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Abstract  In this study, exponential type mean estimators in two phase sampling method are introduced. Bias and mean 
square error equations are derived. All the studied estimators are listed chronologically. In order to compare the efficiencies 
of the estimators, data on table olive production taken from Turkish Statistical Institute from 287 regions of Turkey in 2010 
are used. Mean value, mean square error values and relative efficiency values are calculated. The best and the worst 
estimators are determined. 
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1. Introduction 
When we want to estimate the population mean of N units, 

the study variable Y can be explained better by using the 
auxiliary variable X. However, in some studies, the 
population information of auxiliary variable X may not be 
accessible. In this case, two phase sampling method is used. 

The aim of this method is to estimate the population 
information of the auxiliary variable X in the first phase in 
the most efficient way and reach the most efficient estimates 
of the population parameters of variable Y via selected 
sub-sample in the second phase. 

If population information of the auxiliary variable X 
cannot be reached, a sample is selected in order to estimate 
the information of variable X in the first phase of the 
sampling method which takes place in two phases. In the first 
phase, the sample selected with Simple Random Sampling 
(SRS) without replacement is called the primary sample and 
is composed of ( )n n N′ ′ <  units. 

In some cases, information on variable X can be obtained 
using a second auxiliary variable (Z). In this case, X and Z 
variables are observed in the primary sample. In the first 
phase, the necessary information for variable X is estimated 
and passed to the second phase. In the second phase, the 
population mean of the variable Y is estimated with the aid 
of the information of the auxiliary variable X obtained in the 
first phase. For this purpose, the sample drawn from primary 
sample with SRS without replacement is called a sub-sample 
and consists of n units ( )n n′< ([12], [7]).  
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The most important point to note in sample selection is 

sample size. Decisions about how large the size of both 
samples should have a significant impact on the efficiencies 
of estimates. The sub-sample size should not exceed the 
primary sample size. The larger the primary sample, the 
greater the efficiencies of the predictions. Therefore, the size 
of the samples, sampling method and estimators to be used 
are very important in terms of the efficiency and accuracy of 
the estimates both in the selection of primary and 
sub-samples. 

In this study, the primary and sub-samples are selected 
with SRS without replacement. 

In two phase sampling method, there are ratio, product, 
regression and exponential types estimators. The ratio 
estimator is used when the correlation between the study 
variable Y and the auxiliary variable X is directly 
proportional; product estimator when it is inversely 
proportional and the regression estimator is used when it can 
be obtained from a different point from the origin. When 
there is a curvilinear relationship between variables, it is 
observed that using exponential estimators gives more 
efficient results [1]. 

In this study, exponential type mean estimators in two 
phase sampling method are investigated. The equations of 
Bias and Mean Square Error (MSE) of all estimators that are 
subject to the study and the theoretical proofs are derived. In 
the application part of the study, the table olive production 
data taken from Turkish Statistical Institute obtained from 
287 regions of Muğla province of 2010 are used. Bias, MSE 
and Relative Efficiency (RE) values are calculated. 
Estimators are compared with each other and the most 
efficient and worst estimator for the data set used is reached. 
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2. Literature Review 
The first classical ratio and product estimator in the two 

phase sampling method was proposed by [18].  
[15] proposed a new ratio and product estimator by 

adapting their proposed ratio and product estimators in SRS 
to the two phase sampling method.  

[12] proposed new ratio and product type exponential 
estimators in two phase sampling method, inspired by the 
ratio and product type exponential estimators proposed by [2] 
in SRS. 

[17] proposed a new estimator by adapting their estimator 
to two phase sampling method in the form of a combination 
of ratio and product estimators proposed by [2] in SRS. 

Inspired by ratio and product type exponential estimators 
proposed by [2] in SRS, [13] proposed a new exponential 
estimator class by adapting their proposed estimator class in 
SRS to the two phase sampling plan. 

[16] proposed two new estimators, adapting the estimator 
they proposed in SRS to two phase sampling method. 

[23] proposed new ratio-exponential and 
product-exponential estimators in two phase sampling 
method, inspired by the estimators of [8] and [4]. 

[9] proposed a chain-type ratio and chain type product 
exponential estimators using second variable information in 
two phase sampling method following the ratio and product 
type exponential estimators proposed by [12]. 

[6] proposed ratio-cum-product and chain-type ratio 
exponential estimators using two auxiliary variable 
information. 

[22] proposed a chain-ratio type exponential family of 
estimator based on the ratio and product estimators using two 
auxiliary variables in estimating the population mean 
proposed by [12] in two phase sampling method.  

[10] proposed a class of chain-ratio and product type 
exponential estimators in the form of a combination of their 
proposed chain ratio and chain product type exponential 
estimators in two phase sampling. 

