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Abstract  A Fuzzy Logic model, based on Triangular Fuzzy Numbers and on the Centre of Gravity defuzzification 

technique is utilized in this work for evaluating the responses of Greek secondary education teachers on questions about the 

character of Euclidian Geometry in the school curricula, about the difficulties that they face in communicating with their 

students when teaching the subject and the nature of these difficulties and about the importance of using the Euclidian 

Geometry in other mathematical topics taught in secondary schools. These questions were part of a written questionnaire 

designed by the second author of the present article for the purposes of her M.Sc. dissertation and forwarded to her colleagues 

for completion. Fuzzy Logic, being closer than Probability and Statistics to our natural language, enabled us here to 

characterize the teacher responses with linguistic expressions. 
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1. Introduction 

The introduction of the non Euclidian Geometries by 

Lobachevsky (1792-1856), Riemann (1826-1866) and others 

proved, against the existing for centuries opposite view, that 

our world can be described equally well and it can be 

explained better (e.g. Einstein’s General Relativity Theory) 

by using their principles instead of those of the classical 

Euclidian Geometry (EG). In parallel, the algebraic and 

analytic methods introduced for Geometry gave genesis to 

new geometrical topics, like Analytic, Differential and 

Algebraic Geometry, Topology, etc., which made easier and 

more effective the study of the geometric properties of 

curves and surfaces and expanded it to spaces of more than 

three dimensions.     

However, it is generally accepted nowadays that the 

pedagogical value of the EG remains great, mainly because it 

cultivates the student cognitive skills, it increases their 

imagination and helps them to understand the usefulness of 

mathematics by connecting it directly to the real world. 

However, students face many difficulties for learning the EG, 

which fluctuate from the understanding of the space to    

the development of  geometric reasoning and the ability of  
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constructing the proofs and solutions of several geometric 

propositions and problems. 

Last year (2016), the second author of the present article 

supported successfully her M.Sc. dissertation [4] submitted 

to the Department of Mathematics of the University of Patras, 

in Achaia, Greece. Following a historical review as well as a 

presentation of the existing theories about the contribution of 

logic and intuition in mathematical thinking and about the 

didactical value of EG ([4], pp. 1-34) the main target of that 

dissertation was to study and analyze views and attitudes of 

Secondary School teachers about school mathematics in 

general and about the teaching of the EG in particular. Forty 

six Mathematics teachers (35 men and 11 women) of various 

types of Upper High Schools (Lyceum, student age 16-18 

years) of the province of Achaia, Greece participated in this 

study, which was based on their answers to a written 

questionnaire forwarded to them for completion.  

The reason of not including Lower High Schools 

(Gymnasium) at all in the study is well justified by the fact 

that in those Schools EG is taught in a practical way, not 

giving any emphasis to theoretical proofs and problems. 

Therefore, in this way it could not be possible to study the 

contribution of the EG to the development of critical 

thinking, which was one of the main objectives of the 

project.  

The questionnaire included nineteen in total questions, the 

first six of them asking anonymously for some personal data 

(sex, studies, teaching experience, type of school, etc.) for 
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statistical use, eight of them (7-12, 16 and 19) concerning 

teacher views about secondary mathematics in general and 

the rest of them (13-15, 17, 18) focusing on the teaching of 

the EG (Appendix A of [4], pp. 70-78}. The teacher 

responses were analyzed with the quantitative research 

methods of the statistical program SPSS 20 (Appendix B of 

[4], pp. 79-99). A qualitative analysis also followed for some 

special teacher responses corresponding to certain questions 

of open type, like, for example, Question 16, where the 

teachers were aked where they based their didactic approach 

in general ([4], pp. 63-67). Among others, the author 

analyzed:  

1.  The role of the teacher in a modern class of 

Mathematics.  

2.  The difficulties faced by the students during the 

teaching of EG.  

3.  The contribution of EG to the development of 

mathematical thinking.  

From the data processing it was shown that there were 

different views among the teachers, even within the same 

school, expressing interesting approaches and attitudes on  

the teaching of the EG. The perception about the pedagogical 

value of EG was reinforced in general by the outcomes of 

this study, a fact which creates an impulse for further 

research on the subject and in a more general context on the 

modern approaches of teaching and learning Mathematics. 

