American Journal of Mathematics and Statistics 2014, 4(5): 222-230

DOI: 10.5923/j.ajms.20140405.03

Robust Asymptotically Stabilization of Special Uncertain

Descriptor Fractional-Order Systems with Fractional
Feedback Control

Sameer Qasim Hasan', Ala Muhsien Abd

Department of Mathematics, Almustansiriyah University, Baghdad, Iraq

Abstract

In this paper we investigate the asymptotically stabilization of a special type of singular fractional order &

belongs to interval (0,1) with uncertain parameter as time-invariant and norm-bounded appearing in the state matrix and
suitable feedback fractional control by using Dynamics decomposition form.
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1. Introduction

Recently, fractional-order control systems have attracted
increasing interest [15, 9, 11]. On the one hand, this is
mainly due to the fact that many real-world physical systems
are well characterized by fractional-order state equations
[15], i.e., equations involving the so-called fractional
derivatives and integrals. On the other hand, with the success
in the synthesis of real noninteger differentiators and the
emergence of a new electrical circuit element called
“fractance” [10, 21], fractional-order controllers [16, 18, 12]
have been designed and applied to control a variety of
dynamical processes, including integer-order and
fractional-order systems, so as to enhance the robustness and
performance of the control systems. Singular fractional
systems (known as generalized, descriptor of Fractional
systems) describe a large class of systems, which are not
only theoretical interest but also have a great importance in
practice.

Stability is fundamental to all control systems, certainly
including fractional-order control systems [20, 19]. Recently,
stability and stabilization problems of fractional-order linear
time-invariant interval systems have been investigated in [1],
[2, 4]. For example, for fractional-order linear time-invariant
interval systems described in the transfer function form, the
stability issue was discussed first in [13] and then further in
[14]. In this paper we consider the problem of the robust
asymptotical ~ Stabilization for uncertain descriptor
fractional-order systems.
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The descriptor multi-fractional-order systems by applying
a derivative multi-controller and a state feedback.

Controller is given to achieve the robust asymptotical
stabilization of the obtained two sub system, first is
fractional-order systems and the second is zero state.

We using canonical form for the descriptor
fractional-order systems and by applying a derivative
controller and a state feedback controller is given to achieve
the robust asymptotical stabilization of the fractional-order
systems.

In section II, the paper are organized as follow in section II,
we introduce the definition of fractional derivative in brief;
we present also some mathematical results. In section III, we
propose robust linear uncertainty descriptor multi-fractional
controller for the stabilization of system.

2. Preliminaries

A. Some definition

Now we review some important and definition:
The Caputo derivative on the other, defined [17],

d*f(t)
t o
J‘ dt 1d'|:,(n—1SOC<}’Z)
(t _ T)(l—nJr

a

D= F(nl— a)

For (n—1<a<n) and I'(X) is the well-known
Euler’s gamma function.

Definition (2.1), [22]:
Let 4 =[a,B]e R™™, B € R"™ . Their Kronecker

product (i.e., the direct product or tensor product), denoted
as (A ®B), is defined by
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a, B a,, B
1= . .. .. |eR™™
a,B a, B
Now we consider the fractional —order linear system.
Dx(t) = Ax(t), (0<a<])
{ x(0)=x,

(4®B)=[a,B

(1)

Where 4 e R, x e R"
The system (1) is stable if the condition is satisfied
(0 < a £1)[5], with the condition(2),

is the state vector.

|arg(spec(A))| >a %, )

Where spec(A) represents the eigenvalues of matrix A.
B.Some mathematical inequalities.

