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Abstract  To date in literature, the positive growth in an  economy is t ied to possible growth in  power sector and 
modelling power growth forms the basis of power system expansion planning .The objective of this study is to develop a 
model that will accommodate aggregated interior and exterio r factors, the proposed growth model modified the Bass Model 
using Indirect and Non-Linear Least Square as an evaluation technique. The study reveals that for Botswana and Nigeria 
the rate of external 1( )θ  and internal 2( )θ  factors influence on consumption is 0.2 and 0.4 for Botswana and 0.01 and 0.01 
for Nigeria respectively using indirect least square and 0.9 and 0.4 and 7% both for Botswana and Nigeria respectively 
using Non-linear least square. It is evident that rates computed for Nigeria power consumption fall within the purview of 
the Bass model parameters’ benchmark reported by (Sterman, 2000). In  particular, we observed that the internal factor rate 
is overstated by ILS for Botswana data, indicating the unconditional likelihood that some of the powers generated are yet to 
be consumed due to the constraints caused be internal and external factors affect ing the power sector. 
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1. Introduction 
A number of power consumption forecasting models 

have been proposed in the past using many theoretical 
methods including growth curve[19,3,24& 10], in their 
work t itled “A Stochastic Bass Innovation Diffusion Model 
for Studying the Growth of Electricity Consumption in 
Greece” introduced stochasticity into the well-known Bass 
model and analytically solved the equation using the theory 
of reducible differential equations and presented the first 
moment of the resulting stochastic process. Multiple linear 
regression methods that use economic, social, geographic 
and demographic factors was used by[8] ,[13]. 

Most of the studies on the determinant of power consump
tion have been considered at a d isaggregated level with 
emphasis on the demand for residential electricity within 
the context of household production theory. Such studies 
have concentrated on non-African countries, for instance, 
[12] for Turkey;[26] for Cyprus;[20] for Australia;[23] for 
Lebanon;[6] for Greece among others. A paucity of 
evidence exist for developing countries particularly for 
African countries except for studies such as[5] for Namib ia; 
[27] for South Africa; and[1] for the demand for residential 
electricity in Nigeria using a bound testing approach.  
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This paper principally aims at evaluating power 
consumption capacity using Bass Model parameter. These 
are key factors affect ing the power that are classified as 
external and internal factors. This work aims to add to the 
current literature on power consumption growth modelling 
by proposing and comparing some evaluation techniques 
for Botswana and Nigeria power consumption capacity, the 
proposed models aimed at determining whether firms like 
power sector can learn about the network structure of power 
industry and consumers characteristics when only limited 
informat ion’s are available and use these informat ion’s to 
evolve a successful directed-growth in power sector. The  
objectives are to linking power consumption capacity (MW) 
to the Bass diffusion model as an evaluation technique for 
power growth, using the competitive estimat ion techniques 
which entails Indirect Least Square, a  method for estimating 
the structural parameters of a single equation in  a 
simultaneous equation model and the application of Non-
linear least squares estimation procedure to Bass model, 
which intrinsically is non-linear in both parameter and 
exogenous variables suggested by[25], designed to 
overcome some of the shortcomings of the Maximum 
Likelihood Estimat ion (MLE). Indirect and Non-linear least 
squares are developed and compared against each other 
using their ability to fit    historical power consumption 
capacity data sets from Botswana and Nigeria and the 
accuracy of these models. 

2. Model Formulation 
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We utilized the Bass model which  is built  on the Rogers’ 
conceptual framework by developing a mathematical model 
that captures the non-linear structure of S-shaped 
curves[21]. Roger’s suggested that different types of 
consumers enter the technology at different stages of a 
product lifecycle[22]. 

Given that the initial power consumption follows the 
process: 

( )[ ]2
1 2 1 2( ) ( ) ( )tC m Y t m Y tθ θ θ θ= + − −     (1) 

Where; 

tC =  Init ial Power diffused by BPC/PHCN at time .t  

1θ =  Coefficient of innovation (due to external influence 
on consumers) i.e. it corresponds to the probability of an 
initial power consumed by customers at time 0.t =  

2θ =  Coefficient of imitation (due to internal influence) 
i.e. word of mouth influence by customers. 

m = the volume of init ial power consumed (i.e. 
adopters/adoptions/subscriber) o f the power over the total 
period, and 

tY =  Number of previous consumers/customers/ 

subscribers at time 0.t =  
The assumptions of the Bass theory are formulated in  

terms of a continuous model and a density function of time 
to initial power consumer/subscribers, and a few conditions 
need to be imposed on the estimation techniques i.e. 