Here we shall focus only on the questions concerning the 

teaching of the EG. Among those, Question 18 was asking if 

the teachers use any kind of software for teaching the EG and 

the possible answers were: “Geogebra”, “Sketchpad”, 

“Gabri”, “Other” and “None”. For the rest of the questions of 

this category, the second author of this article and designer of 

the questionnaire, in her will to give to her colleagues the 

comfort to express unbiased their views, used fuzzy linguistic 

labels for characterizing their possible answers. For example, 

in Question 13 about the character of the EG in the school 

curricula, the possible answers to be chosen by the 

participants were: “Dynamic”, “Satisfactory”, “Deficient” 

and “Negligible”, etc. (for more details see Section 3). 

Note that situations appear frequently in education 

characterized by a degree of uncertainty and/or ambiguity. A 

teacher, for example, is not many times sure about the exact 

numerical grade corresponding to a student’s performance or 

about the degree of understanding of a new topic by students, 

etc. Fuzzy Logic (FL), due to its property of characterizing 

real life situations with multiple values (yes, no, may be, 

very possible, enough or less possible, etc.), offers rich 

resources for manipulating such kind of ambiguous / 

uncertain situations. This gave several times in past the 

impulse to the first author of the present article to use 

principles of FL as tools for describing or assessing such 

kind of situations in education, and not only, like learning a 

subject matter, problem solving and mathematical modelling, 

analogical and more generally case-based reasoning (CBR), 

decision-making, etc. (e.g. see [7-13] among his many works 

on this subject). 

The target of the present article is to use Triangular Fuzzy 

Numbers (TFNs) as tools for evaluating the outcomes of 

dissertation [4] on the teaching of the EG in Greek secondary 

schools. The rest of the article is formulated as follows: In 

Section 2 a model is developed utilizing TFNs as assessment 

tools, while in Section 3 this model is applied for evaluating 

the outcomes of Questions 13-15 and 17 of the above 

mentioned questionnaire. The last Section 4 contains our 

conclusions and some hints for further research.   

2. Utilizing Triangular Fuzzy Numbers 
(TFNs) as Assessment Tools 

For general facts on Fuzzy Sets (FSs) and Fuzzy Numbers 

(FNs), which are special forms of FSs on the set R of real 

numbers, we refer to the books [3] and [2] respectively. In 

particular, for the concepts of the Triangular FNs (TFNs), of 

the sum of two TFNs, of the scalar product of a TFN with a 

positive real number and of the mean value of a finite 

number of given TFNs, which will be used in this work, we 

refer to Definitions 3, 5-7 of [10] and to Definition 7 of [11]. 

Also, it is well known that the coordinates (X, Y) of the 

Centre of Gravity (COG) of the graph of a TFN (a, b, c), 

being the COG G of the triangle ABC of Figure 1, are 

calculated by the formulas:  
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Figure 1.  COG of the graph of the TFN (a, b, c) 

In fact, G is the point of the intersection of the medians of 

the triangle ABC, therefore its coordinates can be easily 

determined by solving the linear system of the equations of 

the straight lines containing the segments AN and BM 

respectively ([10], Proposition 1).      

There is a commonly used in fuzzy mathematics approach 

to defuzzify the data connected to a FS by calculating the 

coordinates of the COG of the graph of its membership 

function [6]. Therefore, equations (1) can be used for 

defuzzifying the TFN (a, b, c). 

Here, we are going to use TFNs as tools for the 
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development of a model evaluating the mean performance of 

a group’s members (e.g. students, players, computer systems, 

etc.) participating in a certain activity. For this, let us 

consider a group G of n objects, where n is a natural number 

grater than 1. The individual performance of each object can 

be evaluated by assigning to it a numerical score within the 

range 0-100, which is characterized as follows:  

 A (85 - 100) = very good, B (70 - 84) = good, C (50 – 69) 

= satisfactory and D (49 - 0) = less than satisfactory. 

Note that the above assignment of scores to those 

linguistic characterizations, although it satisfies the common 

sense, it could not be considered as being uniquely 

determined, because it depends on the user’s personal 

criteria. For example, for a more strict evaluation one could 

take A (90 – 100), B (75 – 89), C (60 – 88), D (0 – 59), etc.   

