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Abstract The steady, laminar boundary layer flow with a convective boundary condition, to a continuously moving flat
plate is studied taking into account the variation of viscosity with temperature in the presence of a magnetic field, heat gen-
eration and thermal radiation. The fluid viscosity is assumed to vary as a linear function of temperature. The resulting, gov-
erning equations are non-dimensionalized and transformed using a similarity transformation and then solved numerically by
sixth order Runge-Kutta method alongside with shooting method. Comparison with previously published work is performed
and there was a perfect agreement at large value of the Biot number. A parametric study of all the embedded flow parameters
involved is conducted, and a representative set of numerical results for the velocity and temperature profiles as well as the
skin-friction parameter and the Nusselt number is illustrated graphically to show typical trend of the solutions. It is worth
pointing out that, when the variation of viscosity with temperature is strong in the presence of the effect of a magnetic field,
radiation, heat generation, the results of the present work are completely different from those that studied the same problem in
the absence of magnetic field, thermal radiation and the heat generation. It is interesting to note that higher the values of

Prandtl number lesser the effects of Biot number and the magnetic field intensity.
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1. Introduction

Fluid flow and heat transfer through porous medium have
been of considerable interest, especially in the past decade.
This is primarily because of numerous applications of flow
through porous media, such as storage of radioactive nuclear
waste materials transfer, separation processes in chemical
industries, filtration, thermal insulation engineering, packed-
bed reactors, transpiration cooling, transport processes in
aquifers, ground water pollution etc. This topic is of vital
importance in all these applications, thereby generating the
need for a full understanding of transport processes through
porous media. Theories and experiments of thermal convec-
tion in porous media and state-of-the-art reviews, with spe-
cial emphasis on practical applications have been presented
in the recent books by Nield and Bejan[1], Ingham and
Pop[2], Vafai[3], Pop and Ingham[4] and Bejan et al.[5]. The
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problem of natural convection heat transfer with constant
viscosity from a vertical plate in a saturated porous medium
is discussed in references[6-7].

The fundamental analysis of convection through porous
media with temperature dependent viscosity is driven by
several contemporary engineering applications from cooling
of electronic devices to porous journal bearings and it is
important for studying the variations in constitutive property.
The effects of variable viscosity for convective heat transfer
through porous media are studied by several investigators
(Lai and Kulacki[8], Kumari[9],) etc. Seddeek and Salem[10]
obtained further results on the effects of variable viscosity
with magnetic field on flow and heat transfer to a continuous
moving flat plate. Jayanthi and Kumari[11] examined the
effects of variable viscosity on non-Darcy free or mixed
convection flow on a vertical surface in a fluid saturated
porous medium. Chin et al.[12] investigated the effects of
variable viscosity on mixed convection boundary layer flow
over a vertical surface embedded in a porous medium.

The heat-transfer analysis of boundary-layer flows with
radiation is also important in electrical power generation,
astrophysical flows, solar power technology, space vehicle
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re-entry and other industrial areas. Extensive literature that
deals with flows in the presence of radiation effects abounds.
Raptis et al.[13] studied the effect of thermal radiation on the
magnetohydrodynamic flow of a viscous fluid past a
semi-infinite stationary plate. Hayat et al.[14] extended the
analysis of reference[13] for a second-grade fluid.

Convective heat transfer studies are very important in
processes involving high temperatures, such as gas turbines,
nuclear plants and thermal energy storage. Recently,
Ishak[15] examined the similarity solutions for flow and heat
transfer over a permeable surface with convective boundary
condition. Moreover, Aziz[16] studied a similarity solution
for laminar thermal boundary layer over a flat plate with a
convective surface boundary condition. Very recently,
Olanrewaju, et al.[17] examined the effects of internal heat
generation, thermal radiation and buoyancy force on a
boundary layer over a vertical plate with a convective sur-
face boundary condition.

The objective of this present paper was to explore the ef-
fects of thermal radiation and internal heat generation on the
variable viscous fluid under a convective surface boundary
condition which is an extension of Seddeek and Salem[10]
and Pop et al.[18]. No study appeared to have considered the
combined effects of thermal radiation and internal heat
generation with a convective heat exchange at the plate
surface on the boundary layer flow, which is the focus of this
paper. The non-linear equations governing the flow were
solved numerically using a shooting technique together with
a sixth-order Runge-Kutta integration scheme. Pertinent
results are displayed graphically and discussed quantita-
tively.