[5] proposed new chain-ratio and chain-product type 
exponential estimators based on their proposed chain-ratio 
and chain-product type exponential estimators in two phase 
sampling. 

[11] proposed three new chain-type exponential 
estimators inspired by the estimators of [2] in SRS and [12] 
in two phase sampling. 

[19] proposed a class of chain-ratio type exponential 
estimator for the estimation of population mean using 
two-auxiliary-variable information in two phase sampling. 

[20] proposed a class of chain-ratio-product type 
exponential estimator for the estimation of population mean 
using two-auxiliary-variable information in two phase  
sampling. 

[21] proposed a new class of chain-ratio-product type 
exponential estimator in estimating population mean using 
two-auxiliary-variable-information in two phase sampling. 

Inspired by [2] and [3] estimators, [14] proposed chain- 
ratio and chain-product type exponential estimators in the 
case of two auxiliary variables in two phase sampling for the 
estimation of the population mean. 

3. Exponential Type Mean Estimators in 
Two Phase Sampling  

The list of exponential type mean estimators in two phase 
sampling in current literature, Mean Square Error (MSE) and 
Bias equations are presented in Table 1.  

Definitions of some statements in Table 1 are given below. 
Here, the sub-sample and primary sample correction factors 
( 1λ and 2λ ) are defined, respectively as follows. 
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Correlation coefficient of population between Y and X, Y 
and Z, and X and Z are defined as the following. 
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Here, the population coefficient of variation for variables 
Y, X and Z are given in Eq.(3.7), Eq.(3.8) and Eq.(3.9), 
respectively. 
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Population coefficient of variation between Y and X, Y and 
Z, and X and Z are given by Eq.(3.10), Eq.(3.11) and 
Eq.(3.12), respectively.  

C Cyx
yx yx y x

S
C

YX
ρ= =    (3.10) 

C Cyz
yz yz y z

S
C

YZ
ρ= =    (3.11) 

C Cxz
xz xz x z

SC
XZ

ρ= =    (3.12) 

The sample variances 2
ys , 2

xs  and 2
zs  are defined as 

follows. 

( )
n 22

y i
i 1

1s = y -y
n-1 =
∑   (3.13) 

( )
n 22

x i
i 1

1s = x -x
n-1 =
∑   (3.14) 

( )
n 22

z i
i 1

1s = z -z
n-1 =
∑    (3.15) 

The population variances 2
YS , 2

XS  and 2
ZS  are given 

by Eq.(3.16), Eq.(3.17) and Eq.(3.18), respectively.  

( )
N 22

Y i
i=1

1S = Y -Y
N - 1∑    (3.16) 

( )
N 22

X i
i=1

1S = X - X
N - 1∑   (3.17) 

( )
N 22

Z i
i=1

1S = Z - Z
N - 1∑    (3.18) 

In addition, the following definitions are used for 
convenience in equations. 

= y
yx yx

x

C
K

C
ρ  0

Z
Z
αδ

α β
=

+
 

= y
yz yz

z

C
K

C
ρ  aX

2 aX
θ =

+
 

= x
xz xz

z

CK
C

ρ  
0

aZ
aZ b

θ =
+

 

4. Application 
In this part of the study, to compare the efficiencies of 

exponential type mean estimators proposed in two phase 
sampling in the literature, data on table olive production 

taken from Turkish Statistical Institute in 287 regions of 
Muğla province in 2010 are used. 

The definitions of the study variable Y and auxiliary 
variables X and Z are given below [24]. 

X: Amount of table olive produced (Ton)     
Y: Number of fruit trees    
Z: Area of bulk fruits (Decar) 
The average number of trees in the fruiting age ( )X  is 

estimated using the knowledge of the area of the collective 
fruit trees. The main aim of this study is to estimate the 
average table olive production ( )Y  in the most efficient 

way, where the population unit is regions. 
The primary and sub-samples are drawn with the SRS 

method without replacement. 
The primary sample size to be drawn from the population 

(N = 287) by the SRS method when the amount of error that 
can be tolerated is d = 300, 

( )
= = =

= = = ≅
++

222 2
y

0 2 2

0

0

2 2954.2552t Sn 387.89439
d 300

n 387.89439n' 164.954 165n 387.8943911
287N

 

If the amount of error that can be tolerated for the 
sub-sample size to be selected from the primary sample with 
n = 165 is taken as d = 300, the sub-sample size to be selected 
with the SRS method is, 

( )222 2
y

0 2 2

0

0

2 2591.055591t Sn 298.3808479
d 300

n 298.3808479n 106.2470 106n 298.380847911
165N

= = =

= = = ≅
++

 

For the population and selected sample, the values in the 
following tables are observed. The values of Bias, MSE and 
RE of all exponential mean estimators subject to the study 
and theoretical proofs are calculated on the basis of the these 
values. 