We assign to each of the above fuzzy characterizations a 

TFN denoted by the same letter as follows: 

A (85, 92.5, 100), B (70, 77, 84), C (50, 59.5, 69) and D 

(0, 24.5, 49). 

Observe that the middle entry of each of the above TFNs is 

equal to the mean value of its other two entries. In other 

words, if (a, b, c) is anyone of those TFNs, then  

2

a c
b


                     (2) 

Therefore, it is logical to consider the mean value ([11], 

Definition 7) of all those TFNs, denoted for simplicity by the 

same letter G, as means for assessing the group’s mean 

performance.  

Consequently, one can compare the mean performance of 

two different groups’, say G1 and G2, by defuzzifying the 

TFNs G1 and G2 with the help of equations (1). In fact, 

observe that the COGs of the TFNs A, B, C, D are situated in 

a rectangle with dimensions equal to 100 units across the 

X-axis (scores from 0 – 100) and to one unit across the 

Y-axis, since all FNs are normal FSs in R ([10], Definition 1), 

i.e. there exists at least one element of R with membership 

degree equal to one. Therefore, the greater is the value of the 

x-coordinate of Gi, i =1, 2, the better is the corresponding 

group’s performance.      

Note that, since the mean values G1 and G2 are obviously 

linear combinations of the TFNs A, B, C, D with non 

negative rational coefficients, the following result facilitates 

their defuzzification: 

Proposition 1: Let  

M (a, b, c) = k1A+k2B+k3C+k4D 

be a TFN, with ki non negative real numbers, i=1, 2, 3, 4. 

Then the x-coordinate of the COG of the graph of M is equal 

to  

X(M) = b 

Proof: If M is one of the TFNs A, B, C, D, then combining 

equalities (1) and (2) one finds that  
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In general, if A (a1, b1, c1), B (a2, b2, c2), C (a3, b3, c3), D(a4, 

b4, c4) and M(a, b, c), then   
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Remark 1: An alternative way for defuzzifying a TFN T = 

(a, b, c) is to use the Yager Index Ya (T), introduced in [14] in 

terms of the a-cuts of T, with a in [0, 1], in order to help the 

ordering of fuzzy sets. It can be shown ([5], p. 62) that  
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Observe now that     
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The last equality is not true in general for a<b<c; e.g. take 

a=1, b=2.5 and c=3. In other words we have in general that  

X(T) Ya(T). 

Nevertheless, by (2) the above equality holds for the TFNs 

A, B, C, and D, therefore it obviously holds also for any 

linear combination of those TFNs. Thus, the above two 

defuzzification techniques provide the same outcomes when 

used in the previously developed assessment model with 

TFNs.  

3. Fuzzy Assessment of the Greek 
Secondary Teacher Views about the 
EG  

As said in our Introduction, here we shall focus on 

Questions 13-15 and 17 only of the second author’s 

questionnaire (see Appendix A of [4]). Each of these 

questions will be treated separately, as follows: 

Question 13:  How do you evaluate the character of the 

EG in the secondary school curricula? 

Possible answers to choose: A= dynamic, B= satisfactory, 

C = deficient, D = negligible 

Teacher answers:  A=0, B=14, C=31, D=1 

Percentages: A=0, B30.44, C67.39, D2.17 

Mean value of TFNs: 
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M = 
1

46
(14B+31C+1D)  

= 
1

46
 [(980, 1078, 1176) + (1550, 1844.5, 2139) 

 + (0, 24.5, 49)] 

=
1

46
 (2530, 2947, 3364) (55, 64.07, 73.13). 

Therefore, by Proposition 1, X(M)64.07, showing  that 

the character of the EG in secondary school curricula was 

characterized by the teachers as deficient. Observe that, 

while the statistical outcomes give the percentages of the 

several teacher answers, the fuzzy outcomes give a general 

characterization of these answers. 

Question 14: Do you face difficulties in communicating 

with your students when teaching EG? 

