers.

The total variable cost per unit time in fuzzy sense is given
by
~ A 1~ 1 =~ 1 ~ ~
C(T)=Z+=HDT +=aDAT +—+aDu’B — aD
(T)= 775 5 PP +— up—abup

We defuzzify the fuzzy total cost C(T) by signed
distance and graded mean representation methods.
(i) By Signed distance method, total cost is given by

CulT)=3[cc. (MCy, M)y, M) ()]

Where,

1 1 1

Cd51 (T):%"'EHlDlT+EaDlﬂT+70‘D1N2ﬂ_aD1ﬂﬂ
A 1 1

Cos, (T) =45 H, DT+20’DzﬂT+ L 0D, 44* f-aD, up
Al 1

Cy,(T)= oM, DT+2aD3ﬂT+ aD, 2B — oD, uf
A 1 1

CdSA(T) 2H DT+20(D :HT+ aDA:U p—aD,ufs

CalT)=4 (€ 1)+ Cs, (T)+ Cs (1) €y, ()

To minimize total cost function per unit time C (T) the

optimal value of T can be obtained by solving the following
equation:

dcd“fr(T) =0 (4.12)
Provided
dc, (T
ﬁf))w (4.12)
Equation (4.11) is equivalent to
( _I'_A;+;H D, +;aD,B—_iI_'aD1,uZﬂj
1 1 1
L +E—_¢2+2H D, +2aD2ﬂ aDZ,u ﬂj
T4 oA 1 1 =0
+|-—=2+=H,D,+=aD,f - —aD,u’
(T 2 2 ﬂsza”’ﬂ)
A1 1 1
_+[—T+2H D +2(ZD4ﬁ—2T2aD4,U2ﬂJ_

After simplification we get the optimal cycle time T+ is
obtained and expressed as

T = 2(A1+A2+A3+A4)+aﬂ2ﬂ(D1+D2+D3+D4)
(H,D, +H,D, +H,D, +H,D,)+ap(D,+D,+D,+D,)

The optimal economic order quantity Q* is
Q =D*T"=(p7",D,T",D,T", D,T")
(ii) By Graded mean integration method, total cost is given
by

CdG (T) = % [Cdc;1 (T )v CdGZ (T )’ CdG3 (T )v CdG4 (T )]

Where,

A1 1 1
C. (T —H,D,T +=
o (T)=2+3

2

A 1 1 1
2 L “H.D,T +=aD,fT +—
T 2 %% 2 z 2T

ab, fT + aDl/J p - oD up

CdG2 (T)= aDzﬂzﬂ_aDzﬂﬂ

1 1

1
Cdea(T)Z%JrEHsDJ 5D T +EaD3u2ﬂ—aD3yﬂ

A 1 1

Ces, (T)=T+EH4D4T +3

Lo (T)+ 26,0, (1) 204, (1) €, (7]

To minimize total cost function per unit time C g (T),

the optimal value of T can be obtained by solving the
following equation:

1
aDAﬂT + EQDMUZ:B - OlD4/1ﬂ

Ces (T)=

Cus(T) _ 0 (4.13)
dT
Provided
dc (T
2"—@()>O (4.14)
d*(T)
Equation (4.13) is equivalent to
i 1
(—$+2H D, + 1,[)’— aDl,u ,[)’J
1 1 1
. +2{—_¢2+2H D, +2aD2ﬂ aDzy ,Bj
% A1 1 1 =0
+2[—T+2H D, +2aD3ﬂ = —5aD;u ,b’j
A,
_+[_T+2H D, +2aD4ﬁ— aD4y ﬂ) |

After simplification we get the optimal cycle time T " is
obtained and expressed as

x 2(A1+2A2+2A3+A4)+ay2ﬂ(Dl+2D2+2D3+D4)
~\(H,D, +2H,D, +2H;D; + H,D, )+ @3 (D, + 2D, + 2D, + D,

The optimal economic order quantity Q" is

Q =D*T"=(p,7°,D,T",D,T", D,T")

5. Numerical Illustration

The data for the study have been solicited after an
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intensive search of the following research papers.
Tripathy, P.K. and Pradhan, S. [12]
Srivastava, M. and Gupta, R. [10]
Jagai, C. K., Pareek, S., Sharma, A. and Nidhi. [11]

5.1. Crisp Model

Let P =45 units per day, D = 30 units per day, H = Rs. 0.02
per day, x =5 days, a =10, =0.99, A=100.

Case-1. when linear penalty cost function is used then,

Optimum cycle time T~ =5.19 days
Optimum order quantity Q" = 155.7 units

Case-2. when exponential penalty cost function is used then,

Optimum cycle time T* =4.41
Optimum order quantity Q" =132.3

Sensitivity Analysis of Crisp Model

The sensitivity analysis is performed for checking the
effectiveness of the EOQ model for infinite production rate

with respect to the parameter p on optimum cycle time T*

and optimum order quantity Q* . Table 1 and Table 2 depict

the values of the optimum policies for different values of the
parameter W in case of linear and exponential penalty cost.
Percentage changes of these values are shown with respect to
the parameter L = 5 in the data set are taken.