2. Mathematical Formulation

We consider the steady state, laminar flow of a viscous,
incompressible fluid over a moving plate placed in a calm
environment with u and v denoting, respectively, the velocity
components in the x and y direction. A magnetic field of
strength B(x) is considered to be applied parallel to
y-direction, which is normal to the plate. Here, it is assumed
that the induced magnetic field produced by the motion of an
electrically conducting fluid is negligible. It is also further
assumed that the fluid properties are isotropic and constant,
except for the fluid viscosity, which is assumed to vary as
inverse linear function of temperature given by[10]:
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Where a=y/u, and T.=T, -1/y, u, and T, are the fluid free
stream dynamic viscosity and the fluid free stream tem-
perature, a and T, are constants and their values depend on
the reference state and the thermal property of the fluid . In
general, a > 0 for liquids and a <0 for gases. Under the above
assumption, the boundary layer equations including variable
viscosity, thermal radiation, internal heat generation and
magnetic field are as follows.
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Where T is the fluid temperature, p is the fluid dynamic
viscosity, p,is the ambient fluid density, o is the electrical
conductivity, a is the thermal diffusivity, Q is the heat re-
lease per unit volume, c, is the heat capacity at constant
temperature, and q; is the radiative flux, respectively.

The boundary conditions associated with Egs. (1)-(3) are
as follows:

or
- 5:% (T,—Tw) at y=0, (4)
T—>T, as y—>o.
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The radiative heat flux q, is described by Roseland ap-
proximation such that
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where o and K are the Stefan-Boltzmann constant and the
mean absorption coefficient, respectively. T, is the wall
temperature, Ty is the hot fluid temperature, which provided
a heat transfer coefficient hy and 7, is the ambient tempera-
ture, respectively. Following Shateyi et al.[19], we assume
that the temperature differences within the flow are suffi-
ciently small so that the T* can be expressed as a linear
function after using Taylor series to expand T* about the free
stream temperature 7, and neglecting higher-order terms.
This results in the following approximation:

T* ~4T°T -3T" (6)
Using (5) and (6) in (3), we obtain
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To transform Egs. (2) and (3) into a set of ordinary dif-
ferential equations, the following dimensionless variables
are introduced:
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Where B?, Ra and B represents magnetic field parameter,
radiation parameter and the internal heat generation which
depends on x. To have a true similarity solution we set Q =

Q()/X.
Substituting Eq. (8) into Egs. (2) and (3), it becomes
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With the boundary conditions (4) transformed into
£(0)=0, £(0)=1, 8'(0)=— Bi(1-6(0)) (11

f(0)=0, 6(x0)=0.
where prime symbol represents derivatives with respect to n,
0, is the constant temperature parameter, M is the magnetic
field strength parameter, Ra is the radiation parameter, Pr is
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the Prandtl number, B is the heat generation parameter and Bi
is the Biot number at the wall surface. Other physical quan-
tities of interest in this problem, namely; the skin friction
parameter (r) and the Nusselt number (Nu) can be easily
computed. These quantities are defined in dimensionless
terms as: 7 =—/"(0) and Nu =—-6'(0).

3. Numerical Procedure

The set of non-linear ordinary differential equations
(9)—(10) with boundary conditions in (11) have been solved
numerically by using the Runge—Kutta integration scheme
with a modified version of the Newton—Raphson shooting
method with Ra, . M, Bi and Pr as prescribed parameters. A
similarity solution for the momentum and the thermal
boundary layer equations is possible if the convective heat
transfer of the fluid heating the plate on its left surface is
proportional to x”. The computations were done by a pro-
gram which uses a symbolic and computational computer
language MAPLE[20]. A step size of Ap= 0.001 was se-
lected to be satisfactory for a convergence criterion of 10
in nearly all cases. The value of y,, was found to each itera-
tion loop by the assignment statement 77,, = 77, +An. The
maximum value of 7, to each group of parameters Ra, 6, ,
M, Bi and Pr is determined when the values of unknown
boundary conditions at 7 = 0 do not change to successful
loop with error less than 107'°.
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Figure 1. Effects of Pr and M on the velocity profiles for fixed values of
Bi=0.1,=0.1,Ra=0.1,6,=2
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Figure 2. Effects of Pr and M on the temperature profiles for fixed values
of Bi=0.1,=0.1,Ra=0.1,6,=2
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Figure 3. Effects of Ra and M on the velocity profiles for fixed values of
Bi=0.1,=0.1,Pr=0.7,6,=2
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Figure 4. Effects of Ra and M on the temperature profiles for fixed values
of Bi=0.1,=0.1,Pr=0.7,0,=2
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Figure 5. Effects of B and M on the velocity profiles for fixed values of Bi
=0.1,Ra=0.1,Pr=0.7,6,=2
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Figure 6. Effects of B and M on the temperature profiles for fixed values
of Bi=0.1,Ra=0.1,Pr=0.7,0,=2
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Figure 7. Effects of Bi and M on the temperature profiles for fixed values
of =0.1,Ra=0.1,Pr=10,6,=2
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Figure 8. Effects of Bi and M on the temperature profiles for fixed values

