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Abstract This paper applied the variational iterative method to solve the problem of the two-dimensional incompressi-
ble laminar boundary layer flow over a flat plat also called the Blasius problem. The problem is governed by the Na-
vier-Stokes and continuity equations which were first transformed into an ordinary differential equation using similarity
transforms and the resulting problem solved using variational iterative method. The results obtained for the similarity
stream function and velocity were tabulated and were highly comparable in terms of accuracy with that obtained by Ganji
et al. (2009) who studied the same problem using the homotopy perturbation technique and results obtained by Blasius. The
results were found to be very accurate especially for 1 < 4 when using the variational iterative method. The method is con-
venient as it greatly reduces the amount of computational work.
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1. Introduction

Steady flow of viscous incompressible fluids has at-
tracted considerable attention in recent years due to its cru-
cial role in numerous science and engineering applications.
In particular, the classical boundary layer flow past a static
flat plate problem has attracted considerable interest of
many researchers since introduced by Blasius (1908). Since
then, the problem has been analyzed by various authors;
Falkner & Skan (1931), Asaithambi (2005), Zhang & Chen
(2009), Ganji et al (2009) and several others in order to
obtain results of the Blasius equation. We are to solve the
problem using He’s Variational iterative method.

The Variational iterative method (VIM) which is based
on the use of restricted variations and correction functional
has found a wide application for the solution of linear and
nonlinear ordinary and partial differential equations. VIM
has been used for solving the 7™ order Swada-kotera equa-
tions (Hosein et al, 2008), Burger’s and coupled Burger’s
equation (Abdou & Soliman, 2005), linear and non-linear
Klien Gordon equations (Hussain & Khan, 2010), system of
integro-differential equations (Matinfari & Gambari, 2010),
Sturm-Liouville equations (Neamaty & Darzy, 2010) and
several other linear and non-linear problems.
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Our aim is to apply the VIM to find solution to the lami-
nar boundary flow over a flat plate which is one of the very
popular problems arising in fluid mechanics. We employ
the use of a similarity transformation of the Navier — Stokes
and continuity equations to obtain an ordinary differential
equation with the necessary boundary conditions.

This problem is solved using VIM in this paper and the
results are then compared to those obtained by Ganji et al
(2009) using homotopy perturbation method (HPM) and
Blasius (1908).

2. He’s Variational Iteration Method
(VIM)

For the purpose of illustrating the methodology of He’s
variational iteration method, we begin by considering a dif-
ferential equation in the formal form,

Lu(t) + Nu(t) = g(t) (1.1)

where L is a linear operator, N a nonlinear operator and

g(t) is the given continuous function. According to He

(2006) He & Wu (2007), we can construct a correction
functional as follows

Uns1(8) = Uy (©) + JL A[LUL () + NT, () = g()]ds (1.2)
where A is a general Lagrangian parameter, which may be
optimally identified in the variational theory. The subscript
n denotes the n™ order approximation, T, is considered as
a restricted variation i.e., U, = 0.
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We therefore determine A as defined above after which
the successive approximations U,+,(x, t), n > 0 of the solu-
tion U(x, ¢t) will be readily obtained upon using the com-
puted A from a selective function U, Consequently, the
solution is given by

U = limy_e Uy (1.3)

The solution of the linear problems can be solved in a
single iteration step due to the exact identification of the
Lagrange multiplier. The method also provides an efficient
method for handling nonlinear behaviour; a few iterations
can be used to achieve a high degree of accuracy.

3. Materials and Method

Equations of the flow in the boundary layer over a flat
plate are governed by the continuity equation;

ou v
P + o 0 2.1
and the reduced Navier- Stokes equation
du du 92%u
uE-i‘UE—ﬁay—z (2.2)

where u and v are respectively the components of the ve-
locity vector and 9 represents the kinematic viscosity of the
fluid.

Boundary conditions are

u(x,0) =0 (2.3a)
v(x,0) =0 (2.3b)
u(x,y) »Uasy - o (2.3¢)

where U is the constant speed of the flow outside the
boundary layer.

To eliminate the continuity equation, we introduce the
stream function v such that;

el ayp
u=> and v=——_ (2.4)
Applying this to (1.1) and (1.2) yields;
W Ity oy 9ty _ g 0% 2.5)
dy " axdy ox " dy? Toy3 ’

In order to simplify the above problem, the Blasius simi-
larity transform is applied in order to convert (2.5) into an
ordinary differential equation.

n= a% (2.6a)
Y = bVxf(n) (2.6b)

Where a and b are constants and are chosen to make 1
and f(n) dimensionless,

a= \/g and b =90 (2.6¢)

Therefore, n is called the dimensionless similarity vari-
able and f(n) is called the dimensionless stream function.

frH3ff =0 @7
with the boundary conditions;
0)=0,f(0)=0,f()~>1Lasn-o (2.8)

The equation (2.7) together with boundary conditions (2.8)
is also called the Blasius problem.
To solve the problem using VIM we reformulate by using
the dependent variable;
y(m) = Bf (Bn)
fan =3y (3n)

(2.9)
(2.10)

