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Predictive Analyses of Logarithmic Non — Homogeneous
Poisson Process in Software Reliability Using Bayesian
Approach with Informative Priors
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Abstract Musa — Okumoto (1984) non-homogeneous Poisson Process (NHPP) software reliability model also known as
logarithmic NHPP model is one of the widely used reliability model. The model is based on the assumptions that failures are
observed during execution time caused by remaining faults in the software; whenever a failure is observed, an instantaneous
effort is made to find what caused the failure and the faults are removed prior to future tests and whenever a repair is done it
reduces the number of future faults not like other models. The failure intensity function of this model reduces exponentially
with time and the expected number of failures has logarithmic function. The predictive analysis of software reliability model
is of great importance for modifying, debugging and determining when to terminate software development testing process.
This paper presents some results about predictive analyses for the Musa — Okumoto (1984) NHPP model. Four issues in
single-sample prediction associated closely with development testing program are addressed. Bayesian approach based on
informative prior was adopted to develop explicit solutions to the problems which arise during software development testing

process. Developed methodologies were illustrated using real data in form of time between failures.
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1. Introduction

Developing a reliable software is a challenging task facing
software industry. This therefore calls for a method for
checking whether the developed software is reliable or not.
To determine when to terminate development process of a
software there is need to carry out predictive analyses.
Bayesian predictive analyses using various software
reliability growth models has attracted a number of
researchers. For instant, predictive analyses for the power
law process (PLP) was developed, where most problems that
relates to development process of software were solved using
Bayesian approach [1]. [2] also solved the issues related to
software development process by conducting a Bayesian
predictive analyses for Goel- Okumoto software reliability
growth model. Both models assume that failures are finite
and that a software can be free of errors at a given time when
all faults have been removed which might not happen at a
real situation. Predictive analyses for Musa — Okumoto
software reliability growth model has not been developed
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and the model assume failures to be infinite, that is there is
no point in time a software will have zero faults, which is
true in real situation. The model assumes that the earlier
faults that are removed have great impact than the remaining
faults. The Musa — Okumoto software reliability model is
one of non-homogeneous Poisson process software model
with the intensity function given by;

A = )

The model is based on the assumptions that failures are
observed during execution time caused by remaining faults
in the software; whenever a failure is observed, an
instantaneous effort is made to find what caused the failure
and the faults are removed prior to future tests and whenever
a repair is done it reduces the number of future faults not like
other models. The model must remain stable during the
entire testing period for any particular testing environment
and a reasonably accurate prediction of reliability must be
provided by the model. These are the two main aspects of a
good reliability model [3]. The Musa — Okumoto (1984)
model has been used in various testing environment and in
many instances, it provides good estimation and prediction
of software reliability. Compared to other models when used
in testing industrial data set, Musa- Okumoto model is the
best performer in terms of fitting and predictive capability to
the data [4].
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Bayesian reliability modeling is one of the best methods in
predictive analysis. Development of reliability posterior
distribution from which predictive inference is made is the
main thing required in Bayesian reliability model. The
reliability posterior distribution is usually constructed using
prior distribution for the parameters of the software
reliability model and the likelihood function based on the
observed data. The advantage of using Bayesian approach is
that it allows prior information such as engineering
judgments and test results to be combined with more recent
information from test or field data. This is vital since it helps
software developers to arrive at a prediction of reliability
based upon a combination of all available information. This
information includes; the environment under which the
software will work, previous tests on the software and even
intuition based upon experience [5]. This paper present
single — sample prediction analyses for Musa — Okumoto
model using Bayesian approach with informative priors.

2. Bayesian Method

Computer Software is an important complex intellectual
product that has become driver of almost everything in the
21% century. During its development testing, developers and
statisticians are interested on some prediction problems that
are believed to be helpful in modifying the development
testing program. In this section we present four issues A, B,
C and D in single — sample prediction associated closely to
development testing program. The four issues that were
addressed are outline as propositions and their proof given in
the appendix. Predictive distributions were derived using
Bayesian method with informative priors. In this paper, it is
assumed that a reliability growth testing is performed on a
computer software system and the number of failures in
the time interval (0,t], denoted by N(t) is observed. It is

also assumed that {N(t),t >0} follows the NHPP with
intensity given in equation (14). Let O<t; <t, <--- be the

successive failure times. When testing stops after a
pre-determined n number of failures is observed, the
failure data is said to be failure-truncated. We denote the n
failures time by Yop, =[t]", where 0<t <ty <---<t,.
a time-truncated data is when testing is observed for fixed
time t. We denote the corresponding observed data by
Yios ={nty, - ty;t} , where 0<ty <---<t, <t.

