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Abstract In this research work, an interpolating function was proposed following Gompertz function approach and a
Numerical Method was developed to solve problem in tumour growth analysis. Gompertz function or curve was for long of
interest only to Actuaries and Demographics. It's, however, recently been used by various authors as a growth curve or
function both for Biological, Economics and Management phenomena. Tumour are tiny cells developed from single cell to
wider cells as the nutrients supply in the body is sufficient until it reached the carrying capacity.
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1. Introduction

Cancer is a wide range of diseases that has in common and unusual cells proliferation of the organism itself. It is an
uncontrolled proliferation that provokes the formulation of a cellular mass named Tumor. For the tumor to develop beyond a
given volume, it needs to develop the capacity to promote the growth of new blood vases towards itself. Those new vases well
proportionate the blood irrigation of the tumor, supplying its needs of nutrition and oxygenation. [4].

Heiko [6], submitted that the number of cancer cells in a tumor is difficult to estimate due to continuous changes in time.
Tumor cells may proliferate, rest, in a quiescent state or die. Describing the numbers of tumor cells as a function of time
which is therefore remarkably challenging. The number of living cells only changes when cells proliferate or die. However,
difference in live cell number over time interval is equal the number of cells created and died over time interval.

The basis of any mathematical model used to study cancer is a model of tumor growth. A number of Ordinary Differential
Equation models (ODE) have been proposed to represent tumor growth and are regularly used to make predictions about the
efficacy of cancer growth. Unfortunately, choice of a growth model is often driven by ease of mathematical analysis rather
than whether it provides the best model for growth of a tumor.

Some researchers have attempted to find the best ODE growth model by fitting various models to a small number of
experimental data sets of tumor growth. Seven ordinary differential equation (ODE) models of tumor growth (exponential,
Mendelsohn, logistic, linear, surface, Gompertz, and Bertalanffy) have been proposed, Taken altogether, the results are rather
inconclusive, with results suggesting that choice of growth model depends at least in part on the type of tumor. This leaves
modelers with little guidance in choosing a tumor growth model. [9].

Among all seven of the previously proposed ODE models in the presence and absence of chemotherapy. We follow the
suite of Gompertz Benjamin, derived an equation and used a sample data set to show how these quantities differ based on
choice of growth model.

Benjamin Gompertz originally created the Gompertz model in 1825 in order to explain human mortality curves [4], [5].
In 1938, The model became a generalization of the logistic model with a sigmoidal curve that is asymmetrical with the
point of inflection [11]. The curve was eventually applied to model growth in size of entire organisms and more recently,
was shown to provide the best fits for breast and lung cancer growth [1], [8].

The Gompertz equation proposed and followed by [7] which form the basic equation applied in this paper is as follows:
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dN K
E =rNin (E)' (1)
where

N = N(t) is the population of tumor cells.

r is the constant intrinsic growth of cells, with » > 0

K is the carrying capacity of the tumor, that is, the maximum size that it can achieve with the available nutrients. [10].
Based on the findings he generated the following facts that the carrying capacity, K, of a tumor be intimately related with
quantity of tumors cells, N(t) and the value is 102 cells, the rate r = 0.0060, and N(0) = 10° where these values was

used for Gompertz equation. [7].

2. Derivation of the Numerical Integration

2.1. Representation of Interpolating Function
A. Let us assume that the theoretical solution y(x) to the initial value problem

Y =fy),yx) =y, 2
can be locally represented in the interval [x, x,4+,],n = 0 by the non-polynomial interpolating function;
@ = a,eP* + a,B* + azcosx )

Where a4, a,, a3 are real undetermined coefficients, 8 and B are the shape and scale parameters, K represent the
saturation level using Gompertz approach. The intervals defined are x € [0,1] and k € (0,1].

We shall assume 1y, is a numerical estimate to the theoretical solution y(x) and f,, = f(x,, y)-

We define mesh points as follows:

X, =a+nh,n=0,12,.. 4

We can impose the following constraints on the interpolating function (3) in order to get the undetermined coefficients. [3]
a. The interpolating function must coincide with the theoretical solution at x = x,, and x = x,,,.,. Hence we required that

F(x,, y,) = K(a,ef*n + a,B* + azcosx,) (5)
and

F(Xps1, Yne1) = K(ayeP et + a, B¥n+1 + azcosxpn41) (6)

2.2. Derivatives of the Ordinary Differential Equation

The derivatives of the interpolating function are required to coincide with the differential equation as well as its first,
second, and third derivatives with respect to x at x = x,,. [3]
We denote the i-th total derivatives of f(x,y) with respectto x with f@ such that