1 2 3 1 2
ˆ ˆˆ ˆ ˆ ˆ( 0,  0,   0  ,      )and because and m are positiveα α α θ θ  

 [16].The solution in which time is the only variable is 
given by; 
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To estimate the parameters 1 2,    and mθ θ  from the 
time series data on power consumed, the following 
analogue to equation (1) was used: 

( ) ( ) 2
1 2 31 1tC Y t Y tα α α= + − + −           (3) 

We utilize two approaches; Indirect least square (ILS) 
and Non-linear least square (NLS) to estimate the multip le 
regression (3). The Indirect least square (ILS) estimate of 

1 2 3,    andα α α , given by 

2
1 1 2 1 2 3ˆ ˆ ˆ,  ,   m and

m
θα θ α θ θ α= = − = −  are obtained. 

The parameters of the basic model ( 1 2,    and mθ θ ) in (1) 
are identified in terms o f these regression coefficients 
derived as: 
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Given that m is fixed, the mean and variance of 

1 2  andθ θ of the estimators given in equation (4) are 
derived as: 

1
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Secondly, the nonlinear least squares estimat ion 
procedure suggested by[25] was introduced to overcome 
some of the shortcomings of the Maximum Likelihood 
Estimation  (MLE) procedure, which itself was designed to 
overcome the shortcomings of the OLS procedure of[7]. 
Using the expression given in equation (1), that is: 

2
1 1 1 1C ( ) ( )t t t t tm Y Y m Y

m
θθ ε− − −= − + − +  

Which intrinsically, is non-linear in both parameters and 
exogenous variables. Suppose that we consider 

 n observations  with  fixed m  then we have; 

( )
2
1

1 1 2 1 2
t

t t t t
YC m Y Y
m

θ θ θ ε−
− −= − + − +       (7) 

Equation (7) can be rewritten as; 

( )2
1 1 1 2, , ,t t t tC f Y Y θ θ ε− −= +               (8) 
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Assume that [ ] 1 20 , E ,  YnE Iεε εε σ=   =   is  

deterministic numbers and we want to estimate θ  by 
linearization (Gauss- Newton) method as follows; If we are 
given the deterministic part of Y  as defined in equation (8) , 
then we have: 

( ),t tC f Y θ=
 

With two (2) parameters and we can linearize tY  in the 

neighbourhood of 0
J Jθ θ=  given; 
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This reduces to; 
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In this section, we assume that ( )0 0 0
1 2, ,t tf f Y θ θ=  

gives some correct values of 0 'J sθ  in the original model 

with  0
Jθ  replacing ;Jθ  also we set 0 0

J J Jβ θ θ= −  and; 
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 , is the 2-partial derivatives 

of  ( ),tf Y θ  with 0'  replaced by Jsθ θ . Equation (9) can 

then be written as:
2

0 0 0

1
t t J Jt

J
C f Vβ

=
− =∑  , 

by rearranging and adding the error terms it reduces to; 
2
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Substituting 1, 2t =  in equation (10), we have: 
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In matrix form, equation (11) is given as; 
0 0C f V uβ− =                          (12) 

If we interpret 0   CC f as−  column in the linear 

regression case, then the least square estimate of 0β  can be 
written as; 

( ) ( )10 01 0 01 0ˆ V V V C fβ
−

= −              (13) 

Thus equation (13) gives the estimates of 0β  that 
minimize the sum of squares: 

( ) ( )
2

0 0 0

1

*
n

t t J J
J

S C f Zθ β
=

= − −∑ ∑       (14) 

Setting  0 0
J J Jβ θ θ= −  , we have; 

0 1 0ˆ ˆ
J J Jβ θ θ= −                            (15) 

This gives an improved init ial estimate of parameter 
0 1ˆ  J Jasθ θ  and would be used at the next iteration. Thus 
1 0 0ˆ ˆ
J J Jθ β θ= +  is the first revised estimate of θ  and 

continues until convergence takes place; so at the rth  
iteration we have the 1r +  estimate as: 

( ) ( ) ( )
11 11ˆ ˆr r r r r rV V V C fθ θ
−

+  = + −  
    (16) 

The iteration continues until convergence takes place 
when: 
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θ
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Where δ  is some small number say 61.0  10−× . Also, 

at every k th−  iteration, we compute ( ),k̂ JS θ  to ensure 

that a reduction in the sum of squares has taking place; the 
residual mean square would be computed using: 
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The asymptotic covariance of θ̂  is; 

( ) ( ) 12 1ˆ   ,     V S V V where Vθ
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is the matrix o f 

partial derivatives defined above and evaluated at the final 
iteration least squares estimate of ˆ ;θ  that is, 
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Equation (15) will produced the values of the needed 
parameters of Bass model as also defined in (2) for Ind irect 
least square. 