Lemma (2.1), [8]:

Let 4 €e R"™ and (0<a<1). The fractional- order
system D"x(t) = Ax(t) is asymptotically stable that
means

|arg(spec(A))| > a%

if and only if there exist two real symmetric matrices

P, eR" )k =1,2 and two skew-symmetric matrices

where P, e R"™ k =1,2

2 2
such that ZZ sym{l’; ® (AF,)} <0,

i=1 j=l

{Hl Rﬂ { P,
>0
_Plz P11 P22 P

where
sin(a %) —cos(a—
I, =
T
cos(x E) sin(a —)
cos(a E) sin(a Z)
r - 2 2
12 P P
—sin(a@—) cos(a—
I ( 5 ) ( 5 )
sin(a Z) cos(a z
r - 2 2
21 P P
—cos(a—) sin(a—
] ( 5 ) sin( 5

223

T . T
—Cos(x — S —
(@) (@)

22

. T T
—Sm(x — —COoS(&X —
(@) (@)

Lemma (2.2), [7]:

For any matrices X and Y with appropriate dimensions, we
have

XTY+YTX£5XTY+5_1YTX.

Forany 0 >0.
Remark (2.1), [5]:

Consider the singular fractional linear
Ex(t) = Ax(t), if the following conditions hold:

system

i. the matrix pair (E, A) is regular .
ii. the matrix pair (E, A) is regular an impulse free.
Then there
M ,N eR"™

exist there two invertible matrices.

Satisfying:

I, 0 4, 0
MEN = , MAN = , where
0 0 (U

A, €R™ is an invertible, [/, ,[, . are the identity

=r
matrices of dimensions r, n-r respectively.

Definition (2.2), [5, 6]:
i. A matrix pair (E, A) is called regular if E and A are
square and det(AE —A)#0 for some value
Aeo(E —A) itis called singular otherwise. Where

o(E —A) is the set of all Finite Spectrum Eigenvalues.
ii. The matrix pair (E, A) is said to be impulse free if

deg(det(AE —A)) =rank (E) .

3. The Main Result

The singular linear fractional order uncertainty control
system

{ E(D" +D”)x(t) = (A +AA)X(t) + (B+AB u(t)
x(0)=x, ,(0<f<ax<l) (3)

nxn
where E eR
nxm

is the singular matrix, 4 € R"™™" |
BeR , xeR" is the
u(t)eR™ istheinput vector, (B+AB) isinvertible and
AA,AB  are

norm-bounded parameter uncertainty, with the following
conditions:

semi-state  vector,

time-invariant ~matrix  representing

i. The singular matrix E has the form, where nonsingular
matrix



224 Sameer Qasim Hasan ef al.:

Robust Asymptotically Stabilization of Special Uncertain

Descriptor Fractional-Order Systems with Fractional Feedback Control

P :{ E, o}
_[(le +AB21)L1+(B22 + ABzz)L3] 0

E, € R™ ,(By +ABy )L +(By, +ABy )L ;e R™™,
(B;, +AB; )L, +(B,, +AB;,)L ,=0,
(B,, +AB,))L,+(B,, +AB,,)L ,=0 , defined
in (ii1) and equation (7) later on.

(A +A4,) (A, +AA12)} nxn
(Ay TA4y) (Ay+A4y)

(A, +A4,)eR™ ’
(A, +A4,)eR™T (A +A4,)eR™
(Ay +AA4,) e R ,
det(A,, +AA4,,)#0

(B, +AB,) ®H+Mmqeme
(B, +AB,,) (B,,+AB,))
is invertible, (B,, tAB,))eR™ |

(B12 + ABIZ) € Rrxmir (BZI +AB21) € Rnirxm H

By, +AB,)e R
iv. Ad=M ,AN ,,AB =M ,AN,

where M ,,N ,,M, and N, are known real

constant matrices of appropriate dimensions, and the

. (A+AA)={

where

such that

iii. (B+AB) {

where

uncertain matrices A, A satisfies

AAT <1 and ZZT </ %)
v. The pencil matrix (E,A4 +AA) is regular and

impulse free. Consider the feedback control for system
(3) in the following form

(E+(B+AB)L):{
-{(B,, +AB, )L, +(B,, +AB,,)L,] 0

_[(le +A]321)L1+(B22 + ABzz )L3] 0

_[ E, 0} +|:(B11 +ABy )Ly + By +AB|y)Ls

u(t) = -LD“x(t) + (B+ AB ) ' D’x(t) + kx(t) (6)
where L € R™™ has the form
L L
=™ 2 ’ @
L, L,
L eR™, L,eR™", L,eR"™, L, eR"™"",

