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Abstract Many studies do exist in health research where the outcome of interest may occur on subjects more than once;
outcomes of this nature are referred to as recurrent events. The event time of recurrence and the interval time (gap time)
between successive recurrences are two time scales that are used to analyze recurrent event data. This paper proposes a new
parametric model called the Weibull-Geometric (WG) model for the gap times of recurrent events. This model will be
characterized by a rate function and the number of competing causes will be modeled by a geometric distribution. The point
estimates of the parameters of the WG model for gap times will be obtained using the maximum likelihood method and
approximate 95% confidence intervals for each parameter will be constructed. A simulation study is carried to investigate the
frequentist properties of both ML estimates and confidence intervals for the model parameters.

Keywords Recurrent event data, Rate function, Gap time, Maximum likelihood estimation, Confidence intervals,
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1. Introduction

Recurrent events data are usually observed in longitudinal
studies involving multiple subjects where each individual
may experience multiple episodes of the same event. This
kind of data set arises in several areas, including the health
and biomedical sciences, engineering, social sciences, and
economics. Many examples of recurrent events are found
in health and biomedical sciences, such as drug abuse of
teenagers or adults, recurrent hospitalization of patients with
chronic diseases. In engineering and reliability settings, the
breakdown of mechanical or electronic systems are instances
of recurrent events. In sociology, absenteeism rate of
employees and the recurrence of war in regions. In actuarial
science, such as keeping track of a claim from a given insurer,
are other potential examples of recurrent event data. It is
worth to note that remarkable statistical advances in the
modeling of recurrent event data have realized during the last
decade. In practice, to obtain valid statistical inferences it is
required that an appropriate probability model is fitted to
the recurrent events data. The process of model selection
considers the: distribution of subsequent event times,
frequency of the recurrent events and the specific research
objectives being posed at the time. Two types of time scales
are often used to analyze recurrent event data, namely the
event time of recurrence (Lawless, 2011) and the interval
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time (gap) between successive recurrences (Aalen et al. 2008;
Cook and Lawless, 2007). Renewal processes are the basic
models for the gap times analysis (Kalbfleisch and Prentice,
2011), being characterized through the distribution of gap
times. Most studies on the analysis of recurrent events data
available in the literature have been concentrated on analysis
of gap times and thus leading to a wide variety of models, for
instance, bivariate distribution for censored gap times (Lin
et al. 1999), accelerated failure time models (Strawderman,
2005), proportional hazards models (Huang and Chen, 2003;
Schaubel and Cai, 2004) and additive hazards models
(Lin and Ying, 1994) for gap times based on renewal process,
and additive hazards models for gap times with multiple
causes (Sankaran and Anisha, 2012). Lounzada et al., 2015
proposed the Poisson Exponential model for gap times of
recurrent event data, which is characterized by a fully
parametric baseline function, and they assumed that the time
of each recurrence is associated with one or multiple latent
causes and there is no information about which cause is
responsible for the event. The time of each recurrence was
given by the maximum lifetime value among all latent
causes.

The main idea was to search for statistical models for gap
times with more general distributional structures allowing
for more flexibility and better data fitting. This study thus
has proposed a new model to analyze gap times of recurrent
event data, which is based on the Weibull Geometric
distribution (Barreto-Souza et al. 2011). The Weibull
distribution is a very popular model that has been extensively
used over the past decades for analyzing data in survival
analysis.
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The article is organized as follows. Section 2 describes the
mathematical formulation of the Weibull-Geometric model.
Section 3 describes the method of maximum likelihood and
the confidence intervals for the estimation of the parameters
of the WG model. Section 4 presents the results of a
simulation study, and finally, the results are discussed in
Section 5.

2. The Weibull-Geometric Model

The Weibull-Geometric (WG) distribution generalizes
the Exponential-Geometric (EG) distribution proposed in
Barreto-Souza et al, 2011 for analysis of recurrence event
data and has been widely used in modelling unimodal failure
rates (Kalbfleisch and Prentice, 2011). In this section,
we present the Weibull-Geometric distribution, derive the
Weibull-Geometric model for gap times of recurrences of
events and finally outline the simulation procedure for this
model.

2.1. The Weibull-Geometric Distribution

A continuous random variable X has a Weibull
distribution with parameters « > 0 and g > 0, denoted by
W (a, B), if and only if its density function is given by

f(x; B, a) = afx® e~ x > 0. (1)

The cumulative distribution F(x) of Weibull distribution
is given by

F(x) = fox afiutle= By =1 — e~ x > 0.(2)

Let N be a discrete random variable having a geometric
distribution with probability mass function

gmp) =1 -pp" ' n=12 ©)
where p € (0,1).

