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Statistical Modeling of Growth in Power Consumption
with Reference to Botswana and Nigeria
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Abstract To date in literature, the positive growth in an economy is tied to possible growth in power sector and
modelling power growth forms the basis of power system expansion planning .The objective of this study is to develop a
model that will accommodate aggregated interior and exterior factors, the proposed growth model modified the Bass Model
using Indirect and Non-Linear Least Square as an evaluation technique. The study reveals that for Botswana and Nigeria
the rate of external (6,) and internal (6, ) factors influence on consumption is 0.2 and 0.4 for Botswana and 0.01 and 0.01

for Nigeria respectively using indirect least square and 0.9 and 0.4 and 7% both for Botswana and Nigeria respectively
using Non-linear least square. It is evident that rates computed for Nigeria power consumption fall within the purview of
the Bass model parameters’ benchmark reported by (Sterman, 2000). In particular, we observed that the internal factor rate
is overstated by ILS for Botswana data, indicating the unconditional likelihood that some of the powers generated are yet to

be consumed due to the constraints caused be internal and external factors affecting the power sector.
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1. Introduction

A number of power consumption forecasting models
have been proposed in the past using many theoretical
methods including growth curve[19,3,24& 10], in their
work titled “A Stochastic Bass Innovation Diffusion Model
for Studying the Growth of Electricity Consumption in
Greece” introduced stochasticity into the well-known Bass
model and analytically solved the equation using the theory
of reducible differential equations and presented the first
moment of the resulting stochastic process. Multiple linear
regression methods that use economic, social, geographic
and demographic factors was used by[8] ,[13].

Most of the studies on the determinant of powerconsump
tion have been considered at a disaggregated level with
emphasis on the demand for residential electricity within
the context of household production theory. Such studies
have concentrated on non-African countries, for instance,
[12] for Turkey;[26] for Cyprus;[20] for Australia;[23] for
Lebanon;[6] for Greece among others. A paucity of
evidence exist for developing countries particularly for
African countries except for studies such as[5] for Namibia;
[27] for South Africa; and[1] for the demand for residential
electricity in Nigeria using a bound testing approach.

* Corresponding author:

bodtommy2005@yahoo.com (T. O. Ojo)

Published online at http://journal.sapub.org/ajms

Copyright © 2013 Scientific & Academic Publishing. All Rights Reserved

This paper principally aims at evaluating power
consumption capacity using Bass Model parameter. These
are key factors affecting the power that are classified as
external and internal factors. This work aims to add to the
current literature on power consumption growth modelling
by proposing and comparing some evaluation techniques
for Botswana and Nigeria power consumption capacity, the
proposed models aimed at determining whether firms like
power sector can learn about the network structure of power
industry and consumers characteristics when only limited
information’s are available and use these information’s to
evolve a successful directed-growth in power sector. The
objectives are to linking power consumption capacity (MW)
to the Bass diffusion model as an evaluation technique for
power growth, using the competitive estimation techniques
which entails Indirect Least Square, a method for estimating
the structural parameters of a single equation in a
simultaneous equation model and the application of Non-
linear least squares estimation procedure to Bass model,
which intrinsically is non-linear in both parameter and
exogenous variables suggested by[25], designed to
overcome some of the shortcomings of the Maximum
Likelihood Estimation (MLE). Indirect and Non-linear least
squares are developed and compared against each other
using their ability to fit  historical power consumption
capacity data sets from Botswana and Nigeria and the
accuracy of these models.

2. Model Formulation
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We utilized the Bass model which is built on the Rogers’
conceptual framework by developing a mathematical model
that captures the non-linear structure of S-shaped
curves[21]. Roger’s suggested that different types of
consumers enter the technology at different stages of a
product lifecycle[22].

Given that the initial power consumption follows the
process:

C,=0m+(0,-6)Y(1)-(6,/m)[YO] )
Where;
Ct = Initial Power diffused by BPC/PHCN at time £.

91 = Coefficient of innovation (due to external influence
on consumers) i.e. it corresponds to the probability of an
initial power consumed by customers at time ¢ = 0.