of f=0.1,Ra=0.1,Pr=0.7,6,=2
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Figure 9. Effects of 6, on the concentration profiles when Bi = 0.1, Ra =
0.1,Pr=0.7,=0.1, M =0.1
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Figure 10. Effects of 6; on the temperature profiles when Bi = 0.1, Ra =
0.1,Pr=0.7,=0.1, M=0.1

4. Results and Discussion

In order to get a clear insight of the physical problem, the
velocity and temperature have been discussed by assigning
numerical values to the parameters encountered in the
problem. To be realistic, the values of Prandtl number is
chosen to be Pr = 0.7 which represents air at temperature
25°C and one atmospheric pressure. Attention is focused on
the presence of magnetic field, thermal radiation and the
internal heat generation parameters, respectively. Tables 1
and 2 show perfect agreement with the existing literature for
with and without the presence of magnetic field strength
parameter to assess the accuracy. It can also be mentioned
that, when 6, — w, the fluid viscosity becomes equal to am-
bient viscosity, and we have the classical Sakiadis problem.
From Table 3, it should be noted that increasing Prandtl
number and magnetic field parameter leads to an increase in
the skin friction coefficient while increasing radiation pa-
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rameter Ra, internal heat generation parameter 3 and Biot
number Bi reduces the skin friction coefficient at the wall
surface. It is interesting to note that increasing 6, Ra, B, Bi
and M enhances the wall surface temperature. Similarly,
decreasing Ra, B and M enhances the heat transfer rate at the
surface while increasing Pr and Bi enhances the heat transfer
rate. Here, it is clear that the effect of internal heat generation
B, thermal radiation Ra, magnetic field intensity M and the
convective heat transfer Bi is well pronounced. To reveal the
influence of the embedded flow parameters on the flow and
temperature fields, the velocity and temperature distribution
are shown in Figures 1-10. Figures 1 and 2 illustrate the
influence of ambient Prandtl number Pr and magnetic field
parameter M on the velocity and temperature profiles in the
boundary layer, respectively. It should be noted that in-
creasing Prandtl number and magnetic field parameter thins
the velocity boundary layer thickness which establishes the
influence of the magnetic parameter to an electrically con-
ducting fluid gives rise to a resistive-type force called the

Lorentz force. This force has the tendency to slow down the
motion of the fluid in the boundary layer and to increase its
temperature (see figures 1-2). Effects of the thermal radia-
tion Ra and the magnetic field M on the velocity and the
temperature profiles were displayed in Figures 3 and 4. In-
creasing the radiation and magnetic parameters enhances the
heat transfer rate while the velocity boundary layer thickness
decreases. It was observed that increasing the internal heat
generation and magnetic field parameter enhances the
thermal and velocity boundary layer thickness (see Figures
5-6). It is noteworthy to mention here that when the ambient
Prandtl number is 0.7, the convective heat transfer Bi has
profound influence on the thermal boundary layer thickness
that when the ambient Prandtl number is 10 (see Figures 7-8).
Figures 9-10 discuses the effects of ¢ on the velocity and
thermal boundary layer thickness. As ¢, increases positively,
the velocity boundary layer thickness increases, while it
thins the thermal boundary layer thickness.