In practice, one is interested in estimat ing the three key 
parameters in equations (4) and (15) with associated 
statistical properties for both Indirect and Non-linear least 
squares respectively to be able to predict power growth in 
terms of power consumption, the estimates of 

1 2,    and mθ θ  are substituted into equation (3) to yields 
the S-shaped diffusion curve captured by the Bass model, 
for this curve,additional motivation is the point of inflection 
(which  is the maximum penetration rate, [ ]max

( ) /dN t dt ), 

which occurs when, the peak value of tC  and the predicted 
time of th is peak are shown to be; 
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3. Empirical Illustration with Reference 
to Botswana and Nigeria Power 
Consumption 

According to[17], the Bass model requires a min imum of 
three periods to estimate the diffusion curve; consequently 
in our analysis of the data collected on power output 
consumption in  Botswana and Nigeria, the entire period  
March,2005-May, 2012 respectively was used for both 
countries to effectively see the growth point and evaluate 
the growth phases of power consumed, with the possibility 
of capturing  the magnitude ( m ) of the consumption for an 
innovation as well as the general shapes of the diffusion 
curve with relat ive little  input data. The relatively  small 
data is not a disadvantage, since it had been shown that 
growth model can be used to describe the behaviour of 
random demand for a product without the sizeable data 
requirements typically associated with time-series 
models[18]. 

In this study, we use indirect least square (ILS) and non-
linear least squares (NLS) techniques to estimate the Bass 
diffusion model for the power consumption data in 
Botswana and Nigeria, We analysed 86 point power 
consumption data respectively for both countries to 
establish the growth in consumption and estimate the 
external ( 1θ ) and internal ( 2θ ) diffusion rates and obtain 
the saturation point ( m ) for the  periods.  

Equation (2) yields S shaped− curved as shown in 
figure 1 through 4, the S shaped−  diffusion curves 
captured by the Bass model as displayed shows an 

evolution over time ( *t ) of the cumulat ive power 
consumption penetration ( *tN ) and the penetration 

changes per time unit ( ) ( )dN t d t i.e . *tf . From the 

power consumption growth curves, in the early stages, 
radical innovation take place, while in the subsequent 
growth phases incremental innovations occurs, and 
eventually, saturation takes places and the power growth 

curve as presented in figure 1 through 4 presented some 
variations in the power consumption performance as a 
function of time. It  is observed that *  

t
m f  for all the 

methods utilized. The power consumption output (MW) for 
Botswana (March,2005-May,2012) and Nigeria 
(March,2005-May,2012) converges in most cases to the 
same values as showed in figure 1 through 4, indicating the 
power consumption saturation levels for both countries. 
And, comparing the values of the parameters presented in 
Table 1 through 4 obtained using Indirect and Non-linear 
least squares methods, the internal in fluence ( 2 0.4θ = ) 
using Non-linear approach have influence on Botswana 
power consumption pattern and it fell with in the Bass 
benchmark of 0.38 to 0.5 according to[11]. However, the 
external influence ( 2θ ) for both ILS and NLS fell outside 
the range, indicating that the rate o f power consumption is 
only affected by consumers who are already using the 
power. 

The Nigeria power consumption is majorly  in fluenced by 
the external influences as indicated by both Indirect and 
Non-linear least squares ( 1 0.01θ = ), these competitive 
techniques yielded the same values which is within the 
benchmark of 0.03 to 0.01 according to[11]. But the internal 
influence ( 2 0.07θ = ) for both ILS and NLS are outside 
the benchmark range, indicating the likelihood of power 
generated are not yet consumed by power subscribers due to 
constraints caused by internal and external factors affecting 
the power sector. 

4. Conclusions 
The parameters 1 2,    and mθ θ  obtained can be used to 

make power consumption projection and these can be a 
very useful performance capacity p lanning for a power 
generation plants, estimating power unit production costs, 
forecasting revenue and cash flow overtime. From the 
managerial point of v iew, the ext ractions of the Bass 
diffusion parameters 1 2,    and mθ θ  early in the power 
consumption process will be most interesting for power 
planning purposes, while for research purposes, the 
determination of the Bass diffusion parameters will be used 
for the validity of the diffusion model and possibly refining 
the model. Hence, from the power consumption policy  view 
point, it  helps in obtain ing an accurate idea about the power 
consumption saturation level early in the consumption 
process, this will helps in the power consumption capacity 
efficient planning and projection policy. 
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APPENDIX A: 
Table 1.  Parameter estimates of the power consumption in botswana using indirect least square (1ls) and non-linear least square (nls) 