Possible answers to choose: A= very many, B= many, C = 

enough, D = none 

Teacher answers:  A= 8, B=23, C= 14, D=1 

Percentages: A17.39, B=50, C30.44, D2.17 

Mean value of TFNs: 

M = 
1

46
 (8A+23B+14C+1D)  

=
1

46
 (2990, 3368.5, 3747) (65, 73.23, 81.46), 

X(M) 73.23. Therefore teachers face many difficulties 

in communicating with their students during the teaching of 

the EG. 

Question 15: According to your opinion what causes the 

difficulties related to Question 14: 

i) The student little contact with EG? 

ii) The student cognitive vacuums from their previous 

years at school? 

iii) The non use of supervisory teaching means? 

iv)The deficient teacher information on the use of the new 

technologies in education? 

v) The nature of EG? 

vi) The little time available for teaching the subject ? 

Possible answers to choose: A= very much, B= enough, C 

= a little, D = not at all. 

Teacher answers: 

i) A= 7, B=25, C= 10, D=4 

ii) A= 13, B=29, C= 4, D=0 

iii) A= 5, B=11, C= 20, D=10 

iv) A= 1, B=6, C= 19, D=20 

v) A= 8, B=20, C= 13, D=5 

vi) A= 18, B=20, C= 8, D=0 

Percentages: 

i) A15.21, B54.35, C21.74, D8.70 

ii) A28.26, B63.04, C8.70, D=0 

iii) A10.87, B23.91, C43.48, D21.74 

iv) A2.17, B13.05, C41.30, D43.48 

v) A17.39, B43.48, C28.26, D10.87 

vi) A39.13, B43.48, C17.39, D=0 

Mean values of TFNs: 

i) M1 = 
1

46
 (7A+25B+10C+4D) =

1

46
 (2845, 3265.5, 

3686) (61.85, 70.99, 80.13), 

X(M1) 70.99 (enough) 

ii) M2 = 
1

46
 (13A+29B+4C+0D) =

1

46
 (3335, 3673.5, 

4012) (72.5, 79.86, 87.22), 

X(M2) 79.86 (enough) 

iii) M3 = 
1

46
 (5A+11B+20C+10D) =

1

46
 (2195, 2744.5, 

3294) (47.72, 59.66, 71.61), 

X(M3) 59.66 (a little) 

iv) M4 = 
1

46
 (1A+6B+19C+20D) =

1

46
 (1455, 2175, 

2895) (31.63, 47.28, 62.93), 

X(M4) 47.28 (not at all) 

v) M5 = 
1

46
 (8A+20B+13C+5D) =

1

46
 (2730, 3176, 

3622)) (59.35, 69.05, 78.74), 

X(M5) 69.04 (a little to enough) 

vi) M6 = 
1

46
 (18A+20B+8C+0D) =

1

46
 (3330, 3681, 

4032)) (72.39, 80.02, 87.65), 

X(M6) 80.72 (very much). 

Therefore, according to the teacher opinions, the luck of 

time for teaching the EG causes very many difficulties, 

followed by the student cognitive vacuums and their little 

contact to the subject causing enough difficulties. Further, 

the nature of EG causes little to enough difficulties, the non 

use of supervisory means causes little difficulties, while the 

deficient teacher information about the use of the new 

technologies in education does not seem to cause any 

considerable difficulties. 

The mean value of all the above mean values (cases i - vi) 

is equal to 

M* = 

6

1

1

6
i

i

M


   

= 
1

6
 (345.44, 406.86, 468.28) (57.57, 67.81, 78.05), 

with X(M*)  67.81, showing that all the above reasons 

cause as a total little difficulties to the teachers in 

communicating with their students during the teaching of EG. 

This suggests that, apart from those stamped in the statement 

of Question 15, other reasons could possibly exist causing 

the many difficulties indicated by the teacher responses to 

Question 14. 

Question 17: How important do you consider the use of 
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EG in the other mathematical topics taught in secondary 

schools, like Algebra, Differential and Integral Calculus, 

etc. ? 

Possible answers to choose: A= very much, B= enough,  

C = very little, D = not at all 

Teacher answers: A= 19, B=26, C= 1, D=0 

Percentages: A41.30, B56.53, C2.17, D=0 

Mean value of TFNs: 

M = 
1

46
 (19A+26B+1C+0D)  

=
1

46
 (3485, 3819, 4153) (75.76, 83.02, 90.28), 

X(M) 83.02 (very much). 