The population information obtained for table olive 
production, the primary sampling data and the sub-sample 
information is given in Table 2, Table 3 and Table 4, 
respectively. 

Table 5 shows the variables used when estimating Bias, 
MSE and RE values of the proposed estimators. 

In order to compare the efficiency of the exponential mean 
estimators proposed in the two phase sampling method, Bias, 
MSE and RE values calculated based on the average table 
olive production are given in Table 6. From these estimators, 
in which the MSE value is the lowest estimator is the most 
efficient estimator. 
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Table 2.  Population Information Related to the Table Olive Production Data 

Mean  = 1306Y .6202  = 12408X 1.9686  = 7672Z .3693  

Variance =2
Y 87276S 23.9359  =2

X 1896863194S 58.8  =2
Z 729129971.S 6754  

Standard Deviation =Y 2954S .2552  =X 43552S 9.9295  =Z 2700S 2.4068  

Standard Error =Y 174S .3842  =X 2570S 8.5189  
Z 1593 7S .901=  

Coefficient of Variation =Y 2.C 2610  =X 3.C 5100  =Z 3.C 5194  

Coefficient of Kurtosis ( ) =2 49Y .9637β  ( ) =2 110X .1400β  ( ) =2 159Z .5018β  

Coefficient of Skewness ( ) =1 5.Y 9224β  ( ) =1 9.X 3154β  ( ) =1 11Z .3820β  

Slope =YX 0.0055β  =YZ 0.0896β  =XZ 15.5655β  

Correlation Coefficient =YX 0.8045ρ  =YZ 0.8188ρ  =XZ 0.9650ρ  

N 287 
  

Table 3.  Primary Sample Information Related to the Table Olive Production Data 

Mean  ′ = 1204y .3333  ′ = 9675x 3.3394  ′ = 5912z .7515  

Variance ′ =
2
y 6713569.S 0772  ′ =

2
x 6817106198S 5.45  ′ =

2
z 176686530.S 7001  

Standard Deviation ′ =y 259S 1.0556  ′ =x 2610S 95.8866  ′ =z 1329S 2.3486  

Standard Error ′ =y 201S .7134  ′ =x 2032S 6.2872  ′ =z 103S 4.8079  

Coefficient of Variation ′ =y 2.C 1514  ′ =x 2.C 6986  ′ =z 2.C 2481  

Coefficient of Kurtosis ( )′ =2 23y .9492β  ( )′ =2 36x .5168β  ( )′ =2 19z .0974β  

Coefficient of Skewness ( )′ =1 4y .3128β  ( )′ =1 5x .4666β  ( )′ =1 4z .0901β  

Slope ′ ′ =y x 0b .0063  ′ ′ =y z 0b .1379  ′ ′ =x z 1b 7.5821  

Correlation Coefficient ′ ′ =y x 0r .6341  ′ ′ =y z 0r .7075  ′ ′ =x z 0r .8951  

n’ 165 
  

Table 4.  Sub-Sample Information Related to the Table Olive Production Data  

Mean  = 1039y .5472  = 66416x .7358  = 4294z .4906  

Variance =2
y 41107S 04.0978  =2

x 1824809659S 5.60  =2
z 55010676.S 0809  

Standard Deviation =y 2027S .4871  =x 13508S 5.5159  =z 7416S .9182  

Standard Error =y 196S .9270  =x 1312S 0.6652  =z 720S .3948  

Coefficient of Variation =y 1.C 9504  =x 2.C 0339  =z 1.C 7271  

Coefficient of Kurtosis ( ) =2 18y .7849β  ( ) =2 17x .4439β  ( ) =2 8.z 0313β  

Coefficient of Skewness ( ) =1 3.y 7679β  ( ) =1 3.x 7791β  ( ) =1 2.z 6876β  

Slope =yx 0.b 0115  =yz 0.b 1712  =xz 14b .4752  

Correlation Coefficient =yx 0.r 7635  =yz 0.r 6264  =xz 0.r 7948  

n 106 
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Table 5.  Some Parameter Values Related to the Proposed Exponential Estimators 

=1 0.0059λ  =2 0.0026λ  =3 0.0034λ  a 2=  

=b 3.51  =yx 0.K 5182  yz 0.K = 5260  
xz 0.K = 9625  

=opt 0.52α  =opt 0.48β  =opt 0.99θ
 

−=0 1.w 1632  
Singh, Chauhan, Sawan and 
Smarandache Estimator (2007) 

=1 1.w 6016  
Singh, Chauhan, Sawan and 
Smarandache Estimator (2007) 