Estimation 
Technique Period of Analysis 1

External
Influence

θ
 
 
 

 2

Internal
Influence

θ
 
 
 

 
Saturation

m
Level

 
 
 

 

Indirect Least Square 
(ILS) March,2005-May,2012 0.1613 

(0.0282) 
0.9474 

(0.9613) 2634.45 

Non-Linear Least 
Square (NLS) March,2005-May,2012 0.350 

(0.076) 
0.436 

(0.144) 
1212.66 
(235.23) 

Table  2.  Parameter estimates of the power consumption in nigeria using indirect least square (1ls) and non-linear least square (nls) 

Estimation 
Technique Period of Analysis 1

External
Influence

θ
 
 
 

 2

Internal
Influence

θ
 
 
 

 
Saturation

m
Level

 
 
 

 

Indirect Least Square 
(ILS) March,2005-May,2012 

0.00675 
(0.0182) 

 

0.0679 
(2.64) 3844.85 

Non-Linear Least 
Square (NLS) March,2005-May,2012 0.007 

(0.015) 
0.068 

(0.131) 
3845.07 

(5375.29) 

Table  3.  Computation of point of inflection for botswana power consumption (bpc) 

Country Estimation 
Technique 

Period 
Of Analysis 

Saturation
m

Level
 
 
 

 
1

External
Influence

θ
 
 
 

 
2

Internal
Influence

θ
 
 
 

 
Point of Inflection 

*tN  *t  *tf  

BPC 

Indirect 
Least Square 

(ILS) 

March,2005-
May,2012 2634.45 0.1613 0.9474 1093.03 0.693 854.88 

Non-Linear 
Least Square 

(NLS) 

March,2005-
May,2012 1212.66 0.350 0.436 119.57 0.1214 429.52 

Table 4.  Computation of point of inflection for nigeria power consumption (phcn) 

Country Estimation 
Technique 

Period 
Of Analysis 

Saturation
m

Level
 
 
 

 
1

External
Influence

θ
 
 
 

 
2

Internal
Influence

θ
 
 
 

 
Point of Inflection 

*tN  *t  *tf  

PHCN 

Indirect 
Least 

Square 
(ILS) 

March,2005-
May,2012 3844.85 0.00675 0.0679 1731.34 13.42 78.99 

Non-Linear 
Least 

Square 
(NLS) 

March,2005-
May,2012 3845.07 0.007 0.068 1724.5 13.17 79.52 

APPENDIX B: 
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Figure 1.  THE S Shaped−  diffusion Curve Captured by the Bass Model CumulativeForecast using Indirect Least Square (ILS) 

 

Figure 2.  THE S Shaped− diffusion Curve Captured by the Bass Model Cumulative Forecast using Non-Linear Least Square (NLS) for Power 
Consumption in Botswana (BPC) 
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Figure 3.  THE S Shaped−  diffusion Curve Captured by the Bass Model Cumulative Forecast using Indirect Least Square (ILS) 

 

Figure 4.  THE S Shaped−  diffusion Curve Captured by the Bass Model Cumulative Forecast using Non-Linear Least Square (NLS) for Power 
Consumption in Nigeria (PHCN) 

 

REFERENCES 
[1] Babatunde, M. A.and M. I. Shuaibu, (2009);The demand for 

electricity in Nigeria: a bound testingapproach.Presented on 
14th Annual Conference on Econometric Modeling for 
Africa, 9 July 2009. 

[2] Bass, F.M. (1996), A new product growth for model 
consumer durables, Management Science; vol. 15, 
No.5,pp.215-227,1969. 

[3] Bodger, P.S and Tay, H.S (1987), Logistic and energy 
substitution models for electricityForecasting: A comparison 
using New Zealand consumption data, Technological 
Forecasting and Social Change, Vol. 31, pp. 27-48, 1987. 

[4] Cornillie, J., and Fankhauser, S. (2004), The energy intensity 
of transitional countries,Energy Economics, Vol. 26, pp. 
283-295,2004. 

[5] De Vita, G., Endresen, K., Hunt, L.C., 2006. An empirical 
analysis of energy demand inNamibia.Energy Policy 34, 
3447–3463. 

[6] Donatos, G.S., Mergos, G.J., 1991. Residential demand for 
electricity: the case of Greece.Energy Economics 13 (1), 41–
47. 

[7] D. Schmittlein and V. Mahajan: Maximum likelihood 
estimation for an innovation diffusion model of new product 
acceptance, Marketing Science, 1 (1982) 57-78. 