F'(x) = fo, F2(xn) = fi, F3(xn) = fif ()
This implies that,
fo = kayfeP*n + ka,B*n log B — kassinx, (8)
foh = ka,;p?eP*n + ka,B*n(log B)? — kascosx, 9)
f.2 = ka,B2eP*n + ka,B*(log B)? + kassinx, (10)

These form a system of linear equation which can be solved using Cramer’s rule, hence solving for a;, a,, and a; from
the system of equation (8) to (10), we have

KpB2eP*n KB (logB)? —Kcosx, || % |=|f' (11)
KB3ef*n  KB*n(logB)® Ksinx, / \%3 £
When taking (11) as a system of equations, AX = B, it gives

fn(log B)?sinxp+(log B)3cosx,—(logB)(firsinx,+f;7 cosxy)
—sinx, (fn (logB)>~f7 (logB)?) (12)

KBePxn KB*nlogB —Ksinx, ((11) fa

= KBeP*n((logB)Zsinxy,+(logB)3cosxy)—KlogBeP*n(B2sinx,+L3cosxy,)
—KsinxpeB*n(B2(logB)3-p3(logB)?))
B(fasinxn+f7 cosxn)=fn(B?sinxn+B3cosxn)—sinxn (B> =B i)

~ KBB*n((logB)2sinxp+(logB)3cosx,)—KB*n logB(B2sinxy+B3cosxy)
—KB*nsinx, (B2(logB)3-B3(1ogB)2))
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€ = PGB i~ logB3fi)~logB (Bfit~P* /i) +fn (B?logB® - B logB?) (14)
3 KBB*n((logB)?sinx,+(logB)3cosxy,)—KB*n logB(B?%sinx,+B3cosxy)
—KB¥nsinx, (B2(logB)3~B3(10gB)?))

2.3. Formation of Numerical Integration
Since F(xn41) = y(xnt1) and F(x,) = y(x,)
Implies that y(xp41) = Yne1 and y(x,) = ¥y (15)
F(xp41) — F(xp) = Y41 — ¥n and
Therefore, we shall have from (5) and (6)
Vi1 — Yo = K(aeP*n+1 + q, B*n+1 + azc05x,41) — K(a eP*n + a,B* + azcosx,)  (16)
= Kocl[eﬁ""+1 — eﬁx"] — Ka,[B*n+1 — B*n] + Kag[coSXp4q — COSXy] 7
Recall that x,, = a + nh, x4 =a+ (n+ 1h with n=0,1,2 ... (18)
Therefore, by expansion
Vns1 — Yn = KayeP¥n(ePt — 1) — Ka,B* (B — 1) + Kazcos(x, + h) — cosx, (19)
Yn+1 =Yn+P+Q+R
Where

P = Ka,eP*n(efh — 1)
Q = —Ka,B*(B" — 1) (20)
R = Kas(cos(x, + h) — cosxy)

Substituting for a4, a,, and a; in (20), we have

Yn+1 =Yn + P+ Q + R where (21)

_ (#" = D[(fulog B)* = fillogB — fi (logB)® + f;7(logB)*)sinxy + (fo(logB)* — filogB)cosx,]

- (B(logB)? — B%logB — B%(logB)? + B3(logB)?)sinx, + (B(logB)3® — B3logB)cosx,

_ (B" = DIBfi = B fo = B*fi + B f)sinxn + (Bfit — B> f)cosxal

(B(logB)? — B?logB — B%(logB)? + B3(logB)?)sinx, + (B(logB)3 — B3logB)cosx,
_ lcos(x + h) — cosx,][BfitlogB* — B fitlogB — B fulogB® — BfilogB® + B*falogB + B°f, logB?]
h (B(logB)? — B?logB — B*(logB)? + B3(logB)?)sinx, + (B(logB)? — B3logB)cosx,

Equation (21) is the new numerical integration for solution of the first order differential equation. This numerical
integration has been tested on some initial value problems of first order differential equations [12].

Q

3. Implementation of the Integration to Solve Tumor Growth Problem

The Gompertz equation was developed in 1938. He used it to describe the growth of solid tumor assuming that the growth
rate of tumors diminishes in a non — linear way when its mass increase.

Picture 1.  Skull/Skin Tumor (Source: www.google/skull tumor)

As it was used by [7], the rate r is invariable, the equation is better represented as
dN NI (K)
ac TN

Where
N = N(t) is the population of tumor cells.
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r is the constant intrinsic growth of cells, with » > 0
K is the carrying capacity of the tumor, that is, the maximum size that it can achieve with the available nutrients. [10]

Problem 1: TUMOR GROWTH [2]
The carrying capacity, K, of a tumor be intimately related with quantity of tumors cells, N(t) and the value is 103 cells,

the rate r = 0.0060, and N(0) = 10°
With the parameter given above, find the variation rate of the tumor cell population if

(i) the cycles of timing evolution is 0 to 1200.
(ii) the cycles of timing evolution is 0 to 600.