Suppose that {X;}'—, are independent and identically

distributed W (e, 8) random variables. Define {X;} ,, as

the smallest order statistic. Therefore, the conditional
density function of Y given N =n is

fy/n) = napeyr=" (e~ )" y>0 (4
The joint density function of the random variables Y and
N is obtained as

fon)=fly/ngm)
= napey"~1 (e 6"
The marginal distribution of Y is
fO) =X fn)
= apty* (1 —p)(e" ) T, (ni)! (pe=E )"

= apty (1 - p)(e~¥) {1 - pe—(ﬁy)“}‘z,y >0, (6)

which is the density function of the WG distribution
(Barreto-Souza et al, 2011), having three parameters
p,a and B, denoted by WG(p,a,B). Weibull geometric
distribution is much more flexible than the Weibull
distribution. When p approaches zero, the WG distribution

)n+¢x—1

)n+a—1(1 _ p)pn_l (5)

leads to the Weibull W(B,(x) distribution (Cordeiro, 2013).

For all values of parameters, the density tends to zero as
y—>ow,
The cumulative distribution of Y is therefore given as;

1—e— B
F(y)=1_:ew,y>0. ()

2.2. The Distribution of Survival and Hazard Functions
of WG

Let Y be a W(p,a, ) random variable. The survival
and hazard functions of the random variable Y are
respectively given as
_ _ (1—p)e= B
5(}’) =1 —F(}’) - 1_pe_(ﬁy)a Yy

>0 (8

and

_fO) _ ap*ysl
h(}’)—m—m,y>0 9)
The hazard function (9) decreases for 0<o <1. However,
for o>1 it can take different forms. The plots of the hazard

function at selected values of the vector ¢=(B,a) and
holding p constant show that the hazard function of WG
distribution is quite flexible.

2.3. Weibull-Geometric Model for Recurrent Event Data

The WG model is described as a model for inter-event
times (gap times) of recurrent events. For the purpose of
formulation of this model, the event time was denoted by
t and time between consecutive events (gap times) was
denoted by w. Multiple subjects experiencing finite multiple
episodes of the same event were considered for the purpose
of formulation of the model. Assuming we have n
independent subjects each experiencing m recurrence of the
same event, then subjects were indexed by i =1,2,:-,n
and each subject recurrences were indexed by j, j=
1,2,-,m. Let {T; }]>1 be the sequence of event times for

subject i and the corresponding sequence of gap times
between consecutive occurrences of the same event is given
as {I/I/l-j}]21 so that Ty = Wi + Wi, + -+ W; is the
occurrence time of the jt* event of subject i. Given that
Tj_1 = t;_1, then the recurrent process N;(t;_; +w;;)
for subject i has the rate function given by

- _ aﬁ“(tij_1+w)a71
A(W/tl} —1) —<E (ti]-_1+w))a
1-pe

where «,8,p > 0 and w > 0.
By definition, the cumulative rate function is given as;

At) = fot Aw)du = log(l —F()) = logS(t) (11)
Where S(t) is the survival function.
This imply that,
exp(—A(t)) = S(©),t >0
The corresponding cumulative rate function over the
interval (t;;_1,t;_ + w;] is given by,

(10)
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Atg-awy) = [0 Au/ty)du (12)

From equation (8), the survival function of t;; _; is given
as

(a-pye Pty -1)
S(tyj-1) = S
1-pe ij—1twyj

And the joint survival function of w;;

7, tj—1, Wy >0 (13)
and t; 4 will be

a
(1_p)e—(ﬁti1—1+wij)

S(wy,ty-1) = (14)

1_,,3—(1*tij—l“”ij)lZ
And hence the survival function of the gap time W;;
conditional on T;;q=t;; 4 forsubject i is given by,

s(wij tij-1)
s(ty-1)

(1_p)e‘(ﬁ(fij1+W))a><1_pe‘(f“ij—l)a>

(1_pe<m-1+w>“)(u_p>e<ﬁru-l>“)

=exp (_A(tl] —1» W))
The conditional density function of gap times W;; given

T;j_1 = t;j_4 for a recurrent process that is independent of

the events prior to ¢; _; is defined as,

fWij = A(W/ti]-_l)exp (—A(tij_l,w))

S(Wij /tij—l) =

S(Wij /tij—l) =

(15)

(16)
Hence,

fw,; (w/ty 1)
e (e e SRR

<1_pe _(ﬁ (e —1+W))a>2e ~(Bey —1)a

which is the Weibull Geometric model for recurrent events
denoted as WGre.