and k € R™™ are gain matrices such that,

K|[E+((B, +AB, )L +(B, +AB,)L, 0,

®
0 O(m—r)x(n—r) :l
where

K\[E, +((B11 +AB,))L,+(B,, +AB12)L3] eR™

(m=r)xr

and

[E, +((B,, TAB,,)L,+(B,, +AB,,)L,] is
invertible matrix. We substituting (6) into system (3), we
(ED* +D/)x(t)x(t) = (A + A4 )x(t)
+(B+AB)[-LD*x(t) + (B+ AB ) "' D”x(t) + kx(1)]

We have

(ED" + D )x(t)x(t) = (A + A4 )x(t) - (B+ AB )LD"x(t)
+D”x(t) + (B + AB )kx(t)]

We gets

ED"x(t)+(B+AB)LD"x(t) = (A + A4 )x(t) + (B+ AB )kx(t)
We obtain

(E+(B+AB)L)D"x(t) = (A +A4)x(t) +(B+AB)kx(t) (9)

We have

obtain

E] 0 (Bll +ABI]) (BIZ +ABIZ) Ll L2
}+@ﬁMJ®NMﬁ

L I,

(Byy +ABy1)Ly +(Byy +ABI2)L4}

(Byy 4By )Ly +(Byy +ABpy)Ly (Byy +ABy )Ly +(Byy TAByy)Ly

Ey+ By +ABy )Ly +(Byy +AByy)Ly  (Byy +ABy )Ly +(Byy +AB)H)Ly
0 (B21 +A321)L2 +(B22 +A822)L4

By condition (i), we have

(E+(B+AB)L)_[

Such that

E|+(By +ABy )L, +(Byy + AB}y)Ly 0} (10

0 0

E +(B, +AB, )L, +(B, +AB,)L, e R™

(Bll ‘i‘AB”)L2 + (Blz +AB12)L4 —0eR”" 0e R
(BZI +A321)L2 +(B22 +AB22)L4 — 0 = Rn—rxn—r
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The right side of equation (9) has the form

((A+AA)+(B+AB)k)—|:(AH+AA11) (A12+M12)}+ (B,,*AB,) (B, +AB,,)
(A21 +AA21) (A22 +AA22) (B21+A321) (B22+ABzz)
[K,[E,+((B,, +AB, )L,+(B,, +AB,,)L,] 0

L O(m—r)xr O(m —r)x(n-r)

r(n=r) :|:{(A11+AA11) (A12+AA12):|
(A, +A4,) (A, +A4,,)

B +AB )K[E +(B +AB )L +(B +AB )L 0
( 11 11) 1[ 1 (¢ 11 11) 1 ( 12 12) 3] Fx(n-r)
(B +AB )K[E +(B +AB )L +(B +AB )L ] 0

21 200 11 11112 1203 (m-r)yx(mn-r)

Aj{+M; )+ (B +AB )K [E +(B +AB )L +(B_ +AB )L | (A, +AMd }
(M) B, A5, JRTE #(0, 48, JL #8148 LT (g #M1) (A, +AA,)e R

1)
Ay + My )+B +AB )K [E +(B +AB )L +(B +AB )L | (Ary +Ad g (
(Agy *ady)+ B *AB) K LE +(B) * 4B )L +B ) + 4B L ] (Agy + Adyy)

(Byy +AB DK [, +((By; + ABy )L +(Bj, +ABjy)L3]eR" " (A, +Ad,,) e R"™"™"_ Since
[E,+((B,,TAB,,)L,+(B,, +AB,)L,]e R"™"
is invertible sub-matrix of the system (9) and by using the remark (2.1), then there exist two invertible matrices
M N e R"™" satisfying:
¢+(By+(By; TAB K, 0

M(E+(B+AB)L)N={]0” g}, M((A +A4) +(B+AB)KN = ) , (12)

n—-rxn-r
where &+ (B, +(B,, +AB,)K, € R™ is an invertible which defined later on. One can get:
IME +(B+AB)L)- (A +AA)+(B+AB)K)| =0
Then