The Table 1 shows the effect of parameter p on optimum
policies in case of linear penalty cost. If the value of the
parameter  is increased by 60%, the value of optimum cycle
time and optimum order quantity are also increased by 56%.
Further, if the parameter P is decreased by 20%, the optimum
cycle time and optimum order quantity are decreased by
17%.

Table 1. Effect of parameter g on optimal policies in case of linear
penalty cost

u Change (%) in p T Q

2 -60% 2.46(-52%) 73.8(-52%)

4 -20% 4.24(-17%) 127.2(-17%)

5 0 5.19(0%) 155.7(0%)

6 20% 6.15(18%) 184.5(18%)

8 60% 8.10(56%) 243.0(56%)

The Table 2 shows the effect of parameter p on optimum
policies in case of exponential penalty cost. If the value of
the parameter U is increased by 60%, the value of optimum
cycle time and optimum order quantity are also increased by
58%. Further, if the parameter p is decreased by 20%, the
optimum cycle time and optimum order quantity are
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decreased by 19%.

Table 2. Effect of parameter p on optimal policies in case of exponential
penalty cost

1l Change (%) in p T Q"

2 -60% 1.88(-57%) 56.4(-57%)

4 -20% 3.55(-19%) 106.5(-19%)
5 0 4.41(0%) 132.3(0%)

6 20% 5.27(19%) 158.1(19%)
8 60% 7.00(58%) 210.0(58%)

5.2. Fuzzy Model
Let P = 45 units per day, u =5 days, a =10, = 0.99,

H =(0.01,0.03,0.05,0.08), A= (90,95100,105),
D = (20,25,30,35)

Case-1. When linear penalty cost function is used then, (By
using signed distance method)

Optimum cycle time T =5.18 days

Optimum order quantity Q" = (103.6, 129.5, 155.4,
181.3) units

(By using graded mean integration method)

Optimum cycle time T~ =5.18 days

Optimum order quantity Q" = (103.6, 129.5, 155.4,
181.3)

Case-2. When exponential penalty cost function is used then,
(By using signed distance method)

Optimum cycle time T* =5.05 days

Optimum order quantity Q* = (101.00, 126.25, 151.5,
176.25) units

(By using graded mean integration method)

Optimum cycle time T " =5.05 days
Optimum order quantity Q* = (101.00, 126.25, 151.5,

176.25) units
Sensitivity Analysis of Fuzzy Model

The sensitivity analysis is performed for checking the
effectiveness of the EOQ model for infinite production rate

with respect to the parameter p on optimum cycle time T*
and optimum order quantity Q™ in fuzzy sense by using

signed distance method and graded mean integration method.
Table-3 and Table-4 depict the values of the optimum
policies for different values of the parameter p in case of
linear and exponential penalty cost. Percentage changes of
these values are shown with respect to the parameter L =5 in
the data set are taken.
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Table 3. Effect of parameter p on optimal policies in case of exponential penalty cost

By using Signed distance method By using Graded mean integration method

U Change (%) in p
T* o T* Q

2 -60% 2.50 (-51%) 2.50 (-51%) 2.50 (-51%) 50.0, 62.5, 75.0, 87.5 (-51%)
4 -20% 4.25 (-17%) 4.25 (-17%) 4.25 (-17%) 85.0, 106.25, 127.5, 148.75 (-17%)
5 0 5.18 (0%) 5.18 (0%) 5.18 (0%) 103.6, 129.5, 155.4, 181.2 (0%)
6 20% 6.04 (18%) 6.04 (18%) 6.04 (18%) 122.8,153.5, 184.2, 214.2 (18%)
8 60% 8.02 (56%) 8.02 (56%) 8.02 (56%) 161.6, 202.2, 242.4, 282.8 (56%)

Table 4. Effect of parameter p on optimal policies in case of exponential penalty cost

By using Signed distance method By using Graded mean integration method
W | Change (%) in p
T 0 T 0
2 -60% 2.16 (-57%) 43.2,54.00, 64.8, 75.6 (-57%) 2.19 (-57%) 43.32,54.01, 64.8, 75.75 (-57%)
4 -20% 4.07 (-19%) | 81.4,101.75,122.1, 142.45 (-19%) | 4.17 (-19%) | 81.40, 101.85, 122.11, 14255 (-19%)
5 0 5.05 (0%) 101.0, 126.2, 151.5, 176.7 (0%) 5.18 (0%) 101.0, 126.3, 151.6, 176.8 (0%)
6 20% 6.04 (19%) | 120.8,151.0,181.2,211.4 (19%) | 6.04 (19%) | 120.8,151.01,181.3, 211.6 (19%)
8 60% 8.02 (57%) | 160.4,200.5,240.6,280.7 (57%) | 8.02 (59%) 160.3, 200.7, 240.8, 280.9 (59%)
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