Remark 2: In cases where the individual performance of 

each member of a certain group is characterized by a 

numerical score (grade), e.g. from 0-100, the traditional 

method of assessing the group’s mean performance is the 

calculation of the mean value of those scores. Nevertheless, 

in the above case study (Questions 13 – 15, 17) the 

“performance” (actually response) of each member of the 

given group (secondary teachers) is characterized by a 

linguistic expression (A, B, C, D) only and not with a 

numerical score, which means that the calculation of the 

mean value is not applicable. In such cases our fuzzy method 

with the TFNs is really useful, providing a satisfactory 

approximation of the group’s mean “performance” (actually 

the teachers’ behaviour in our case study). 

To illustrate this, let us reconsider, for example, the 

teachers’ answers to Question 17 under two extreme 

scenarios: In the first scenario the maximal possible 

numerical score is attached to each teacher’s response and in 

the second scenario the minimal one. The above two 

scenarios correspond to the mean values  

19 *100 26 *84 1* 69
90.68

46

 
  and  

19 *85 26 * 70 1*50
75.76

46

 
  respectively. 

Observe now that 
90.28 75.76

2


 = 83.02 = M. Therefore 

the mean value M determined by using the TFNs is equal to 

the mean value of the above two extreme scenarios. 

Remark 3: Another traditional assessment method of a 

group’s overall performance is the calculation of the Grade 

Point Average (GPA) index. It is recalled here that the GPA 

index is a weighted average obtained by assigning greater 

coefficients to the higher scores. More explicitly, GPA =

0 1 2 3
D c b A

n n n n

n

  
, where

Dn ,
Cn , Bn  and An  

denote the numbers of the elements of the group which 

obtained the grades D, C, B, A respectively and n denotes the 

total number of its elements [12]. Therefore, the GPA index, 

in contrast to the mean value, focuses on the group’s quality 

performance. 

In the ideal case (nA = n) the above formula gives GPA = 3, 

while in the worst case (nD = n) it gives GPA = 0. Therefore, 

values of GPA greater than 
3 0

2


 = 1.5 could be considered 

as demonstrating a more than satisfactory performance. 

In case of Question 17 one finds that GPA =

1 2 * 26 3*19

46

 
 2.39, corresponding to an importance 

considerably greater than the medium one. Nevertheless, 

since GPA is focused on the group’s quality performance, 

the value of M found above by using the TFNs gives a more 

representative overall view of the teachers’ responses to 

Question 17. 

Remark 4: The reason of choosing to work with TFNs in 

this article is because they are the simplest form of FNs, in 

which the usual arithmetic operations can be easily 

performed, making the calculation of their mean value a 

simple process. However, other forms of FNs could be also 

used for assessment purposes. 

For example, Trapezoidal Fuzzy Numbers (TpFNs) have 

been introduced in ([9], Section 4) for assessing basket-ball 

player performance. But, the model with the TpFNs 

developed in [9, 10] is applicable when the performance of 

each member, say P, of the group under assessment is 

evaluated by a numerical score, say s, lying in a subinterval 

[a1, b1] of [0, 100]. Consequently a1 and b1 are numerical 

scores assigned to the fuzzy labels, say Q and T, which are 

equal to one (the same or different) of the fuzzy labels A, B, 

C, D. Then, we choose P to be equal to the TpFN (a, a1, b1, b), 

where a is the lower numerical score assigned to Q and b is 

the upper numerical score assigned to T. For example, if s 

lies in the interval [73, 87], then Q = C and T = A, therefore P 

= (60, 73, 87, 100). The mean value of all those TpFNs ([10], 

Definition 7), can be also considered then as a representative 

measure for assessing the group’s mean performance. 

However, since in the above case study (Questions 13, 

15-17) the teacher responses are evaluated by using 

linguistic characterizations only, the above conditions do not 

hold and therefore the assessment model with the TpFNs is 

not applicable. But, even if the teacher responses were 

evaluated by numerical scores, since each response should 

be represented by a different TpFN and the number of 

teachers (46) is large enough, the calculation of their mean 

value would be laborious and therefore difficult to be applied 

in practice without the help of a calculator. 