[M ™M (AE+(B+AB)L)-((A+A4)+(B+AB)K)NN|
=|M(AM (E+(B+ AB)LN-M((A+Ad4)+(B+ABKNN"|

M -(@+(B, +(B,, +AB, K 0 o
=‘M'[ (B é“ wK.) 1 }N‘l =|M [ Jar, @+ (B, + (B, +AB, K|V |

n-rxn-r
Since |M 71| # (0 and |N 71| # (), hence the finite eigenvalue 2 of the matrix pair
(E+(B+AB)L),(A+A4)+(B+AB)K)) is also an eigenvalue of matrix
(&+(B, +(B,, +AB,)K,), with

Re(4, (8+ (B, +(B,, +AB,)K,)) <0

i=1..r

We assume that M and N has the forms:

]rxr '(Alz + AA12)(A22 + AAzz )_1
0 (Azz +AA22)71

M =

where

(A, +A4,)A,, +A4,,) " eR™7,0eR"™, (A, +A4,)" e R"™7" and
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r 1
(Ey +(By| +AB| )L + (Byy +AB|5)L3) 0
N =] Ay +Adyy) Ay +Ady)) Where 0 € R™"™",
By TABy Dk (Ey + By TAB )L Iy pxn—r
-1
| HByp +AB ) L)) x(Ey + By +AB )Ly +(Bjp +AB5)L3) '} ]

(El +(B11 +ABI])L1 +(B12 +M12)L3)_1 eR™
-1
{(Agy +Adyy)  ((Apy + Ay )+ (Byy +ABy )ky (Ey + (B +ABy )Ly + By +ABy5)L3)

n—rxr

-1
X(Ep + By +ABj )L +(Byy TAB5)L3) }eR

We obtain
M (E + B+ ABLNDZx(t) = M((A + Ad) + (B + AB K)Nx(t)
By using M and N, we have
_[r O:||:Dail(t):|: Irxr -(A12+AA12)(A22+AA22)71
L0 0J[D)X,() 0 (A, +A4,,)"
_(A11+AA11)+(B +AB YK [E +(B +AB )L +(B +AB )L |
R D R R B R P R R T RS (A + M)
X
Ay +Ady)+(B +AB YK [E +((B +AB )L +(B +AB )L | (A +Ad
_( 21T M)+ B AR DK LE +(B) T4 L #E ), B LT By +ady)
_ . _
(Ey +(Byq +ABy )Ly +(Bjy +ABy)L3) 0
X -1 % il(t) 13
WAy +Mpy)  ((Agy +Myp)+ (Byy +ABy kg (Ey +(Byy + 4By )Ly +(Byy +ABp)L3) | %, (1) (13)
- n=rxn-r
| X(Ey +(Byy +ABy )Ly + By +AByy)L3) ]
We have
(A“+AAH)+(B +AB )K [E +(B +AB )L +(B +AB )L ]
IR
Apy + M)Ay, + M) (A +Myy)
DX, (t) -l
1 x(A21+AA21)+(B +AB )K[E +(B +AB )L +(B +AB )L ] -(A12+AA12)(A22+AA22) (A22+AA22)
= A A 111 1112 123
0
(Any + A )_I(A M, )+(B +AB K [E +(B +AB )L +B +AB )L | I
+ + +(B + + + +B +
R Y R R R TR T B T B PR ey i
(Ey +(By +ABy )Ly +(Byy +ABjy)Ly)
0
x -1 y X, (1)
WAgy T M) ((Agy # MMy )+ (Byy + 4Bk (By +(Byy +ABy )Ly +(Byy +4Byp)L3) X, (1)
— n—rxn-r
| X(Ey + By +AByy)Ly +(Byy +AByy)L3) )