02 = Coefficient of imitation (due to internal influence)

i.e. word of mouth influence by customers.

m = the volume of initial power consumed (ie.
adopters/adoptions/subscriber) of the power over the total
period, and

Y; = Number

subscribers at time ¢ = 0.

The assumptions of the Bass theory are formulated in
terms of a continuous model and a density function of time
to initial power consumer/subscribers, and a few conditions
need to be imposed on the estimation techniques i.e.

of previous consumers/customers/

(&, -0, &, >0, and &, <0 because 6,, 6, and i are positive)
[16]. The solution in which time is the only variable is
given by;

1— e—(91+92 )t
C[ =m 2
L+ 0, 67(91+92)t @)

1

To estimate the parameters 91, 92 and m from the

time series data on power consumed, the following
analogue to equation (1) was used:

C =a+a,Y(t-1)+a, [Y(t—l)]2 3)

We utilize two approaches; Indirect least square (ILS)
and Non-linear least square (NLS) to estimate the multiple
regression (3). The Indirect least square (ILS) estimate of

a, a, and Qa, , given by

7
X f . 0,
a,=0m, a,=6-0,, and a,=——=

The parameters of the basic model (6,, 8, and m)in (1)

are obtained.

are identified in terms of these regression coefficients
derived as:
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ol —4a.a
0, =+ N5 "%

2 2

Given that m is fixed, the mean and variance of

4

6, and 0, of the estimators given in equation (4) are

derived as:

E@)=m"E@)=m"y,

(5)
Var(6,) = m*Var(a,)
E(6,) =ty — Mg =m" ;= = g (m—1) ©
Var(0,) =Var(6,))—Var(a,)
Secondly, the nonlinear least squares estimation

procedure suggested by[25] was introduced to overcome
some of the shortcomings of the Maximum Likelihood
Estimation (MLE) procedure, which itself was designed to
overcome the shortcomings of the OLS procedure of]7].
Using the expression given in equation (1), that is:

C=0m-Y )+ 2y m-v )t
m

Which intrinsically, is non-linear in both parameters and
exogenous variables. Suppose that we consider

n observations with fixed m then we have;
2

C,=6(m-Y_,)+6Y_ -0, Lo +e, (D)
m

Equation (7) can be rewritten as;
C = f(%.0.Y1.6.6,)+¢, (8)

1

Such that: C, =[Y,,Y,,....Y;] ,

Y =YYt ]

t

2 2 y2 2 7 _ 1
C =Y. 7,7 | and 0=[6,.6,]

Assume  that E[Q] =0, E[&‘&‘l] = O'gzln, Y is
deterministic numbers and we want to estimate & by
linearization (Gauss- Newton) method as follows; If we are
given the deterministic part of Y as defined in equation (8) ,
then we have:

C=1(¥.9)
With two (2) parameters and we can linearize Y; in the

neighbourhood of @, = 49;) given;
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o (1.6 o (Y.60°
C—f =—(891 )(9l —91°)+%(92—9§)
This reduces to;
2 of (Y,,6"
ML
J=1 J
In this section, we assume that fto :f(Z,Qlo,lgzo)

gives some correct values of 0? 's in the original model
with 0;) replacing 9J; also we set ﬂ;) = 19] —9}) and;
0 af<Yf’00)
VJ = 0.-0° > is the 2-partial derivatives
00, J=Y
of f(K,H) with 8's replaced by 9;). Equation (9) can
2
: ) 0 _ 07,0

then be written as: Ct —ft = Z'BJVJI ,

J=1
by rearranging and adding the error terms it reduces to;

2
0 07,0
C=1"+D BVyi+e, (10)
J=1
Substituting ¢ =1,2 in equation (10), we have:
B 0 07,0 07,0 B
C—Jf =BVi+BV,+y
0 07,0 07,0
C—fy =BVa+BVy+u,
Y]
0 07,0 07,0
_Cn _f;z :ﬂl I/111 +ﬁ21/2n +un_
In matrix form, equation (11) is given as;
C—f'=Vpu (12)

If we interpret C— f° as C column in the linear

regression case, then the least square estimate of ﬂo can be

written as;
(13)