The cumulative distribution F of the random variable
W;; given T;;q=t;; is defined as,

17)

Fw, (W/Tyj_1 =tj_)=1—exp (—A(W/tij—1))
Hence,

a

e_(ﬁtij—l)a_e*(ﬁ(tij _1+w))

1_,,6,—(3(%' —1+W))a>e(ﬁtzj—1)

FWij (W/Tij—l = tij—l) = ( a(lg)

2.4. Data Simulation Procedure

Gap times {I/I/U-}]_>1 were simulated using the iterative

inverse transform algorithm. The inverse transform method
works as follows. Let U be a uniform random variable on
the interval (0,1). Then for any continuous distribution
function F , the random variable X = F~'(U) has
distribution function F.

The event times and gap times were generated using the
inverse transform method through the following steps:

1. Generate u; ~U(0,1)

2. Setuw; = Fy, (w/t;_1) and solve for w to obtain

w;;, a realization of the random variable W;;, that is

By ) _e‘(ﬁ (ty 71+W))a

<1_pe_(5 (t4 ‘1+W))a >9‘(ﬁ tj *1)0[ .

The resulting general expression for generated gap
times w;; was obtained as

]
a
uijpef(ﬁt”‘l) -1
log T _tij—l
(g -1)e~(015)
3. The event times were obtained as t; = t;_; + w;
fori=1,2,---,n and j =1 with t;; =0.

solve for w in u; =

Q=

1
Wi. = —

;=3 (19)

3. Parameter Estimation

The WG model has three parameters a, 8 and p, which
are estimated by the maximum likelihood method. The
recurrences of subjects are assumed to occur according to
the rate function given in (10). Suppose that subject i is
observed over the time interval (0,7;],i =1,2,---,n and
that the same number of recurrences m is observed for
each of the n subjects. Then for subject i if the m
recurrences are observed at times 0 < t;; < -, ty, < T,
define wy; =t¢t; —t;_; and t;, =0 . Assume that
T=t,, forall i. Let Wy,-, W,;,,, i =1,2,---,n be the
gap times of the n subjects.

The corresponding likelihood function of the WG model
from each individual with respect to all occurrences and all
intervals is given as;

L(a,B,p) =IIi- H]m=1fwij (Wij /tij—l) =
aB®(tj—1+wy )a_1<1—pe_(ﬁtif ‘1)a>e_(ﬁ (14w ))"‘

(1—pe‘(lf(fzj —1HWy ))"‘):_(WU )

i1 1% (20)

From Equation (20) we obtain the log-likelihood function
as;

l(a,B,p) = nmloga + nmalogf + Y-, Z]m=1{(05 — 1)log(ti]-_1 + wl-j)

+log <1 - pe_(ﬁtij—l)a) — 2log (1 - pe_(ﬂ(tij—l"'wij))a) - (,B(tl-j_l +wy ))a + (Bty )a}

(21)
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The maximum likelihood estimates (&,f3,p) of the
parameters (a,,p) are then obtained numerically by
maximizing the log-likelihood function (21) using any of
the in-built optimization procedures of the R language.

Let 8 = (a,B,p) be the vector of parameters of the
WG model and denote the corresponding the vector the
maximum likelihood estimates by @ = (&,4,p). The
construction of the 100(1—y)% Wald confidence
interval for each of the three parameters is based on
the asymptotic normality property of the MLE 8. That

is 8@ —6~N; (0,1‘1(5)) approximately, where 1(8)
denotes the observed Fisher information matrix. Therefore
the 100(1 —y)% Wald confidence interval of the it"
component of @, denoted by 8;, is given as 8; + z%se(b\,-),

where the standard error se(®;) is defined as the square
root of the i*" diagonal entry of the inverse of the Fisher
information matrix 771(®). The confidence intervals act as
measures of accuracy on the point estimates and reporting
them together with the point estimates constitute a complete
estimation statement.

4. Simulation Study

The purpose of this simulation study was to analyze the
frequentist properties of the estimation procedure. The data
(gap times and recurrence times) for n subjects were
generated by inverse transform method in R programming
language as outlined in subsection 2.4. The simulation of
data was indexed by some fixed values of the parameters «,

B and p. Several cases were considered by varying the

n=20,m=10

Frequency
0 150
[NNEEEN]
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0 150
L

Frecuency
o 150

sample size and the number of recurrences in order to
investigate their effects on estimation. The three parameters
were fixed at (a,B,p) = (0.5,3.0,0.75). The number of
recurrences m = 5,10,15 were used in the simulation
study with sample sizes n = 20, 30, 50, 100. For each case,
determined the pair of values of n and m, 1000 samples
were generated and for each sample the MLEs were
computed and the 95% Wald confidence intervals
constructed for the model parameters. Table 1 shows the
averages of 1000 MLEs as well as standard errors and the
empirical coverage probabilities (CP) for different sample
sizes and different numbers of recurrences. It can be
observed the empirical CP for the Wald confidence interval
for the parameter a are higher than the nominal level for
most of cases considered, whereas the empirical CPs of the
confidence intervals for the other two parameters are low
but increase with the sample size and the number of
recurrences. The histogram plots for the simulated 1000
MLEs presented in figure 1 show that the distributions of
the estimators of the parameters are heavily skewed even
for large samples (departure from normality) and this
explains the observed behavior of the empirical CPs for the
Wald confidence intervals for the three model parameters..
Moreover, the MLEs of the model parameters approach
their respective values used in the simulation and the
corresponding standard errors decrease as the amount of
data increases, which implies that the parameter estimators
are consistent.

Also it can be observed from figure 1 that the sampling
distribution of @ is skewed to the left and those B and p
are skewed to the right, and this may explain the differences
in the behaviors of their empirical CPs.
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Figure 1. Plots of histograms of the simulated 1000 MLEs for the three parameters for samples sizes n = 20,30,50,100 and number of recurrences

fixedat m =10
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Table 1. The averages of the 1000 MLEs, Av(@,B,p), their standard errors, Sd(@,B,p) and the CP of the 95% Wald Confidence intervals for the model

parameters CP(a, 8, p)

sd(a B, p)

CP(a,B,p)

n m Av(&, B, f))
20 5 (0.5505, 2.5733, 0.7829)
10 (0.5374, 2.6384, 0.7676)
15 (0.5242, 2.7130, 0.7622)
30 5 (0.5408, 2.6525, 0.7747)
10 (0.5315, 2.6420, 0.7744)
15 (0.5144, 2.8460, 0.7567)
50 5 (0.5270, 0.2711, 0.7699)
10 (0.5174, 2.8227, 0.7616)
15 (0.5109, 2.8658, 0.7578)
100 5 (0.5148, 2.8607, 0.7628)
10 (0.5103, 2.8986, 0.7580)
15 (0.5054, 2.9588, 0.7521)

(0.0904, 1.3254, 0.1314)
(0.0727, 1.2416, 0.1326)
(0.0536, 1.1541, 0.1254)
(0.0779, 1.2544, 0.1254)
(0.0624, 1.1776, 0.1170)
(0.0409, 1.0312, 0.1035)
(0.0570, 1.1202, 0.1014)
(0.0458, 1.0507, 0.0954)
(0.0332, 09291, 0.0832)
(0.0413, 0.9682, 0.0814)
(0.0337, 0.8889, 0.0744)
(0.0243, 0.7801, 0.0668)

(0.951, 0.794, 0.812)
(0.967, 0.826, 0.843)
(0.972, 0.851, 0.867)
(0.949, 0.824, 0.830)
(0.951, 0.820, 0.836)
(0.977,0.894, 0.893)
(0.973, 0.836, 0.865)
(0.964, 0.864, 0.876)
(0.977,0.893, 0.919)
(0.962, 0.882, 0.902)
(0.968, 0.896, 0.918)
(0.972, 0.919, 0.922)

5. Conclusions

In this paper, we have proposed the Weibull-geometric
model for the analysis of recurrent event data, where the
observations of interest are the gap times between events. In
particular, we have derived the conditional density function
of the gap times from the rate function in (10), which is an
alternative formulation for recurrent event data and can be
applied in medical and biostatistics areas. The parameters
were estimated by the method of maximum likelihood and
the results of simulation study show that this parameter
estimation method is effective for all the cases considered.
Therefore, we conclude that the estimates of the parameters
are not affected by small and moderate sample sizes and
numbers of recurrences of event. The Wald method for
constructing confidence intervals performed poorly in terms
of empirical CP for the parameters whose sampling
distributions of their estimates were skewed to the left and
may require very large samples to produce good results.
An alternative interval estimation method, such as profile
likelihood, can be used to construct better confidence
interval for both small and large sample sizes.
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