Table 1. Values of —f"(0) for Pr=0.7,Ra=0,B=0, Bi=o

M=0 M=0 Present results M=04 Present results
0, Pop eF al. [a] | Seddeek & Salem [b] —£"0) Seddeek & Salem [b] —£"0)
-/"(0) -1"(0) -1"(0)
-10 0.4710 0.4700 0.470211 0.8032 0.803358
-8 0.4774 0.4763 0.476534 0.8135 0.813669
-6 0.4877 0.4866 0.486866 0.8304 0.830517
-4 0.5078 0.5065 0.506798 0.8627 0.863037
-2 0.5629 0.5612 0.561597 0.9518 0.952665
-1 0.6565 0.6540 0.654716 1.1046 1.106356
-0.1 1.5062 1.4973 1.502156 2.5500 2.558480
-0.01 4.4857 4.4726 4.483973 7.6843 7.675798
2 0.2783 0.2785 0.278513 0.4882 0.487857
4 0.3699 0.3695 0.369608 0.6391 0.638893
6 0.3963 0.3958 0.395916 0.6822 0.682044
8 0.4089 0.4083 0.408454 0.7027 0.702562
10 0.4163 0.4157 0.415795 0.7147 0.714563
Table 2. Values of —6'(0) for Pr=0.7,Ra=0,p=0, Bi=
M=0 M=0 M=04
0, Pop et al. [a] | Seddeek & Salem [b] Present results Seddeek & Salem [b] Present results
-6'(0) -6'(0)
-6'(0) -6'(0) -6'(0)
-10 0.3504 0.34441 0.346212 0.28782 0.294490
-8 0.3493 0.34323 0.345090 0.28623 0.293094
-6 0.3476 0.34130 0.343247 0.28365 0.290823
-4 0.3442 0.33752 0.339661 0.27867 0.286472
-2 0.3349 0.32685 0.329626 0.26508 0.274786
-1 0.3189 0.30791 0.312207 0.24277 0.256152
-0.1 0.2191 0.17022 0.199705 0.13007 0.167636
-0.01 0.1545 0.08294 0.154460 0.18178 0.145620
2 0.3807 0.37716 0.377913 0.33489 0.337526
4 0.3667 0.36231 0.363434 0.31285 0.317033
6 0.3625 0.35778 0.359051 0.30636 0.311099
8 0.3605 0.35558 0.356932 0.30324 0.308276
10 0.3593 0.35429 0.355681 0.30142 0.306626
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Table 3. Values of —f"(0),—6'(0) and 6(0) for various values of Pr, Ra, B, 6;, M and Bi

0| Pr [Ra| B | Bi | M —£"(0) -0'(0) 0(0)

80701 ]o1] o1 ] o1] 055187052 | 006083627 | 0.39163721
4070101 ] 01 |01 056656365 | 0.05996152 | 0.40038477
2 107 o1 o1 ] 01 [ o01] 047955511 | 0.06442395 | 0.35576040
4 [ 070101 ] o1 |01 ] 050839343 | 0.06312173 | 0.36878266
8 ] 07 o1 ] o1 ] 01 | o1 ] 05208418 | 006240949 | 037590506
2 [ 300101 ] o1 [o01] 05108106 | 0.08590012 | 0.14099872
2 110 [ o1 ] o1] o1 [o01] 052180388 | 0.09271445 | 0.07285541
2 10702 01 ] 01 [ 01 ] 047645106 | 0.06227944 | 0.37720552
2 10703 01] 01 [ 01 ] 047382466 | 0.06046590 | 0.39534091
2 J o7 o1 [o2] 01 [o01] 037927411 | 0.00630659 | 0.93693408
2 107 o1 03] 01 [o01] 017219035 | -0.0682106 | 1.68210574
2 107 01|01 ] 10|01 ] 038776468 | 0.17338288 | 0.82661711
2 o7 o1 o1 ] 10 [o1] 035310807 | 021477879 | 097852212
2 107 o1 o1 ] 100 [ 01 ] 034849439 | 022026278 | 0.99779737
2 107 01 ]o01] oo [o01] 034796389 | 0.22089282 | 1.00000000
2 107 o1 ] o01] 01 [ 02] 05480020 | 0.06146315 | 0.38536846
2 07 o1 ]o1] o1 [ 04] 066101033 | 005529641 | 0.44703588

5. Conclusions

Further results on the effects of variable viscosity and
magnetic field on flow and heat transfer to a continuous flat
plate in the presence of heat generation and radiation with a
convective surface boundary condition were obtained nu-
merically. The problem is formulated in such a way that the
viscosity of the fluid varied inversely as a linear function of
the temperature. The transformed equations are solved nu-
merically using sixth order Runge-Kutta method alongside
with shooting method. We have quantitatively compared our
results with those of Seddeek and Salem[10] and Pop et
al.[18], and the agreement between both results is excellent.
The numerical results are influenced by magnetic field, in-
ternal heat generation, thermal radiation and the convective
heat transfer compared with the existing results. It is also
found that the changes of the thermal boundary layer thick-
ness with the change of Biot number, radiation and internal
heat generation when the ambient Prandtl number is equal to
0.7 compared with Pr = 10. A similarity solution for the
momentum and the thermal boundary layer equations is
possible if the convective heat transfer of the fluid heating
the plate on its left surface is proportional to x7 .
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