A prediction interval is an interval estimate for a future
observation or a function of some future observations (Jun —
Wu et al., 2007). Specifically, a double-sided (bilateral)
prediction interval for x,,, a future failure time with
confidence level y is defined by [X,iki09 Xnskuer))
where X 1) and Xy, u(,) are the lower and upper

prediction limits respectively such that
Pr{Xn-Fk,l(y) < Xpgk Xn+k,u(y)} =7

Similarly, a single-sided (unilateral) lower or upper
prediction limit for x,,, with level y is defined by

Xotiro) ©OF Xnirugy), which satisfies Pr{X,...q) <
Xptk} =V OF Pr{xn+k < Xn+k,U(y)} = y. Both lower and
upper  prediction limits, X, .4 and  Xoieue)
respectively, depend only on a single sample (or a single
software) and are called single-sample prediction limits.
Prediction limits involving two samples (or two software)
can be defined similarly and are called two-sample
prediction limits.

2.1. Predictive Issues

Here, we consider one software and assume that its
cumulative time between failure times obey Musa —
Okumoto software reliability growth model with observed

: f t f
data as either Y .. or Yg,s. Based on Y,

are interested in the following problems:

A: What is the probability that at most k software failure
will occur in the future time period (T, 7] with z>T?

B: Given that the pre-determined target value 4., for the
failure rate of the software undergoing development testing
is not achieved at time T, what is the probability that the
target value A,, will be achieved attime 7,7 > T?

C: Suppose that the target value A, for the software
failure rate is not achieved at time T, how long will it take
so that the software failure rate will be attained at A1,,,?

D: What is the upper prediction limit (UPL) of A, = af8 /
(1 + Bt) with level y. 7 being a pre-determined value
greater than T?

t
¢ OF Yops . We

2.2. Posterior and Predictive Distribution

Let Yons represent YO';S or Y& . The joint density

distribution of Yy is therefore [6]:
n
f (Yops /@, B) = (aB)"[ [ @+ pt;) Lel-erIn@+AT))
i=1
o> 0, ﬁ >0 (2)

Case 1: When g the shape parameter is known, we
adopt the following an informative prior for « , that is
o ~ Gamma(a,b), where a and b are known

(@) oc a® Lo ©)
The posterior of « is thus obtained as
_ f (Yobs / @, B)7(a)

[ (ops /. Pr(@)de O

0

h(a/Yops)

Substituting equation (2) and equation (3) into equation (4)
we have

h(ar/ Yops) =[T(n+2)] a3
[ln(l+ BT)+ b]”+a efa[ln(1+/ﬂ')+b] '

Let § be the random variable being predicted. The

®)
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predictive density of § is;

F(F/Yobs) = [ (51 Yops)N(@ / Yops )dex (6)
0
Hence, the Bayesian UPL of § with level y, denoted as
yL(f ) , must satisfy
yL(Jﬂ)
y="[ f(y/Yops)dy ™

Case 2: Shape parameter g is unknown, we assume the
informative priors for « and g as a~Gamma(a,b)

and 3 ~ Gamma(c, d) . This implies that 7z(ar) oc a® e 2%

and ;r(ﬂ)ocﬂc‘le‘dﬁ. Since « and g are independent

the joint prior density 7z(a,f) is given as
w(a, B) o n(er). () . Implying that
n(a,ﬂ) oc aa—le—baﬂc—le—dﬂ . (8)

The joint posterior density of « and g is thus

n+a-1

h(@, 81 Yops) =[ PL(n+2)] "

59

Equation (9) is similar to equation (5), let y be the
random variable predicted. The predictive density of § is;

£/ Yobs) = [ | £(5/Yops: & B)N(et, B Yops)derd B (10)
00

and the Bayesian UPL denoted by y, of § with level y
similar to equation (6) is;
w
y="[ f(3/Yops)dy (11)