[8] Egelioglu, F., Mohamad, A. A. , and Guven, H. (2001), 
Economic variables andelectricity consumption in Northern 
Cyprus, Energy, Vol. 26, pp. 355-362,2001. 

0

500

1000

1500

2000

2500

3000

3500

4000

1 6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81 86

Po
w

er
 C

on
su

m
pt

io
n 

(M
W

)

Year (t)

PHCN (ILS)

系列1

0

500

1000

1500

2000

2500

3000

3500

4000

1 6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81 86

Po
w

er
 C

on
su

m
pt

io
n(

M
W

)

Year (t)

PHCN (NLS)

系列1



142 T. O. Ojo et al.:  Statistical Modeling of Growth in Power Consumption with Reference to Botswana and Nigeria  
 

 

[9] Filippini, M., Pachauri, S., 2004. Elasticities of electricity 
demand in urban Indianhouseholds. Energy Policy 32, 429–
436. 

[10] Giovanis, A.N., and Skiadas, C.H. (1999), A stochastic 
logistic innovation diffusionmodel studying the electricity 
consumption in Greece and the United States,Technological 
Forecasting and Social Change, Vol. 61, pp.235-246, 1999. 

[11] John D. Sterman: Bussiness Dynamics, System Thinking and 
Marketing for a Complex World. McGraw- Hill, 2000. 

[12] Hamalainen, R.P., Mantysaari, J., Ruusunen, J., and Pineau, 
P. (2000), Cooperativeconsumers in a deregulated electricity 
market - dynamic consumption strategies andprice 
coordination, Energy, Vol. 25, p.857-875, 2000. 

[13] Harris, J.L. and Liu, L. (1993), Dynamic structural analysis 
and forecasting ofresidential electricity consumption, 
International Journal of Forecasting, Vol. 9, pp.437-455, 
1993. 

[14] Holtedahl, P., Joutz, F., 2004 Residential electricity demand 
in Taiwan. Energy Economics26, 201–224. 

[15] Hsu, G.J.Y., and Liu, M.C. (1991), Energy consumption and 
resultant air pollution: AnARIMA forecasting model for 
Taiwan, Energy Systems and Policy, Vol. 15, pp.137-
144,1991. 

[16] Jean-Pierre Van de Capella (2004), An Examination of New 
Product Diffusion Models.A Research Monograph of the 
Printing Industry Centre at RIT. Rochester, NY. 

[17] Malcolm Wright (1997), A Validation of the Bass New 
Product Diffusion Model in New Zealand.Marketing 
Bulletin, 1987, 8, 15-29, Article 2. 

[18] Meade, N. and Islam, T. (1995), Forecasting with growth 
curves: An empiricalcomparison, International Journal of 
Forecasting, Vol. 11, Issue 2, pp. 199-215,1995. 

[19] Mohamed Z, andBodger, P.S. (2003), Analysis of the 
Logistic model for Predicting NewZealand Electricity 
Consumption, Proceedings of Electricity Engineer's 
Association(EEA) New Zealand Conference 2003, 
Christchurch, New Zealand, June 2003. 

[20] Narayan, P.K., Smyth, R., 2005. The residential demand for 
electricity in Australia: anapplication of the bounds testing 
approach to cointegration. Energy Policy 33, 457–464. 

[21] Robertson A., et. al., (2007). Telecommunication Policy, 31, 
262-275. 

[22] Rogers, E.M., (1983), Diffusion of Innovation, New York, 
The Free Press. 

[23] Sa’ad, S., Badr, E. and Nasr, G. (2001), Univariatemodelling 
and forecasting of energyconsumption: the case of electricity 
in Lebanon, Energy, Vol. 26, Issue 1, pp. 1-14,January 2001. 

[24] Skiadas, C.H, Papayannakis L.L., and Mourelatos, A. G. 
(1993), An attempt to improveforecasting ability of growth 
functions: The Greek electric system, Technological 
Forecasting and Social Change, Vol. 44, pp. 391-404, 1993. 

[25] V. Srinivasan and C.H. Mason: Nonlinear least squares 
estimation of new product diffusion models. Marketing 
Science, 5 (1986) 169-178. 

[26] Zachariadis, T and N. Pashourtidou, 2006. An Empirical 
Analysis of Electricity Consumptionin Cyprus.Department 
Of Economics, University Of Cyprus. 

[27] Ziramba, E., 2008. The demand for residential electricity in 
South Africa. Energy Policy 36(2008) 3460–3466 

 


	1. Introduction
	2. Model Formulation
	3. Empirical Illustration with Reference to Botswana and Nigeria Power Consumption
	4. Conclusions
	APPENDIX A:
	APPENDIX B:

