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Abstract An adaptive network consists of a set of adaptive filters that cooperate with each other to solve an optimization
problem using a predefined cost function. In this paper we propose an adaptive diffusion algorithm based on augmented
quaternion least mean square (AQLMS) for processing of three and four-dimensional processes collaboratively. We provide
mean stability of proposed algorithm and show that the distributed widely linear (equivalent to augmented term) model
outperforms the distributed standard linear model and non-cooperative case. Simulations in the prediction setting on

benchmark 4D and 3D signals show the results.
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1. Introduction

Network is the science related to issues such as
assemblage, processing, cooperation, and distribution
information over graphs connecting a multitude of nodes, in
which collaboration among nodes can result in superior
adaptation and learning performance over graphs [1]. The
applications include the areas of intrusion detection,
spectrum sensing, online dictionary learning, sparse data
recovery, target localization, and biological networks. In the
first scenario, each node acquires data and processes it
independently of the other nodes. We refer to this mode of
processing as noncooperative mode. In the second scenario,
the nodes transmit their own data to a fusion center for
processing. We refer to this mode of processing as
centralized or batch mode. although centralized solution is
powerful, but it suffers from a number of drawbacks such as
fusion center failures and communication burden between
the nodes and the fusion center.

There are several distributed strategies to solve these
problems that are based on incremental (e.g., [2-6]),
consensus (e.g., [7-9]), and diffusion (e.g., [10-14])
techniques. although the incremental method requires low
communication traffic between nodes with each node
receiving data from one preceding node and sharing data
with one subsequent node, but this mode of cooperation
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suffers from a number of limitation such as node and link
failures, whilst determining a cyclic path that visits all nodes
is generally an NP-hard problem. We can motivate two other
distributed techniques based on consensus and diffusion
strategies that do not suffer from these limitations. Despite
its high communication in analogy to incremental strategy,
diffusion strategy has robustness to link and node failures.
A superior result in augmented complex statistics is the
work by Neeser and Massey [15], who have devised a
comprehensive description of the concept of properness
(second order circularity) and rotation invariant probability
distribution for processing of the complex-valued (two
dimensional) signals. They showed that the covariance

matrix C,, = E[XXH] of a complex random vector x

alone is not adequate to describe second order statistical
information completely for general complex-valued signals
and thus the pseudocovariance or complementary covariance

matrix P, = E[XXT] also needs to be taken into account.

These fundamentals have been successfully used to design
widely linear algorithms for processing of the improper
complex-valued signals optimally in adaptive signal
processing [16], that is, for an optimal linear estimator, the
'augmented' input X4 = [XT, XH]T must be used, leading
—_ *
to the widely linear model given by y = th+gTX ,
with h and g denoting filter coefficients.

In order to deal with three and four dimensional signals
(such as bodysensor measurements [17], color images [18],
wind and renewable energy [19]), Quaternion domain H is
introduced and can be regarded as a non-commutative
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extension of complex domain C [20]. It is therefore
natural to extend the developments in so-called augmented
complex statistics and widely linear modeling in the complex
domain to the quaternion domain, in order to provide
enhanced accuracy especially for processes with of different
powers in data channels, such as in wind modeling.

Some of adaptive filtering algorithms introduced in
quaternion domain include widely linear quaternion least
mean square (WLQLMS) [21], widely linear involution
quaternion LMS (WLIQLMS) [22], augmented QLMS
(AQLMS) [23].

Adaptive networks based on the widely linear models
have been considered in some recent works such as [24-28].
In this paper, we propose a diffusion based adaptive network
for distributed adaptive filtering of three- and
four-dimensional processes, such as those observed in
atmospheric modeling (wind, vector fields). The proposed
algorithm has the advantage that exploits spatiotemporal
diversity to improve the filtering performance. Moreover, it
accounts for complex nonlinear dynamics and coupling
between the dimensions, which are the main problems of
mentioned multidimensional processes. The proposed
algorithm  employs both  the covariance and
pseudocovariance terms within its update and can therefore
cater for noncircularly symmetric quaternion data. We derive
the required condition for mean stability of the proposed
algorithm. We evaluate the performance of the proposed
algorithm with some simulation results, where the results
show the superior performance of the proposed algorithm.

Table 1. Summary of notations
Notation Description
R { . } real part
S{ . } imaginary part
R { } i,j,k-component of vector imaginary part of
iL,jk v quaternion variable
X cross-product
® Kronecker product operator
|| . ||2 2-norm
qi’j’k i,j,k-involution of quaternion variable
()* conjugate operator
T
() transpose operator
(‘)H conjugate transpose operator
E[.] Expectation operator

The organization of this paper is as follows: in section 2,
we introduce the quaternion domain. In section 3, we derive
the proposed distributed algorithm. In section 4, we analyze
the mean stability of proposed algorithm. In section 5, the
simulations will be presented and finally in section 6, we
conclude our work.

A summary of notations is given in Table 1.

2. Quaternion Domain

The quaternion domain is a non-commutative extension of
the complex domain, and devises an adequate framework to
process three and four-dimensional signals. A quaternion

variable ¢ € H constitutes a real part $R{.} and a vector
part 3{.}, also known as a pure quaternion, consisting of
three imaginary components, and can be expressed as
q=Ri{q;+3q}
=g} +iS{q} +J3 ;g3 +k S gy (D
=4, +iqy+jq. +kq, € H
the orthogonal unit vectors i, j,k are related as follows
ij=k, jk=iki=]j
ijk=i* = j* =k* =-1 @

given (1,4, € H , the noncommutativity property of the

quaternion product is described as follows
N9z = W2+ 3Haa
with R{q192} = Q10920 T D692 T D1.c92,c T N1.d92,4
391923 = 91,43892 + @2 HaF + gy x S{g2 ) Q)

where

0192 = 09 — 2@} * 31} # 429y . with
symbol x denoting the vector product. The quaternion
conjugate is also defined as

q =NG -3 =9,~19p —J9c ~kqa @
given p,q € H It follows that
(pq) =q pand(q p) =pq )
2.1. Augmented Basis Vector

The real and imaginary parts of a complex variable

X=X, +ix; can be extracted as x, =(1/2)(x+ x*)

and X, =(l/2i)(x—x*) . It is therefore natural to

. . *T
consider ‘augmented’ basis vector as X =[x,x |' to

describe the elements of the corresponding bivariate signal in

]Rz . In order to employ such manipulation in the quaternion

domain, three perpendicular quaternion involutions
(self-inverse mappings) is defined as follows

q' =-iqi=q, +iq, - jq. —kq,

4’ =—jdj =4, —iqy + j9. k44 ©

k . R
q" =—kqk=q,—iqy— jq. +kq,
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and therefore the four components of the quaternion variable
¢ cannow be expressed as [29]

1 * 1 s

9, ==(q+q )q,=—(q—q")
2 2i

1 , 1 . 7N

— (g—gT" - (g—dX

qe 2j(q g’ ).qy 2k(q q )

P
notice that the quaternion conjugate operator(.) is also an
involution, and is expressed as

« 1 ; k
¢ =5 +q" +q" ~q) ®)
based on (6)-(8), we can use a combination of the vector
[q, q*,ql,qj ,qk] to define an augmented quaternion

vector in quaternion domain H  to relate the components of
quaternion signal to its real valued quadrivariate counterpart

in R*.

augmented basis vector for widely linear modeling.

*
In this paper, we use the vector [q,q | as

2.2. Second Order Circularityin H and Q
-Properness

Second order circularity is established for a quaternion
variable ¢, when its probability distribution be

rotation-invariant with respect to the six pairs of axes:
{Li {L 5, {Lk}, {1, 5}, {k,j} and {k,i} , with ‘1
denoting the real axis and i, j,k the corresponding

imaginary axes. In other words, for a quaternion random
variable to be (Q -proper, it should satisfy the properties
summarised in Table 2 [30].

The first property P1 indicates that all of the components
have same power, second property P2 states that all of the
components are two-by-two uncorrelated, third property P3
implies that, in contrast to the complex domain, the
pseudocovariance matrix does not vanish for (Q -proper
random variables. Finally, the fourth property P4 denotes
that the covariance of a quaternion random variable is a sum
of the covariances of the variable components.

3. Derivation of D-AQLMS Algorithm

In order to cater for both circular and noncircular
quaternion processes, a quaternion-valued widely linear
model based on the augmented basis vector as
x4 = [XT XH ]T

y(n) =T (m)x(m)+g" (m)x"(n) ©)
by expressing the weight vectors 4(n) and g(n) into the

is introduced in [23] and is given by

compact form w(n) = [hT (n)gT (n)]T and regarding the
non-commutativity of the quaternion products, weight
update of the Augmented QLMS (AQLMS) is then given by

wn+1) = w(n) + 2(2e(m) x“ (n)—x? (m)e’ (n)) (10)

where the errore(n) = d(n) —w’ (n)x*(n), with d ()

denoting the desired response. In order to investigate this
learning algorithm in a distributed manner by diffusion
strategy, consider a network with N distributed nodes (as
Figure 1) with each node k equipped with an AQLMS filter

which has access the realizations {d (n),X; ,} attimen.

we denote the desired signal by dj (n) and input regressor

vector with length M by X ke,n - Each node k also can have
access to data from the set of nodes defined as neighborhood
N , so that they are directly linked to node k. by

Combine-Then-Adapt (CTA) form of diffusion protocol, at
first, each node k combine the weight vectors from the
neighborhood including itself as follows

= D cppw(n)

11
le./\/k ( )

where @, (1) denotes the combinational weight vector in
node k which is computed by non-negative real combiner
coefficients {¢; ; } satisfying following conditions

cp=0ifl e N, 1T C=1",C1=1 (12)

Table 2. Properties of a Q -proper random variable

Property Mathematical Description
Pl E{giy=0° Va=a,b,c,d
P2 E{qaqﬂ}=0 Ya,fB=a,b,c,d,anda #
B | Elgq}=-2E{qa}=-20" Va=ab,cd
Mo | E{gl}=4Elgy} =40 Va=ab,cd
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where C is a Nx N matrix with entries {¢; 4}, and 1

denotes the Nx1 vector with unit entries. Then, in Adapt
step, the local weight update at node k can be expressed as

% * "
we (n+1) = g () + (24 () X (0)—x (n)eg () (13)
where the error is computed as

e, (n) = d (n)— ¢ (n)x{(n).

{dk (1’1), Xk,n }
|\ \\;/ /
Figure 1. Diffusion mode of cooperation structure

4. Mean Stability Analysis of D-AQLMS
Algorithm

In order to analyze the convergence in the mean of
D-AQLMS algorithm, we rewrite the combinational weight
vector (11) and weight update (13), by regarding the property
(5), in the global form as follows

¢(n) =w(n)G
w! (n+1) = 7 (n) + DL2(d() —¢” () X* () X" (1) .
=X " m)- X ()" ()]

(14)

where

wh (1"

w(n) =[wy (1)....
p@) =14 (... 45 )]
d(n) =[d) ().....dy ()]
X%(n) = diag {x{ (n),...,x % (n)}
D =diag{um Iyps s tin Laps }
G=C®l,y,

where diag{.} operator denotes the diagonal matrix and

I4), the 4Mx4M identity matrix with M representing

the filter order. We also consider a teaching signal in the
global form as a linear model for data as follows

d(n) = w! (n) X% (n) + v(n) (16)

where wg(n) represents the optimal (and unknown) local

augmented weight vector, and v(n) the quadruply white
Gaussian noise with zero mean and variance O' , which

assumed to be uncorrelated with X“(n). By substituting
the signal (16) into the weight update (15), we have

wl (n+1)
= ¢" () + D[2(w] (1) X“ (n) - ¢" (n) X*(n)
Fvm) X< )= X" X mw ()
~X* ()¢ (n)+ v (n))]
by multiplying the both sides of (17) by -1 and then adding
wg(n) we obtain
W' (n+1)=¢" ()~ D[2(4" (1) X*(n)
H H * ~
+v(m) X (m)-XT @)X )¢ (n)(18)
+v' ()]
where the weight error vectors ¢3 (n)=w,(n)—¢@(n) and

w(n) =w,(n)—w(n). by substituting the relation (14)

into the (18) and then applying the statistical expectation
operator we obtain

E[w’ (n+1)] = E[w! (n)](1-2DC% )G

(19)
+ GDP;X E[w! (n)]
where C§, = E[X“(n) XaH (n)] and
P, =E[X?(n) XaT (n)]. We have equivalently
R{ELF (n+ D]} +i3,{ELF T (n+1)]}
+j3j {E[V~V @+ D]} + £33, {E[WT (n+ D]}
(W]} G(A-B")
()]} G(A-B) + k3, {E[W' ()]} G(A- B*)
(20)

= R{E[W! (n)]} G(A+ B) +iJ, {E[W'
+j 3 {E[W"

with A =(I-2DC%,) and B=DPy, . Where Bk

denote the involutions of B and we indeed have used the
following property for a given quaternion variable ¢ € H

q6=38¢° V5 =i,jk 1)
Thus for the algorithm to be converged in the mean, i.e.,

E[w! (n+1)]— E[W’ (n)] as n—> o0, or equivalently
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RE[W! (n+1D)]} > R{EMWT ()]} due to the fact that ||G|l;=1 (because the rows and

3, {E[\X/T(n+ D -3, {E[\X/T(n)]} - columns add to 1), we must have

SHEWT (D]} > I (EF )]

SEWT (4 1]} - S EWT ()]}

|A+B|l,<1=||T-D2CY ~ P )||2<1

A-B |, <1 1- D(2CS, +Pa <1
I Il [ ( )Hz @3)

|| A— B/ l,<1=|| I-D(2C¥%, +P“ )||2<1

| A= B [,<1=5 I-D2CY + P )|,<1
for the case when all nodes have the same stepsize £/, we can obtain the following lower bounds for the stepsize

2

A (2C%~PE)
2

Amax (2 C% +Pa )
o) (24)

Amax 2 C%, +Pa )
2

Amax (2 C% +Pa )

1= (2 C% =P ) <1 =5 g <

| 1= u(2C5, +P“ Mh<l= pu<

1= (2o P Y p< 1= p<

k*
1= (2 €%+ PE ) <12 p<

where ﬂ‘max denotes the dominant eigenvalue. Finally, we can say
2 2
T (2= PE) Ay (2% + P )
2 2 .
@ CLAPE ) A 2CE4PE )

A< min{

(25)

Figure 2. Diffusion network topology used in simulations
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(b)
Figure 3. Comparison of MSEs of non-cooperative AQLMS and Diffusion AQLMS algorithms for prediction of (a) circular 4D AR(4) process with

4 —6
4 =10 ", and (b) noncircular 3D Lorenz signal with £ =10
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Figure 4. Comparison of MSEs of D-AQLMS and D-QLMS for prediction of noncircular 3D Lorenz signal with 1 = 10

5. Simulations

In this section, we will compare the performance of
proposed algorithm D-AQLMS with its standard linear
counterpart (D-QLMS) and non-cooperative case in one step
ahead prediction setting. The network include N = 6 nodes,
and filter order is set to M = 5. Among the several static
combination rules [10], by using network topology in Figure
2, we employ the Metropolis rule described as follows

_ if | #k are connected
max {l’lk, I’ll}
Ck1=10 if 1#k are not connected (26)
1- Z ck,l lf l = k
l(Nk

For evaluating the algorithms performance, we use two
signals including an improper three-dimensional process
known as the Lorenz attractor used originally to model
atmospheric turbulence, but also to model lasers, dynamos,
and the motion of waterwheel [31]. Mathematically, the
Lorenz signal can be expressed as a nonlinear system of
coupled differential equations:

Ox

— = —

Py (y—x)

dy

— =x(p-z)- 27
o x(p—z)-y (27)
0z

ik Bz

where «, 5, p > 0. The other signal is generated by a
linear AR(4) model as follows

y(0)=0
y(n) =1.79y(n-1) -1.85y(n - 2) + 1.27y(n - 3) (28)
-041y(n-4)+v(n),n>1

where v(n) denotes the circular quadruply white Gaussian

noise. Figure 3 illustrates the evaluation of mean square error
(MSE) of proposed algorithm in analogy to non-cooperative
case for one step ahead prediction of the mentioned signals.
Observe that as expected the proposed cooperative algorithm
outperforms the non-cooperative case. Figure 4 shows the
evaluation of MSE for one step ahead prediction of the
noncircular Lorenz signal for comparing the proposed
algorithm with its standard linear counterpart. It is worth
noting that due to non-circular nature of the Lorenz signal,
the widely linear distributed algorithm has better
performance than standard linear distributed one.

6. Conclusions

We have proposed a Diffusion Augmented QLMS
(D-AQLMS) algorithm for distributed processing of both
circular and noncircular quaternion-valued signals. The
advantage of the widely linear diffusion algorithm over
standard linear diffusion and noncooperative case in terms of
steady state performance has been shown in simulations on
synthetic signals.
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