—o0

3. Main Results for Prediction Using
Informative Priors
In this section we address the four issues stated in section

2.1 using the Bayesian approach. The main results are
presented as propositions and their proofs given in the

appendix. Below, we use lz(n;y) to represent y the
percentage point of the chi-square distribution with n
degrees of freedom such that Pr{;gz(n)s Zz(n;;/)}:y,
and define the Poisson mass function as
(h/H):Qh &? /h and gamma density function as

n )
-1 -1 —-dg . —a[In(+A4T)+b
B H(“ﬂti) etfe el ] (x/n, 2) = A"x"Le=*" /(n) . The prior is assumed to be
= equation (3) and (8) in all subsequent propositions.
ﬂn+c_lﬁ(1+ﬁti )—1e—d,8 Preposition 1 (Issue A)
where p :J i=1 The probability that at most k failures will occur in the
0 [|n(1+ﬂr)+b]”+a interval (T,z) with z>T s
j
a n . In 1+ fr :|
In(1 b]" ek -1 [
{In(1+ﬂT)+b} [n(+ﬂT)+n] Z(Ha j (1+,6’T) g s known
Ind+ p7)+b [In(i*ﬂ’)] ion\n+a-hin@+ gr) +b]’
o= T (12)
n
ek : o A @) e 0P
> r(j+a) J' i=L : dg if g is unknown
i (j—n)!pr(n+a) 0 [In(+pr)+b] 1+
Preposition 2 (Issue B)
The probability that the target value A4, will be achieved attime z z>T s
h
n+a—1[ﬂt\, &L in(L+ T) + b]} LY TR,
1- > e B if # is known
b h!
r= n+cfl L -1.-dp (13)
1 nta- 1w[4V%[In(l+ﬂT)+b]] ey (1+ﬁ7)[|n(1+m)+b] g(“ﬂti) ¢
-= z f e = - dg ifp is unknown
P %0 o h! [In(1+ 5T)+b]"

Preposition 3 (Issue C)

For a given level y,thetime 7" required to attain Ay
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2 .
. {&_l}—ﬂfﬂ is  known
T =

224y [IN(@+4T)+b] B (14)
r—Tif § is unknown
Remark 1: For the second part of equation (14), = is the solution to the equation
n
h n+c-1 N-1,-dp
| neacdee [ﬂt\, 2 [Inw+ Ty + b]} iy B pry ) P q(1+ B) e
y=1-= > | e = F E dz. (15)

P hoo o ht [In(L+ AT) +b]"*?
Preposition 4 (Issue D)

The Bayesian UPL of 4, = (1:"—//;) with level y is

2
Bx”(2nyy) it ik
/1L(Jﬂ ) (1) = 20+ o) [In(+ AT ) +] B is known "

A if B i unknown

Remark 2: The second part of equation (16) is such that 4, is the solution to

B
P o h! [In@+ AT) +b]"

n
. (1 h n+c-1 1+ Bt 7lefdﬂ
1 n+a—1°0|: Vv ( +ﬂT) [In(l+ﬂT)+b]:| */1{?/(1+ﬂﬁr)[ln(l+m)+b] ﬂ g( ﬂ I)
> | e (17)

4. Real Example

We have used the time between failures data described in [7] to illustrate the developed methodologies for the
single-sample Bayesian predictive analysis. We conducted the goodness of fit test using Laplace statistics as presented in [8]
and found that the data obey the Musa — Okumoto process. From the given data the maximum likelihood estimates for the
parameters B and « of Musa — Okumoto growth model were obtained numerically by Newton Raphson method as
,B =0.008282448 and & =15.285550499 respectively. In this paper we have used gamma priors for both parameters. The
values of the parameters of informative priors Gamma(a,b) and Gamma(c,d) are chosen arbitrarily as
a=2b=1/2,c=2 and d=1/2.

(A) Suppose we are interested in the probability y, thatatmost k will occur in a future time period (T,z]=(180,250].
Considering the case when g is known (i.e, B =0.008282448), using the first formula in equation (12) we have
70=0.01202933, y,=0.06169460, y,=0.16742455, y3=0.32202724, y,=0.49656381, 75=0.65870012,
76=0.78770083, y;=0.87805309, y5=0.93488273, y9=0.96747044, y,,=0.98470892, y;,=0.99320106,

712=0.99712719, y,3=0.99884169, y1,=0.99955271, y15=0.99983403
Figure 1 shows the graph of probabilities that at most k failures will occur in the time interval (180,250] for g known

for both informative and non-informative priors. From the graph it can be seen that the probabilities for informative prior is
high as compared to that of non-informative. This is more seen at issue C, where there high reduction of time required to
achieve a predetermined target value in informative prior.

(B) Suppose the target value is given by 4, =0.03. Atthetime T =182.21, the MLE of the achieved failure rate for this
software is 1(182.21) = OA‘% .
(1+182.2153)
T =182.21 and development testing will continue. Suppose we want to find the probability that the target value A4, will be
achieved at the time 7 =277.83h. (i) When g isknown (say, B =0.008282448), from the first formula in equation (13),
we obtain  y =0.0007319763 . In this case also as that of non-informative prior, the target value is unlikely to be achieved. (ii)
When g is unknown, from the second formula in equation (13), we obtain » =0.08730647 where the Monte Carlo
sample size L =1000.

=0.05045615, which is greater than A, thus it cannot be achieved at time
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Figure 1. The graph of the probabilities
and non-informative prior

(C) Since the target value 4, =0.03 is not achieved at

time T =182.21. It is interesting now to know how long it
will take in order to achieve the desired target value. (i)
When g is known (say, g =0.008282448), using the first

formula in equation (14) and letting y =0.90, we obtain

r* = 242.3671h . Thus, it will take another 242.3671
hours in order to achieve the target value which is a
significant reduction from the value obtained for the case of
non-informative prior. (ii) When g is unknown, from the

second formula in equation (14) we have z* =147h . It will
take another 147 hours for the desired target value to be
achieved when g is unknown. . (D) Given 7 =900h,

when g is known (i.e, B =0.008282448), from first
formula in equation (16) the Bayesian UPL of A, = ap
1+ pr

with level »=0.90is given by 4" (z) = 0.01602707 .

5. Conclusions

Reliable software has been the main goal of any software
developer. This is because non- reliable software means that
the customers will be dissatisfied with the product thus loss
of market shares and significant cost to the supplier. For

10 15

k

7k thatat most K failures will occur in the time interval (180, 250] for the cases of /3 known for informative

critical applications such as banking or health monitoring,
non-reliability can lead to great damage not only to the
consumer but also to the developer. Due to the above reasons,
there is need to develop reliable software. There are many
software reliability growth models that have been used in
analyzing software reliability data. Musa- Okumoto is one
of the software reliability models which best performed in
fitting industrial failure data set. In this paper, explicit
solution to predictive issues that may arise during
development process were derived using Bayesian approach.
These solutions are helpful to software developers in many
instances such as resource allocation, when to terminate the
testing process, modification needed in the software before
termination.

The study used informative to derived explicit solutions
for predictive issues that may arise during software
development process. In all the cases when the shape
parameter was known, solutions to posterior and predictive
distributions had closed forms while when it is unknown,
solutions had no closed forms and the study used Markov
Chain Monte Carlo (MCMC). Bayesian approach was used
as it is advantageous over classical approach. Bayesian
approach is available for small sample sizes and allows the
input of prior information about reliability growth process
and provides full posterior and predictive distributions [1].
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Appendix: Proof of preposition 1 —4

We first state the following identity without proof: That is
[ dF(t)-dF(ty) =[F(2)-F(®)]" /m! (A1)
D(m;a,b)
where m is any positive integer, a and b are two real numbers such that a<b, F(t) is an increasing and
differentiable function and D(m;a,b) £ {(ty,-ty,) ra<ty <--- <ty <b}.
Proof of preposition 1

The probability that at most k failures will occur in the interval (T,7) is y =Pr[N(z) <n+k/Ygs]|, when g is
known, we have

7 = [PIIN() < n+K/ Yops, ]/ Yops)der (A.2)
0

where h(a/Yys) is given by equation (5) and

n+k
PrIN(D) <n+k/Yops,@]= D f (Yo N(2) = V)1 £ (Yops [ @) . (A3)
j=n

n

From equation (2) f(Yys /@) =a"B"[ @+ ﬁti)—le—aln(l+ﬁT)
i=1

and

D(j-nT,2) (=n+1

fVops: N@) =)= [ alple @@/ )ﬁ(1+ gty f[ dt,
i=1

D(j—n;T,7) (=n+1
. ..n i i
=al AT+ pry) e @A [ TT @+ p) ™ I oty (A4)
i=1 D(j-n:T,7){=n+l (=n+1

Solving the integral part in equation (A.4), we proceed as follows:

t
J(1+ﬂt)‘1=%In(1+ﬂt). Substituting the limits T and z we have %In(l+ﬂr)—%ln(1+,b"T) which reduces to
0

%In (“ﬂ 4 ) . Therefore the integral part of equation (A.4) becomes

1+ 4T
i f 1+t i-
! ! 1 [I (1+/7T ):|
1+ 6t,) L T dt, =— _ As
J. H ( +ﬂ4) H % i-n G-n)! (A.5)
D(j-n;T,7r)(=n+1 [=n+1

Substituting equation (A.5) to equation (A.4) we have

' T 1 —aln@pr) 1 [”(ig;)y
fcvobs,N(r)=%)=a'ﬂlg(1+ﬂti) e G

From equation (A.3), we obtain
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L )]

A

. L (j—n)!
f (Yops: N(2) = 1) £ (Yops / ) = —— 12—
anﬂnH(l+ﬂti)_1e_aln(l+ﬂT)
i=1
. 1+ p7
jon [ (g \ P M Toar
a [In(ﬁﬂ e ( )
(j—m!
Thus equation (A.3) becomes
n+k . j-n —aln 1+’31)
_ j-n 1+ pr (1+ﬂT 1
Pr[N(r)sn+k/Y0bS,a]—j§]a [ln(1+mﬂ e o (A6)
and equation (A.2)
1+ pr
—aln
on+k | j-n a (1+ﬂT
_ j-n 1+fr } e n+a-1 n+a _—a[In(l+AT)+b] A7
e (j)gna [m(MT) e @ s gy ] e da (A7)
The integral part of equation (A.7) integrates to 1 since it is a gamma distribution with parameters j-+a and
InQ+ p4T)+b.
On re-arranging equation (A.7), it becomes
1+ pr i
y _{In(l+ﬂT)+bT [In+ A7) +b]" “+k(j+a—1] ['”(umﬂ A8
7| In@W+ pr)+b n+a-1 [In(1+,Br)+b]j ' '

1+ pr n i—
(i)
This implies the first formula of equation (12).

When g is unknown, from equation (9) and equation (A.6) we have

00 00

7 = [ [PrIN@) <n+k/Yops, . B]N(at, B Yops)derd B

n

. j-n
oo j-n [l 1+ 7 } oy ~ ~
k a n _ 1 1
_ J I n+ -(1+[7’T ) . aln(l+ﬁT) ot ﬁn+c H(l+ﬂti)_1e_dﬂe_a[|n(1+ﬂT)+b]dadﬂ

In 1:& . ﬁmcflﬁ(“ﬂti)flefdﬁ o
n+k[ (1 BT )} | I i1 J‘aj+a—1e—a[ln(1+ﬂT)+b]da}dﬂ
(j—m)!pI'(n+a) 0

n
) " ﬂn+c—1l—[ 1+t )—1e—dﬂ
W r(j+a) i g a5, (A9)

i (i-mipl(n+a)y [+ pr)+b] j+a

Equation (A.9) implies the second formula of equation (12).
Proof of Preposition 2
Let f(A, /Yy,s) denote the posterior of A, ="‘%+ pr)- Hence, the probability that the target value 4, will be

Ay
achieved attime 7 isgivenby y=Pr{i, <Ay /Yops}= I f (A4, /Yops)d A, . When g is known, making transformation
0
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—ap —
A = /Hﬂr),wehave a=1, 1 and m

T

. Consequently, the posterior density of 4

W pr) o da _(1+/7)
p

da
(A, 1Y, h(a 1Y,
( obs) = h(ar /Yops) |=— aa

T

_ ﬂr(l;ﬁﬂf)[lnmm )] (1+ pr)

3 M n+a—1; nta
_[ 5 J F(n+a)[|n(l+'m)+b] e 5

)
n+a-—. —Ar| —L2—In(1+4T)+b
ke [(“ﬂ’) [In@+ 4T) +b]]n+a 6 e ] |

~feral 7 (A.10)

Equation (A.10) follows a gamma distribution with parameters n+a and [(1+—ﬂﬂf)[ln(1+ﬂT)+b]] From the

a A
relationship of gamma and Poisson distribution _Fb( )I X3 e DXy =1 Z (bﬁ)
a
0
Thus, we have

h
n+a—1[/1tv %[In(ﬂ pT)+ b]] e—@,%[m(nm)m]

r=1-2, ht

h=0

(A.11)

Equation (A.11) implies the first formula of equation (13).

When g is unknown, making transformation on A, :“%

14 1) and B =/, we obtain a:ﬁ,% and g=5.

Note that the Jacobian is 5(“'ﬂ%% 5= (1+'Bﬁ7).From equation (9), the joint posterior density of (4., /) is

_ d(a, p)

f(A, B1Yops) =h(e, B1Ygps) (. )
n+c-1 n 1 i -1 e
i B E( + ) [A,[(l+ﬁf):|n+a_1 e_dﬂefﬂf%[ln(hm)m] 1+ pr)
PI'(n+a) B B
n
ﬂn+c—1 (1+ﬂti)_le_dﬂ 1+ B7) n+a P
_ E [ p (@A +b)} A“*a‘le%%[m(wmb]. (A12)

p[In@@+ A7) +b]""? I'(n+a)
We obtain,

AL ) 4P (1+p7) " s
1% i n+a—1[ﬂTT(ln(1+ﬁT)+b)} _ATTT[m(HﬂT)er]
e

7:_.[ =L 1- > hi

Py [In@pr)+b]™*e o

+a-1o (l+ﬂ7) In(1 )+b A+p7) n(1+4T)+ ﬂn+C_lH(l+ﬁti)_le_dﬂ
Z I[ [ +ﬂT + ]} A [In(@+4T)+b] i=1 - dg.  (AL)
= | [in@+ A7) +b]"**

'oll—‘

Equation (A.13) implies the second formula of equation (13).
Proof of Preposition 3

For given level y , the time required to attain the target value A, is " =7-T , where 7 satisfies
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Ay
7 =Pr{d, <Ay Yops} = J' f (4, [Yops)d A, . When g is known, from equation (A.10), it can easily been seen that
0

2[(1+—ﬂﬂf’{|n(1+ A7) +b}}1¢ follows a chi-square distribution with 2n degrees of freedom. Thus we have

2[(1+—ﬁﬂ”{|n(1+ /7T)+b}],1tv - 222ny). (A.14)
Hence 7" =7-T isgivenas
250
*_ x°(2niy) 1
4 _[Zﬂ,t\,{ln(H[;’T)er} _F}T' (A-15)

When g is unknown, the time required to attain the target value 4, with level y is " =7-T . Where r is the
solution to

+pr h nec-17 1,43
1 n+zalof[zw & In(u+ 4T) +b] | @2 p E(Hﬂt.) e
= —_—— e =
e p h=0 0 ht [In(l+ﬂ-|-)+b]n+a

Proof of Preposition 4

dg. (A16)

For a pre-determined 7(z>T) , the Bayesian UPL for A, with level » is AlS'B)(r) satisfying
Aty

y=Pr(4, < ﬂl(f) IYops) - From y =Pr{A, < Ay /Yops | = f f (A, /Yops)d A, and equation (A.14) we have
0
(B) n+a
@) {7(1+£T)(In(l+m)+b)} . 7,11[7(1+£T)(|n(1+ﬁT)+b)}
y = Tnia) f e . (A.16)
0
2
B (r) = Br”(2niy)
Ay () = 201+ pr)[In@+AT)+b] ° (A-17)

Equation (A.17) implies the first formula of equation (16) [4] Kapur, P. K., Pham, H., Gupta, A. and Jha, P. C., (2011).
and the second part follows similarly. Software Reliability Assessment with OR Applications.
Springer Series in Reliability Engineering, Springer-Verlag

London Limited 2011. 58.

[5] Allan, T. M., (2012). Bayesian Statistics applied to Reliability
Analysis and Prediction. Raython Missile Systems, Tucson,
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