Hence equation (2.7) becomes,

y" ) +3ymy" ) =0
and the boundary conditions
y(0) =0, y'(0) =0, y'(n) = B*f (Bn) - B? asn - »(2.12)
hence, y" (n) = B3f" (Bny) imposing the condition,
¥'(0) = 1implies '(0) = = (2.13)
Solution to equation (2.11) with boundary conditions
(2.12) using variational iterative method (VIM) is obtained

as follows.
The correction functional is written as

VG0 = 30 + [ A3 (5D + 37 (5D0n () ds (2.14)

Making the correction functional stationary with respect to
y, and noting that §y, = 0

8 () = 83 )+ J; 2 (") + 37T () ds (2.19)
¥, is a restricted variation, therefore 6%, = 0

8yns1() = 8y () +8 [ 2 (3. "(9))ds  (2.16)

8Yn41(M) = 8y, () + A8y, — A8y, + A"8y, — [ A6y, ds (2.17)

8Yns1() = (1+ 278y, + A8y, — A8y, — [y A"6y,ds (2.18)
The stationary conditions are;

(2.11)

A"=0 (2.19a)
1422, =0 (2.19b)
Als=y =0 (2.19¢)
Als=p =0 (2.194d)
From (2.19b);
Algey = -1

Applying (2.19a), (2.19c) and (2.19d) as natural condi-
tions yields;

—_n)2

1=-50 (2.20)

As a result we obtain the following iteration formula;

Y @) = 32 =375 =12 (30 6) + 373 ) ) ds(2.21)

Y1) = 7o) =37 =% (30") + 33030 () ) ds (2:22)

From equation (2.21) above we have the following results;

12
Vi =0 =50 (2.23)
2 5 8 11
_n_n n” __n -
yZ - 2 240 161280 5702400 (224)
()=n_2_n_5+ 117]8 _ 5n11
Y3l =5 7240 T 161280 4257792
1003371 5449717 83720
1394852659200  125076897792000 ' 571875655680000
23
n
6282355064832000 (225)
Assuming y = y;(),
o n‘*+ 1177 5nt0 1003393
Y =1 7487 20160 387072 " 99632332800
_ 54499%6 83717 _ n%2 (2.26)
7357464576000 28593782784000 273145872384000 :

Fro m equation (2.10), f(n) = %y (%Tl)
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Fpy=_ M S
2B3 240B% 161280B° 4257792B12
N 10033 5449n17
1394852659200B15 125076897792000B18
33 20 23
+ 7 — 7 (2.27)
571875655680000 B2l  6282355064832000 B24
" 1
Also from (2.13) leto =f = PEE then
f( ) _ ﬂ_ azns + 1103178 _ 5041711 10033051714 _
m=- 240 161280 4257792 = 1394852659200
544956717 8307720 _ o823 (2 28)
125076897792000  571875655680000  6282355064832000 :
' _ 02774 1103177 5047710 10033057713
f @) =on- 48 20160 387072 ' 99632332800
544956716 8307719 B a8y22 (2 29)
7357464576000  28593782784000  273145872384000 ’

The result obtained is compared with results obtained by
Ganji et al (2009) who used the homotopy perturbation
method to solve the same problem and compared results with
that obtained by Blasius.

Ganji et al (2009) assumed the value ¢ =
obtained the following series;

f(m) = 0.16602850n% — 0.00045942n° + 0.00000249n°

— 0.00000001n™

0.332057 and

Similarly, we also take the value ¢ = 0.332057 in equation
(34) and obtained the following series;
f(n) = 0.166028665542 — 0.0004594252963n°
+0.000002497188861n° — 1.427702941 x 107! + 2.903807627
x 10711p'* — 5840071225 x 107117 + 6.460527699 x 10717520

—2.352784252 x 1072023 (2.29)

Table 1. Comparison of results obtained using the present method (VIM)
with Homotopy perturbation method by Ganji et al. and Blasius for f(n)

f(n)
m Blasius Ganyji et al (HPM) VIM
0 0 0 0

0.5 0.0415 0.0415 0.0415
1.0 0.1656 0.1655 0.1656
1.5 0.3701 0.3701 0.3701
2.0 0.6500 0.6500 0.6500
2.5 0.9963 0.9962 0.9963
3.0 1.3964 1.3968 1.3966
3.5 1.8377 1.8350 1.8361
4.0 2.3057 2.2897 2.2966

Table 2. Comparison of results obtained using the present method (VIM)
with Homotopy perturbation method by Ganji et al. and Blasius for f'(n)

)
m Blasius Ganyji et al (HPM) VIM
0 0 0 0

0.5 0.1659 0.1658 0.1659
1.0 0.3298 0.3298 0.3298
1.5 0.4868 0.4867 0.4868
2.0 0.6298 0.6297 0.6298
2.5 0.7513 0.7511 0.7512
3.0 0.8460 0.8445 0.8451
35 0.9130 0.9027 0.9070
4.0 0.9555 0.9028 0.9262

4. Results

We compare results obtained through Variational Iterative
method (VIM) with that of Ganji et al (Homotopy Perturba-
tion Method) and Blasius in Ganji et al(2009) for f{n) and
f’(y) in Tablel and Table 2 below.
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5. Discussion

In this paper, we have used the method of iterative varia-
tional method to investigate the problem posed by the non —
linear boundary layer flow over a flat plat and the results
obtained are highly comparable in term of accuracy with that
obtained by Ganji et al who studied the same problem using
the homotopy perturbation technique. The results were found
to be very accurate especially when 1 < 4 using the varia-
tional iterative method.
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