4. Discussion and Conclusions 

In the article at hands Greek secondary teacher responses 

were evaluated by using TFNs as assessment tools and the 

COG defuzzification technique It is important to notice that 

the use of FL, which is closer to our natural language than 

Probability and Statistics, enabled us to give a general 

linguistic characterization to the teacher responses in each 

question. For example, the character of EG in the secondary 
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school curricula was characterized as deficient, the use of the 

EG in other mathematical topics taught in secondary schools 

was found to be too important, the teacher difficulties in 

communicating with their students during the teaching of EG 

were explored to be many, etc. 

The evaluation model with TFNs used in this work has a 

general character, which means that, in parallel with the 

already developed analogous model using Trapezoidal Fuzzy 

Numbers (TpFNs) [9, 10], can be used for assessing any kind 

of human (e.g. student progress, player or athlete 

performance, reasoning skills, etc.) or machine (e.g. CBR or 

decision-making computer systems) activities, e.g. see 

[7-13], etc. This is a very promising area for further future 

research and in particular the comparison of those two 

assessment methods (TFNs / TpFNs), in cases where they are 

applicable, to each other for listing their advantages and 

disadvantages, as well as their comparison with other 

existing assessment methods of the classical logic (mean 

values, GPA index [12], information content [1], etc.) and of 

the FL (measurement of uncertainty, COG technique and its 

variations, etc. [7-13]). 

 

REFERENCES 

[1] Ash, R.R., Information Theory, Interscience Publ., New York. 
1965. 

[2] Kaufmann, A. & Gupta, M., Introduction to Fuzzy Arithmetic, 
Van Nostrand Reinhold Company, New York, 1991. 

[3] Klir, G. J., Folger, T. A., Fuzzy Sets, Uncertainty and   
Information, London, Prentice-Hall, London, 1988.  

[4] Papadopoulou, A., The “secret” character of Geometry for 
developing mathematical thinking: A research approach of 
views and attitudes of Secondary Education teachers about 
the teaching of Geometry, M.Sc. dissertation (Supervisor: Dr. 

A. Patronis), Department of Mathematics, University of 
Patras, Achaia, Greece, 2016.    

[5] Ruziyeva, A. & Dempe, S., Yager ranking index in fuzzy 
bi-level optimization, Artificial Intelligence, 2(1), 55-68, 
2013.   

[6] van Broekhoven, E. & De Baets, B., Fast and accurate centre 
of gravity defuzzification of fuzzy system outputs defined on 
trapezoidal fuzzy partitions, Fuzzy Sets and Systems, 157(7),  
2006, pp.904-918.  

[7] Voskoglou, M. Gr., Stochastic and fuzzy models in 
Mathematics Education, Artificial Intelligence and 
Management, Saarbrucken - Germany, Lambert Academic 
Publishing, 2011. 

[8] Voskoglou, M. Gr., A Study on Fuzzy Systems, American 
Journal of Applied and Computational Mathematics, 2(5), 
232-240, 2012.  

[9] Voskoglou, M. Gr., Assessment of Human Skills Using 
Trapezoidal Fuzzy Numbers, American Journal of Applied 
and Computational Mathematics, 5(4), 111-116, 2015. 

[10] Voskoglou, M. Gr., Assessment of Human Skills Using 
Trapezoidal Fuzzy Numbers (Part II), American Journal of 
Applied and Computational Mathematics, 5(5), 154-158, 
2015.  

[11] Voskoglou, M. Gr., Defuzzification of Fuzzy Numbers for 
Student Assessment, American Journal of Applied 
Mathematics and Statistics, 3(5), 206-210, 2015.  

[12] Voskoglou, M. Gr., Comparison of the COG Defuzzification 
Technique and its Variations to the GPA Index, American 
Journal of Applied and Computational Mathematics, 6(5), 
187-193, 2016.  

[13] Voskoglou, M. Gr., Finite Markov Chain and Fuzzy Models 
in Management and Education, GIAN Program, Course No. 
161021K03, National Institute of Technology, West Bengal, 
Durgapur, India, 2016. 

[14] Yager, R., A procedure for ordering fuzzy subsets of the unit 
interval, Information Sciences, 24, 143-161, 1981.  

 


