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Abstract In this paper, we introduce a new iteration method for solving a variational inequality over the fixed point set
of a firmly nonexpansive mapping in R™, where the cost function is continuous and monotone, which is called the
projection method. The algorithm is a variant of the subgradient method and projection methods.
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1. Introduction

Let T:R™ - R™ be a firmly nonexpansive mapping,
ie, |ITx)—TWI? < (Tx)—-TH),x—vy) for all
x,y €R™, and mapping F:R™ — R. We consider the
following variational inequalities over the fixed point set
(shortly, VI(F, Fix(T))):

Find x* € Fix(T) suchthat (F(x*),x —x*) =0
Vy € Fix(T),
where Fix(T): = {x € C:Tx = x}. Problem VI(F,Fix(T)) is
a special class of equilibrium problems on the nonempty
closed convex constraint set. Many iterative methods for
solving such problems have been presented in [1, 2, 3, 4, 5,
8,91

In this paper, we investigate a new and efficient global
algorithm for solving variational inequalities over the fixed
point set of a firmly nonexpansive mapping. To solve the
problem, most of current algorithms are based on the metric
projection onto a nonempty closed convex constraint set, in
general, which is not easy to compute. The fundamental
difference here is that, at each main iteration in the
proposed algorithm, we only require computing the simple
projection. Moreover, by choosing suitable regularization
parameters, we show that the iterative sequence globally
converges to a solution of Problem VI(F,Fix(T)).

The paper is organized as follows. Section 2 recalls some
concepts related to variational inequalities over the fixed
point set of a nonexpansive mapping, that will be used in
the sequel and anew iteration scheme. Section 3
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investigates the convergence theorem of the iteration
sequences presented in Section 2 as the main results of our

paper.

2. Preliminaries

We list some well known definitions and the projection
under the Euclidean norm, which will be required in our
following analysis.

Definition 2.1 Let C be a nonempty closed convex
subset of in R™, we denote the metric projection on C by
Prc(9), e,

Pr¢(x) =argmin{|ly — x|l:y € C} vx € R™.

The mapping F: € —R" is said to be

(i) monotone on C if for each x,y € C, (F(x) - F(y), x -
y)=0;
(ii) pseudomonotone on C if for each x,y € C, (F(y), x
-Y)20 = (F(y). x-y)20.
It is well-known that the gradient method in [10] solves
the convex optimization problem:

min{f{x):x € C}, 2.1
where C; is a closed convex subset of R™ for all i =
L. ,m C=N2,C;, and f 1is a differentiable convex

function on C. The iteration sequence {x*! of the method
is defined by

xH = po(xk = AVF(x9)).
When C is arbitrary closed convex, in general,
computation of the metric projection P, is not necessarily
easy and hence it is not effective for solving the convex

optimization problem. To overcome this drawback, Yamada
in [11] proposed a fixed point iteration method

XK= T(xk — 4 VF(x9)).

where 7T is a nonexpansive mapping defined by
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T(x) = XiZ; B Pc,(x) forallx € C, B; € (0, 1) such that
Y%, B; = 1. Under certain parameters f; (i =1, ..., m), the
sequence {x*} converges a solution to Problem (2.1). Very
recently, liduka in [6] proposed the fixed point optimization
algorithm for solving the following variational inequalities:

Finding x* € C such that (F(x*),x- x*}>0, Vx €C,

where C is a nonempty closed convex subset of R",
F: C — R, over the fixed point set Fix(7) of a firmly
nonexpansive mapping T: € — R". In each iteration of
the algorithm, in order to get the next iterate x**, one
orthogonal projection onto C included Fix(7) is calculated,
according to the following iterative step. Given the current

iterate x*, calculate

{ yk = T(xk = 3 F(x9)),
x*1 = Pro(agx® + (1 — ap)y®).

Under certain conditions over parameters A, aj (k>1),
and asymtotic optimization conditions
N™ . {u € Fix(T):(F(x*),x —x¥) <0} # @ is satisfied.
Then, the iterative sequence x*, converges a solution to the
variational inequalities over the fixed point set of the firmly
nonexpansive mapping. In fact, the asymtotic optimization
condition, in some cases, is very difficult to define. In order
to avoid this requirement, we propose a new iteration
method without both the asymtotic optimization condition
and computing the metric projection on a closed convex set.
Our algorithm is described more detailed as follows.

Algorithm 2.2 Initialization. Take a point x° € R™ such
that M < ||x°||, no == |Ix°||, @ positive number p > 0, and

the positive sequences {By }. { px /). {€x} verifying the
following conditions:
p < prolimy e € = 0, zfzof)—’; <o (22

Step 1. Let x¥ € R™. Choose arbitrary A, € (0, 1) such
that (1 - L )( |Ix*||+ M) < By for all k = 0. Define

llaek+t = x*|P< Ik — 27 IP-(1

Indeed, from t* = P, (x* — a;F(x*)) it follows that

(a F(x*) + tF —xk,x — tk) >0,

— A" = x| +2(2—4) B
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vie = max{pp IF GO, @ =2, and

Cp={x € R%||x|]| < ne+ 1}. t*
= Pg, (x* — apF(x")).
Step 2. Compute

= T(Ax® + (1 = )%, s
= max{ny, X[}, k =k + 1.

Note that C :={x € R™: |[|x|]| < n,+ 1} is a closed
ball. Therefore, the metric projection Pc, (x* — ap F(x%))
is computed by

+1
tk — Nk

k
= ——— x —_—
[l = aF (xR || (

a,F (x*)).

3. Convergent Results

To investigate the convergence of Algorithm 2.2, we
recall the following technical lemmas, which will be used in
the sequel.

Lemma 3.1 (see [7]) Let {a; }, {by } and {c} } be the three
nonnegative sequences satisfying the following condition:

Ayl < (1 + bk )ak + ¢ .

If »2:b, < o and X2, ¢, < oo, then limy_, ay
exists.

We are now in a position to prove some convergence
theorems.

Theorem 3.2 Let C be a nonempty closed convex subset
of R", T: C — R" is a firmly nonexpansive mapping such
that Fix(T) is bounded by M > 0, and F: C — R"
ismonotone. Then, the sequence { c, } generalized by
Algorithm 2.2 converges to a solution of Problem VI(F,
Fix(T)).

Proof. We divide the proof into five steps.

Step 1. For each x* € Sol(F, Fix(T)), we have

3.1)

Vx € Ck' (32)

Using the assumption ||x|| < ||x°|| for all x € Fix(T) and C, S Cj4, for all k > 0, we have Fix(T) € C. Then,

substituting x = x* into (3.2), we get

(aF(x*) + tF —xk,x* — tk) >0

Combinating this and the inequality

It = a1 = llx® = x*l12 = lle* = )17 + 24" — ¢%,x" — ¢5),

we have
itk — x*||? <

[l = a2 = [le% — x*)1? + 24 (F (x¥), x* = t"),

Since (3.3), x**1:= T(Ax* + (1 — 2,)t*) and the equaltity

I2x + (1= Dyl < Axll? + @ = Dlyll? =21 = Dllx -yl v A€ [0,1],x,y € R",

we get

”xk+1 _ x*llz

TVl

(3.4)

IT (Aiex™ + (1 = 2)t%) = T(x)||?
1A + (1 = A )t% — x*||?
Allx® =212 + (1 = A llt* = x*]12 = A, (1 = )tk — xF]|?
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Al = x* )12 + (1 = A)[llx* — 212 = |lt* — x*[12 + 2, (F (x%), x* — t¥)]
— (1 = Allt* — k|2
lx* — x*]12 = (1 — A2)||1tF — x||12 + 20, (1 — L)(F (x%), x* — tF).

IA

Thus
[lx¥+t — x| < flxk — x*12 = (1 = A2 |1e* — x¥|12 + 2a, (1 — 2 )(F (xF), x* — t). (3.5)

From y, = max{py, [[F(x®)||} and a; = i—’; it follows that
allFal = B Pl = 2 < g, (36
By the definition of the metric projection Pr¢, and (3.6), we have
it = x*)1? < (e F(x*), x* = eMF Nl — ¢4l < B llt* — x| (3.7
Combinating (3.5), (3.6) and (3.7), we get
[t — x| <l = 27 )17 = (1 = AD)IEE — x€N1% + 2, (1 — L)(F (x), x* — t¥)
+2a;(1 = ZIIF ) Nlllxk — ]|
<l =12 = (@ = 2" = x*IP + 2, (1 = BIF Il — x*]]
+2(1 - A)BE
<l =217 = (@ = 2DNE* — MNP + 26,1 — ANl + M) +2(1 — A)BF
<l =12 = (@ = 2D Me* — x*I? + 22 — 4Bk
This implies (3.1).

Step 2. Claim that limy_,.|lx¥* — x¥|| = 0 and limy_e|lx* — T(x*)|| = 0.
Indeed, using (3.3), (3.4) and the definition of the firmly nonexpansive mapping, we have

ITAex® + (1 = 2)t%) = T(x)|I?
Mex® + (1 = 2tk — x*, xk1 —x*)

ekt = x|

<
<
1
= E[Illkxk + (1= 2)tF = |12 + [lxFH = x| = e + (1 = 40tk — <42
1
< E[Akllx" =2+ (1 = A" = 217 = A (1 = Al — t5]12 + [lx*+t — x*||?]
1
—3 [l — x** 112 + (1 = AL — 17 = 2. (1 = ) llx* — t]]7]
1
= Dl = I 114 = 2 = 2l = = (L = A — X2
+ (1= llith —x*|1?]
1
< 5 Dl = 212 4 = 2 = 2l = = (L = A EF — X2
+ (1= 2" = x* 12 = llt* = 212+ 2a,(F ("), x* = t*) ].
Hence, we have

e+t = 212 <l = 27117 = Zgllx = 212 = (1 = Al — XK )2

—(1 = 2)Ie" = x*)12 + 2(1 — A)(F (x), x* = t5). (3-8)

Applying Lemma 3.1 for the sequences in the inequality Using this, the nonexpansive property of 7 and

(3.1), there exists limye A = 1, have
A = limy o ||x* — x*||. (3.9) [lock*t — T (k)2
From Initialization of  Algorithm 2.2  that = ITAex® + (1 — 2 )t") — TR
A € (0,1), (1 = Z)(llx¥[l + lIx°ll) < By and < Axk 4+ (1 — )tk — xk+|
Zl?:l ﬁl% < o, 1t fOl]OWS. that < /Ikllxk _ xk+1” + (1 _ lk)”tk _ xk+1||
e =t < Ayl — XK 4 (1= Allek - k41
Combinating this, (3.8) and (3.9), we get S0ask — o

,}ijg"xk“ —x =0 Since {x*! is bounded, there exists 7: = sup {An;: k >0}
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< oo and a subsequence {x*i} which converges to X as i —
o0

Step 3. Claim that X € Fix(T) N B(0,n + 1 — &), where
6 € (0,1) and the open ball is defined by
B(O,n+1—-6)={xe R":|x|| <n+1-46}
Indeed, from 7 :=sup{n,:k =0} <oand§ € (0,1,),
it follows that the existence of k, such that for n, > n —
6 for all k = kg. It means that B(0,n +1—6) € C;, for
all k = k,. Then, we have
IZlI=lim; o llx*ill < <n +1-6.
Thus, ¥ € B(0,n+1—4).
Now we suppose that X # T'(X). By Step 2 and Opial’s
condition, we get
lim [|x*t — x| < lim||x*: — T )|
L—00 1—00
< lim(llx* = TGO+ IT ) = @D
= lim||T(x*) — T ()|
i—oo
< lim|[lx*t — x|
[—o0
This is a contradiction. So, X = T (X).
Step 4. Claim that X € Sol (F JF ix(T)) and the sequence
{x*k} converges tox.
Indeed, from (3.6), it follows that
0< plIF () < IF Il max {py [IF (x*)II}=
allFE)I < Bre.

Using XYpoBi <o and p>0 , we have
lim;_, ||F (x¥|| = 0. Combinating this and Step 3, we have
(F(X),y—x)=0, Vy € Fix(T)NB(0,n +1—6).

Denote g(z):=(F (X),y — X). Then, g is convex and
g(2) > g(x)=0, vz € Fix(T)NB(0,n + 1 — 6).
Thus, X is a local minimizer of g. Since Fix(T) is

nonempty convex, X is also a global minimizer of g, i.e.,
g(z) > g(x) for all z € Fix(T). This means that

(F(X),y —x)=0, Vz € Fix(T).
So, ¥ € Sol(F, Fix(T)).
To prove {x*} converges to ¥, we suppose that the
subsequence {x¥i} also converges to £as j — . By a

same way, we also have £ € VI(F, Fix(T)). Suppose that
X # X. Then, using Opial’s condition, we have

lim ||x* — x|| = lim [|lx* — ||
i—oo i—»o0

< lim||x% — % ||
L—00

= lim||x* — % ||
k—oo

lim [|x*i — % ||

k—oo

< lim||x* — x|
]—)w

= lim ||x* — x||

k—oo

This is a contradiction. Thus, the sequence {x¥}
converges to X € Sol(F, Fix(T)).

4. Conclusions

This paper presented an iterative algorithm for solving
variational inequalities over the fixed point set of a
nonexpansive mapping 7. By choosing the suitable regular
parameters, we show that the sequences generated by the
algorithm globally converge to a solution of Problem
VI(F, fix(T)). Comparing with the current methods, the
fundamental difference here is that, the algorithm only
requires the continuity of the mapping F' and convergence
of the proposed algorithms only require F to satisfy
monotonicity. Moreover, in general, computing the exact
subgradient of a subdifferentiable function is too expensive,
our algorithm only requires to compute approximate.
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