Using the Numerical Integration (21) also known as Numerical Method, we have

SOLUTION

Using Integration (21) to solve the initial value problem (21), in the interval 0 < x <1, h = 0.1, B = 2.3211, B = 41.6423788

Figure 1.

Xn Numerical Exact Absolute
Solution Solution Error
0.00 1000000000.0000 1000000000.0000 0.00000000
0.10 1005539835.3466 1005539835.1425 0.20000000
0.20 1011107010.0733 1011107009.5133 0.56000000
0.30 1016701640.1888 1016701639.4988 0.69000000
0.40 1022323842.8279 1022323841.8879 0.94000000
0.50 1027973734.9734 1027973733.8734 1.10000000
0.60 1033651434.4528 1033651433.0528 1.40000000
0.70 1039357059.4596 1039357057.4296 2.03000000
0.80 1045090727.7436 1045090725.4136 2.33000000
0.90 1050852558.5627 1050852555.8227 2.74000000
1.00 1056642670.8931 1056642667.8831 3.01000000
«10° Population of Tumour cells
1 06 T T T T T T T T T
Numerical Solution
Exact Solution
1.05 -
1.04 -
< 1.03
1.02
1.01 -
1 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Xn

The graph of the Numerical and Exact solution of P(t) = r = N * log(KN). For the variation rate of the tumor cell population growth

Table 1. Results of Problem 1, population of Tumour cells

(i) The variation rate of the tumor cell population if the cycles of timing evolution is 0 to 1200.
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Figure 2. The graph of the Numerical and Exact solution of P(t) = r * N = log(KN). The variation rate of the tumor cell population if the cycles of timing

evolution is 0 to 1200

Using Integration (21) to solve the initial value problem (1) in the interval 0 < x < 1200, h = 200, B = 2.3211, 8 = 0.08

Xn

0
200
400
600
800

1000
1200

Numerical
Solution

1.00000E+09
6.24055E+11
4.33639E+12
7.77508E+12
9.27003E+12
9.77428E+12
1.00003E+13

Exact
Solution

1.00000E+09
6.24055E+11
4.33639E+12
7.77508E+12
9.27003E+12
0.77428E+12
1.00003E+13

Table 2. Results of Problem 1, population of timing evolution is 0 to 1200

Absolute
Error

0.0000000000
0.0000000800
0.0000001240
0.0000001309
0.0000001362
0.0000001420
0.0000001501

(if) The variation rate of the tumor cell population if the cycles of timing evolution is 0 to 600.

Using Integration (21) to solve the initial value problem (1) in the interval 0 < x < 600, h = 100, B = 2.3211, § = 0.8

Xn

0
100
200
300
400
500
600

Numerical
Solution

1.00000E+09
6.37901E+10
6.24055E+11
2.18175E+12
4.33639E+12
6.32196E+12
7.77508E+12

Exact
Solution

1.00000E+09
6.37901E+10
6.24055E+11
2.18175E+12
4.33639E+12
6.32196E+12
7.77508E+12

Table 3. Results of Problem 1, population of timing evolution is 0 to 600

Absolute
Error

9.53674E-07
1.10000E+00
1.10999E+00
1.11001E+00
1.20020E+00
1.21100E+00
1.27891E+00
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Figure 3. The graph of the Numerical and Exact solution of P’(t) = r* N *log(KN). The variation rate of the tumor cell population if the cycles of
timing evolution is 0 to 600

4. Discussion

Looking at the three tables showing above, though, B = 2.3211, which is fixed as a result of the carrying capacity, the
difference in h and B clearly indicates that the Tumour growth varies from stage to stages, and rate of proliferation cannot
be fixed any way, In table 1, the blue colour indicating the exact solution suppress the red colour of numerical solution
showing the effectiveness of the numerical integration.

5. Conclusions

As increasing variety of mathematical models has made its way into cancer research over the past decades especially in
Tumour growth problem, little is done on using numerical integration to solve this problem. In this research work, we have
illustrated how quantitative models in term of interpolating function can be developed and analyzed into numerical
integration, and used experimental data to show how it can simulate complex biological processes in Tumour growth. The
results obtained in numerical solution is comparably with the exact solution which showed the effectiveness of the method.

Moreover, the Logistic model or equation used in this analysis as well as Gompertz equation can be modified as its being
done by many analysists. The case of nutrient and treatment is however, suppressed.
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Ordinary Differential Equations (ODE).
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