=2 0.w 5616  
Singh, Chauhan, Sawan and 
Smarandache Estimator (2007) 

=w 1.04  
Singh, Chauhan, Sawan and 
Smarandache Estimator (2007) 

= 1.04α  
Singh, Chauhan and Sawan 
Estimator (2008) 

−=0w 0.52  
Singh, Kumar and Smarandache 
Estimator (2008) 

−=1w 0.48  
Singh, Kumar and Smarandache 
Estimator (2008) 

 2w 2=  
Singh, Kumar and Smarandache 
Estimator (2008) 

=0q 2.602467  
Singh, Kumar and Smarandache 
Estimator (2008) 

=1q 0.5642  
Singh, Kumar and Smarandache 
Estimator (2008) 

= −2q 2.16667  
Singh, Kumar and Smarandache 
Estimator (2008) 

=
=

1

2

A
A

1.943443
2.019596  

Yadav, Singh, Tiwari, Kumar and 
Shukla Estimator (2011) 

=
=

1

2

B
B

0.935454
1.125837  

Yadav, Singh, Tiwari, Kumar and 
Shukla Estimator (2011) 

=

=
1opt

2opt

c
c

1.03877
0.896931

 
Yadav, Singh, Tiwari, Kumar and 
Shukla Estimator (2011) 

= 1534U 8.25  
Kalita, Singh and Choundhury 
Estimator (2013) 
 

1 118 1u 29.0=  
Kalita, Singh and Choundhury 
Estimator (2013) 
 

=0 0.99δ
 

Vishwakarma and Gangele 
Estimator (2014) 

=k 1.42423573  
Vishwakarma, Kumar and 
Gangele Estimator (2014)

 
 
 

Exponential mean estimators are listed in chronological 
order in the two phase sampling in Table 6. When the table is 
examined, it is observed that most of the proposed estimators 
give more efficient results than the classical ratio and 
product estimators. 

When the efficiencies of the estimators are compared 
based on the MSE values, the most efficient estimator for 
estimating the average table olive production is "Kalita, 
Singh and Choundhury Ratio Estimator-2" with 4914.57 
MSE value; the second most efficient estimator is "Yadav, 
Upadayaya, Singh and Chatterer Estimator"; while the worst 
estimator is the "Sukhatme Classical Product Estimator" 
with 196422.23 MSE value. 

The RE-1 values in Table 6 are calculated according to the 
classical ratio estimator. When these values are examined, it 
is observed that "Kalita, Singh and Choundhury Ratio 
Estimator-2" is 10.04 times efficient than the classical ratio 

estimator; “Yadav, Upadayaya, Singh and Chatterer 
Estimator” is 2.77 times higher than the classical ratio 
estimator and "Sukhatme Classic Product Estimator" is 0.25 
times more efficient than the classical ratio estimator. 

RE-2 values are calculated according to the classical 
product estimator. When these values are examined, it is 
revealed that "Kalita, Singh and Choundhury Ratio 
Estimator-2" is 39.97 times and "Yadav, Upadayaya, Singh 
and Chatterer Estimator" is observed to be 11.02 times more 
efficient than the classical product estimator. 

RE-3 values are calculated according to the mean-per-unit 
estimator ( y ). When these values are examined, it is found 
that "Kalita, Singh and Choundhury Proportional 
Estimator-2" is 10.57 times; "Yadav, Upadayaya, Singh and 
Chatterter Estimator" is 2.91 times and "Sukhatme Classic 
Product Estimator" is 0.26 times more efficient than 
mean-per-unit estimator. 
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5. Results 
In this study, exponential type mean estimators in two 

phase sampling method are investigated. The estimators 
proposed at various times in the literature search are the 
subject of the study, the theoretical proofs are made, and the 
Estimator, Bias and MSE equations are derived. 

In order to determine the efficiencies of the proposed 
estimators, data on table olive production taken from Turkish 
Statistical Institute from the 287 regions of Muğla province 
in 2010 are used. 

Estimated value, Bias, MSE and RE values of the 
estimators are calculated. When these values are examined, it 
is seen that "Kalita, Singh and Choundhury Ratio 
Estimator-2" has the lowest MSE value (4914.57) and 
therefore the most efficient estimator among two phase 
exponential mean estimators in the study.  

The second most efficient estimator is observed to be 
"Yadav, Upadayaya, Singh and Chatterter Estimator" with 
17819.45 MSE value. 

It is also observed that the estimator that predicts the 
variable Y with the least efficiently is the "Sukhatme 
Classical Product Estimator" with 196422.23 MSE value. 

In the next step of this study, it is planned to propose new 
estimators or families of estimators that yield better results 
than the estimators available in the literature in the two phase 
sampling. 
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