Thus equation (13) gives the estimates of ﬂo that

éo _ (szo )‘1 po! (Q—fo)

minimize the sumof squares:
2

S (0)=2(C- 1" -2 hZ))

n
J=1

(14)

Setting ,35) = 19J - 9}] , we have;
20 N1 0
B,=0,-0, (15)
This gives an improved initial estimate of parameter
(9}] as 3} and would be used at the next iteration. Thus
9} =,BJO+6’;) is the first revised estimate of & and

continues until convergence takes place; so at the rth
iteration we have the » +1 estimate as:

A A 1 = 1
o =0+ (7)) v | () (c-17) a0
The iteration continues until convergence takes place
when:

5Jk+1 Ak
6" -0

577 <5V J=12

Where § is some small number say 1.0 x 107°. Also,
at every k —th iteration, we compute S(ékj) to ensure

that a reduction in the sum of squares has taking place; the
residual mean square would be computed using:

(G-r(ra))
5= n-—2

The asymptotic covariance of @ is;

v(0) = S*(Y'v)". where V is the matrix of

partial derivatives defined above and evaluated at the final

2
,as an estimate of O .

iteration least squares estimate of @ ; that s,

k 8f(ct9Q)
ZIJ = 69 :
J 6=6,

Equation (15) will produced the values of the needed
parameters of Bass model as also defined in (2) for Indirect
least square.

In practice, one is interested in estimating the three key
parameters in equations (4) and (15) with associated
statistical properties for both Indirect and Non-linear least
squares respectively to be able to predict power growth in
terms of power consumption, the estimates of
91, 92 and m are substituted into equation (3) to yields

the S-shaped diffusion curve captured by the Bass model,
for this curve,additional motivation is the point of inflection

(which is the maximum penetration rate, [dN(l‘) / dl]max ),

which occurs when, the peak value of C[ and the predicted

time of this peak are shown to be;
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(17)

P
4 2 40,

3. Empirical Illustration with Reference
to Botswana and Nigeria Power
Consumption

According to[17], the Bass model requires a minimum of
three periods to estimate the diffusion curve; consequently
in our analysis of the data collected on power output
consumption in Botswana and Nigeria, the entire period
March,2005-May, 2012 respectively was used for both
countries to effectively see the growth point and evaluate
the growth phases of power consumed, with the possibility
of capturing the magnitude ( m ) of the consumption for an
innovation as well as the general shapes of the diffusion
curve with relative little input data. The relatively small
data is not a disadvantage, since it had been shown that
growth model can be used to describe the behaviour of
random demand for a product without the sizeable data
requirements  typically associated with time-series
models[18].

In this study, we use indirect least square (ILS) and non-
linear least squares (NLS) techniques to estimate the Bass
diffusion model for the power consumption data in
Botswana and Nigeria, We analysed 86 point power
consumption data respectively for both countries to
establish the growth in consumption and estimate the

external (91) and internal (92) diffusion rates and obtain
the saturation point ( ) for the periods.

Equation (2) yields S —shaped curved as shown in
figure 1 through 4, the S —shaped diffusion curves
captured by the Bass model as displayed shows an

%
evolution over time ( [ ) of the cumulative power
consumption penetration ( Nt* ) and the penetration

changes per time unit dN(7)/d(?) ie. ft* . From the

power consumption growth curves, in the early stages,
radical innovation take place, while in the subsequent
growth phases incremental innovations occurs, and
eventually, saturation takes places and the power growth
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curve as presented in figure 1 through 4 presented some
variations in the power consumption performance as a

function of time. It is observed that 71 > f;* for all the

methods utilized. The power consumption output (MW) for
Botswana (March,2005-May,2012) and Nigeria
(March,2005-May,2012) converges in most cases to the
same values as showed in figure 1 through 4, indicating the
power consumption saturation levels for both countries.
And, comparing the values of the parameters presented in
Table 1 through 4 obtained using Indirect and Non-linear

least squares methods, the internal influence ( 92 =0.4)

using Non-linear approach have influence on Botswana
power consumption pattern and it fell within the Bass
benchmark of 0.38 to 0.5 according to[11]. However, the
external influence (92) for both ILS and NLS fell outside

the range, indicating that the rate of power consumption is
only affected by consumers who are already using the
power.