We have
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(A +M)+® +AB K [E +(B +AB )L +(B +AB )L ]
L e L A
(A M)Ay, +Mp)
X(Ay +My)+(B_ +AB )K[E +((B +AB )L +B +AB )L ] 0
A 20 11 o1 12 123
DX, (t) X(Ey + By +ABy )Ly +(Byy +AB)5)L5) X, (t)
. x|~ (14)
0 -1 Xz(t)
(Ayy +Myy) (Ayy +AMy)+(B_ +AB )K [E +(B +AB )L +B +AB )L ]
21 I L L A
x(E| + By +ABy )Ly +(Byy + AB,)Ly) I
TAyy)  ((Agy +Adyy) + By +ABy )k (Ey + (Byy + 4By )Ly + By +4Byy)L5)
| X(E) +(Byy +ABy )Ly +(Byy +ABjy)Ly) |
One can get
{(Ajj+M[)+(B +AB )K [E +(B +AB )L B +AB )L |
T T T
(A FMp)Ay M) ) |
X(Eq + By +ABy )L +(Bjy +ABj5)L3) 0
— _
DX, (t) x(Ayy +My)+(B +AB K [E +((B +AB )L +(B +AB )L | X, (t)
= a0 2011 1 111 13 x| _
0 X, (1)
-
{(Ayy *Myy) (Agy +My)+(B +AB K [E +((B +AB )L +B +AB )L Jj
ST T Ly riner
| (Ey +Byy + 4B )L; +(Byy +4Byy)L3) i
Then we have
{(Aj M)+ (B +AB )K [E +((B +AB )L +(B +AB )L |
1 o 1 11 1 12" 3
(A M)Ay TAMy) ) |
DX, (t) X(Ey + By +ABy )Ly + (Byy +ABy))L3) 0 y X, (t)
| %Ay, +A4, )+ (B +AB )K [E +(B +AB )L +(BB +AB )L ] =
0 21 21 21 2001 1 1 11 1 12° 3 X, ()
L 0 ln—rxn—r_
We obtain
~ » _
(A F A E + By TABy )Ly +(Byp +AB5)L3)
+B +AB YK [E +((B +AB )L +(B +AB )L
® R E @ R, 12'h5!
-1
x(Ey +(Byy +AB )Ly + By, +ABj5)L3)
-1
Ay TAA Ay +Adyy)  (Ap +A4y5)
-1
_ x(Eq + By, +AB )Ly + By + AB15)Lz) 0 —
DaXl(t) _ 1 11 11771 IE] 12773 Xl(t)
0 (A T A4 Ay +Ady;) X, (t) ’

xB +AB )K[E +(B +AB )L +(B +AB )L ]
21 217 11 11 1112 1273

-1
x(E1 + (B11 + AB“)L1 + (B12 +A312)L3)

n—-rxn—r _|
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We have
_ . _
(A T A (E + (Byy +AB )Ly +(Byy +AB5)L3)
(A M)Ay F M) (A +Ay)
x(E| +(Byy +AB )Ly + (Bj, +AB|5)Ly)
o 3 _
[D Xl(t):| [(Apy + My Ay +Adsy) '® a9k 0 X{’ﬁ(t)}
= 21 21 1 —
0 +B +AB K ] X, (1)
1 11
L 0 In—r><n—l”_
We have

-1
A T A1) - (A A )Ayy +Ady))  (Ajp + A )]
><(E1 +(B11 +AB“)L1 +(B12 +ABlz)L3)

{D“il(t)} Ay + M)Ay + M) B taB K 0 Fl(t)} -
= X
B +AB )K -
0 + 11 11) 1] X, (0
— 0 1n—r><n—r_
We get
D%, ()] _[@+(B,+(B, +AB,)K,) 0][%,(®) 6
0 0 I || X,(t)
Where

6 = (All +AA11)_(A12 +AA12)(A22 +AA22)_1(A12 +AA12)}X(E1 +(B11 +ABII)L1 +(B12 +ABIZ)L3)_]
5 -1
(B, +(B,, TAB,))K,) = (A}, T445)(A,, +A4,,) (B21 +A321)K1 +(B11 +AB11)K1]

also

K ]