The Nigeria power consumption is majorly influenced by
the external influences as indicated by both Indirect and

Non-linear least squares (6, =0.01), these competitive

techniques yielded the same values which is within the
benchmark of 0.03 to 0.01 according to[ 11]. But the internal

influence (6, =0.07) for both ILS and NLS are outside

the benchmark range, indicating the likelihood of power
generated are not yet consumed by power subscribers due to
constraints caused by internal and external factors affecting
the power sector.

4. Conclusions

The parameters 6, 6@, and m obtained can be used to

make power consumption projection and these can be a
very useful performance capacity planning for a power
generation plants, estimating power unit production costs,
forecasting revenue and cash flow overtime. From the
managerial point of view, the extractions of the Bass

diffusion parameters 91, 92 and m early in the power

consumption process will be most interesting for power
planning purposes, while for research purposes, the
determination of the Bass diffusion parameters will be used
for the validity of the diffusion model and possibly refining
the model. Hence, fromthe power consumption policy view
point, it helps in obtaining an accurate idea about the power
consumption saturation level early in the consumption
process, this will helps in the power consumption capacity
efficient planning and projection policy.



APPENDIX B:

American Journal of M athematics and Statistics 2013, 3(3): 135-142 139
APPENDIX A:

Table 1. Parameter estimates of the power consumption in botswana using indirect least square (11s) and non-linear least square (nls)
. ‘ ' External Internal Saturation
Techni Period of Analysis

echnique Influence Influence Level
Indirect Least Square 0.1613 09474
(ILS) March,2005-May,2012 0.0282) (09613) 263445
Non-Linear Least 0350 0436 1212.66
Square (NLS) March,2005-May,2012 (0.076) (0.144) (235.23)
Table 2. Parameter estimates of the power consumption in nigeria using indirect least square (11s) and non-linear least square (nls)
Fstimation ' ) External Internal Saturation
Te chni Period of Analysis
ecchnique Influence Influence Level
0.00675
Indirect Least Square 0.0679
(ILS) March,2005-May,2012 (0.0182) (2.64) 3844 .85
Non-Linear Least 0.007 0.068 3845.07
March,2005-M 12
Square (NLS) arch,2005-May.20 (0.015) (0.131) (5375.29)
Table 3. Computation of point of inflection for botswana power consumption (bpc)
Countr FEstimation Period m Salul’allon 6 Exte}”nal 9 Internal Point of Infle ction
Y| Technique | Of Analysis Level " Influence * | Influence N & £ f;*
Indirect
Least Square | " Lareh,2005- 263445 0.1613 09474 1093.03 | 0.693 | 854.88
May,2012
(ILS)
BPC -
Non-Linear March.2005-
Least Square arch, 1212.66 0350 0.436 11957 | 0.1214 | 42952
May,2012
(NLS)
Table 4. Computation of point of inflection for nigeria power consumption (phcn)
Estimation Period Saturation External Internal Point of Inflection
Cuntry | Technique | Of Analysis | ™| 7oyel ¢ Influence Influence *
Nt* t f;*
Indirect
Least March,2005-
Square May, 2012 384485 0.00675 0.0679 173134 | 13.42 | 78.99
(ILS)
PHCN Non-Linear
Least March,2005-
Square May,2012 3845.07 0.007 0.068 17245 | 13.17 | 79.52
(NLS)
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Figure 1. THE S — Shaped diffusion Curve Captured by the Bass Model CumulativeForecast using Indirect Least Square (ILS)
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Figure 2. THE S — Shaped diffusion Curve Captured by the Bass Model Cumulative Forecast using Non-Linear Least Square (NLS) for Power
Consumption in Botswana (BPC)
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Figure 3. THE § — Shaped diffusion Curve Captured by the Bass Model Cumulative Forecast using Indirect Least Square (ILS)
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Figure 4. THE S — Shaped diffusion Curve Captured by the Bass Model Cumulative Forecast using Non-Linear Least Square (NLS) for Power
Consumption in Nigeria (PHCN)
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