. -1
By = —(Ayy + M)Ay +Adyy) (B +AB. K,

21

Then, we have

{Dmm} _ {@ﬂﬁl +(B,, +AB, K,) O}F (t)}

0 0 1%,
One can get
{ DX, (t) = 8+ (B, + (B, + AB, KX, (1)
0=1_ %,(t)
We have

DX, (t) = (¢+(B, + B, )K,) +AB, K, )X, (¢) (17.2)
0=1, X,(t) (17.b)
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We obtain the formula as follows:
{ DX, () = @+(B, + B, )K)) +AB )X, (1)
0=1 nr X (t)

(18a)
(18b)

where AB 11 =AB, K, , The design of the gain matrix K

which robustly stabilization the descriptor fractional-order
system (3) for the fractional order & belonging to (18.a),

0<a <1 arederived.
Theorem (3.1)

Assume that (3) is regular and impulse free, then there
exists again matrix K, such that descriptor fractional order

(3) with fractional-order O < a <1 controlled by the
control (6) is asymptotically stable, if there exist matrices

X eR" P, =P0T >0eR" , and two real scalars
0 ,>0, (i =1,2), such that

w w
[ 1 12:|<O
@y,
2

@
@, = Z:sym{lﬁl.1 Q@C+B +B,)X}

i=1

(19)

Where

2
+D S ® UMy )1, ®(IMg )}
i=1

@, :I:]z ®(N311P0)T I, ®(NB11P0)T]
@y, =—diag(0,,6,)®1,
I',,(i =1,2), Satisfy Lemma (2.1).

Proof:-

Under the assumption regular and impulse free that
system(3), then there exists a gain matrix L such that system
(3)can be written in the form (18), in this case the matrix K
can be determined from the stability of system (18).1t follows

from Lemma (2.1) that |arg(spec( A))| > aﬁ is equivalent
2

to
2 2 ~
D> symT,; ®(AB)}<0  (20)
i=l j=1
Where 1;:(6+(]§1+B”)K1)+AB”) and
I''@ =1,2) , Satisfy Lemma (2.1). By assume

P,=P,=P,,P,=P,, =0 in (20) one can conclude
that

sym{T,, ®(AP,))}+sym{[,, ®(AP,)} <0 (21)

229

Suppose that there exists matrices X € R™™ and
P,=P] >0eR"™, Such that

2

> sym{T ) ®(AR)} <0
i=1

Substituting 4 = (&+ (B, +B,)K,)+AB,,) in (22)
with K= XP(;1 we obtain

(22)

A =@+(B,+B,)K,)+AB,)

2 .
‘21 sym{l';; ® (€K +(By + By)X)}
1=

2 R (23)
+.21 sym{T';; ® (IAB; )Ry} < 0
1=

By equation (5) AA” <1, then we obtain

(12®Z)(12®K)T =(12®Z)(12®ZT):(12®ZZT)<1 (24)

Also
T ,.
F[jr[j (l :1,2)=I2

Then by (24) and Lemma (2.2) that for any real scalar
0>0

2
'21 sym{T;y ® (IABy)Ry)}
1=

2 _
= _Zl sym{T';; ® (IMB“ Ny ® AN, ® NB“PO)}
[:

<

T M

- _T T
0, (T ® UM p NIy @8Iy @A) (T @(UMp ) 1}

2 T
+‘Zl 5 Uy ®Wpg R) U3 ®WNp FR) (25)
1=

By using equation (24), we obtain

2
721 sym{l';; ® (IAB{)Fy)}
1=
2 T
S LS, ®(UMp NI, ®(UIMp ) }}
i=1 11 11

2
+3 5 1(12®(NB“PO)T U, ®W g Fy) (26)

By substituting (26) into (23), we have

2 -~ 2

Y sym{T,; @ (AR} < T symil; ® @R +(B) +B)X)} (27)
i=1 i=l

Inequality (27) is equivalent to (18) by the well-known
Schur Complement by [3].
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4. Conclusions

The necessary conditions of robust asymptotically
stabilization for special Uncertain singuler fractional-order
systems with feedback fractional control for the fractional
order o belonging to O<a<l with parameter
uncertainties in the state matrix have been given in details .
The problem of canonical of descriptor fractional-order
systems by derivative fractional controller has been proposed
with implosive free condition.
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