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Abstract  Companies and public or private entities identify accurate and timely forecasts of tourism demand as a 

strategic objective that can increase both their global competitiveness and their market share. In this paper, the 

Reg-SARMA approach is used to build simultaneous prediction intervals for monthly tourist arrivals in Italy. A 

Reg-SARMA model is a multiple regression whose error component is assumed to follow a multiplicative SARMA process. 

A three-stage procedure is applied. First, we set up a multiple linear regression model including only deterministic 

explanatory variables to facilitate the construction of the prediction intervals. Then the parameters are estimated using 

ordinary least squares and the residuals captured to serve as a basis for the second stage. Here, a SARMA process is fit to 

the regression residuals. In the final stage, both the fitted residuals and the estimated errors act as additional regressors in an 

extended regression equation to be re-estimated using least squares. The advantage of this method is that the new regressors 

have eliminated any serial correlation between the original residuals. Application to Italian data shows that the proposed 

approach generates effective and efficient point and interval forecasts, which can be of help to tourism managers, marketers, 

planners and researchers. 

Keywords  Regression with time series errors, Simultaneous prediction intervals, Multiplicative seasonal ARMA 

models 

 

1. Introduction 

The perishable nature of the tourism product and the 

vulnerability of its market to a variety of external factors 

(e.g. complementary services, natural and human-made 

disasters) make the robustness and promptness of 

predictions essential to achieve substantial improvements in 

planning travel facilities. There are many ways to generate 

prediction, ranging in complexity and data requirements 

from intuitive judgement through time series analysis     

to multi-equation econometric models. Tourism arrival 

forecasting methods can be broadly divided into four 

categories: time series models, econometric models, 

artificial intelligence techniques and qualitative methods  

[1]. For a still reasonably up-to-date overview see [2]. 

Forecasting is necessary, but it is at least as essential to 

providing an assessment of the uncertainty associated with 

forecasts from one step to H  steps ahead, where H  is 

the prediction horizon of interest. An important method    

to assess the uncertainty consists of the formulation      

of a probabilistic statement about all H  forecasts 

simultaneously and not on one about each forecast 

separately. It should be evident that this topic focuses on 

forecast using embedded information in the time series data,  
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which can be quite useful for planning purposes. However, 

they do not provide organizations with a model to assess 

their current situation against other organizations or to 

change, if necessary, the course of the future. See [3]. 

The specific aim of this paper is to employ the 

Reg-SARMA method to forecast tourist arrivals to Italy. 

The procedure follows these steps: 

1.  In the part “Reg”, arrivals are estimated using a 

multiple regression model with non-stochastic 

predictors. 

2.  In the part “SARMA”, the regression residuals from 

the “Reg” component are analyzed by means of a 

Box-Jenkins process to ascertain whether they are 

random, or whether they exhibit patterns that can be 

used to improve fitting and enhance prediction 

accuracy. 

3.  The two components are estimated separately and 

then combined together into a single equation at a 

later stage.  

4.  The final model will provide point and interval 

forecasts for future monthly occupancy in collective 

tourist accommodation establishments.  

The paper proceeds as follows. Section 2 outlines the 

construction of the classical linear regression model, which 

will be based on a standard set of hypotheses so that the 

only problem left is the selection of the explanatory 

variables. Section 3 discusses the choice of the SARMA 

process that best describes the behavior of the regression 

residuals estimated in the previous section. We consider a 
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very broad class of processes and select the stationary   

and invertible process that yields the smaller Akaike 

information criterion. Then, the residuals in the original 

regression model are replaced by the fitted values of the 

best SARMA process. Finally, regression and SARMA 

parameters are re-estimated together using the ordinary 

least squares and taking advantage of the fact that the new 

regressors have eliminated any serial correlation between 

the original residuals. In Section 4 we present a general 

procedure for the construction of simultaneous prediction 

intervals for multiple forecasts generated by the 

Reg-SARMA model outlined in Section 3. Applications to 

the Italian data show that the proposed approach is not only 

effective in point forecasting of tourism arrivals, but also in 

constructing SPIs for multiple forecasts generated by a 

Reg-SARMA model, thus reducing the risk that a decision 

will fail to achieve desired objectives. Section 5 includes 

concluding remarks. 

2. Regression Analysis 

Regression models are used to examine the dependency 

among a given set of explanatory variables or predictors, 

one of which is specified as dependent. The relationships 

are expressed in the form of a linear equation relating the 

response or dependent variable and some explanatory 

variables. More important, models are often used to make 

statements about future values of the response variable for 

given values of the predictors. In our specific context, the 

response variable is the number of monthly arrivals to Italy 

from other parts of Italy and from other countries. The two 

time series span from January 2002 to August 2019. See  

[4]. Figure 1 shows the time series to be modelled. 

It is evident that the two series have a similar trend, but 

different levels and seasonalities in the middle of the year. 

It is also clear that, there is a decline of the arrivals in the 

last two years of the time series.  

2.1. Building the Regression Model 

In order to keep the estimation problem tractable, the 

predictors included in the regression model are all 

deterministic functions of time, meaning that we know their 

future values exactly. Such a choice is suggested by the fact 

that stochastic predictors are not under the control of the 

researcher and must also be forecast. According to [5], this 

is one of the possible causes of inefficiency in interval 

forecasting, which is our primary interest, in fact. 

After a series of preliminary experiments and literature 

review, we have restricted the choice of explanatory 

variables to two distinct sets. The first set intend to capture 

the trend-cycle component 

   0 1 3
k

tT g t g t             (1) 

where ( ), 0,1, ,ig t i k  are orthogonal polynomials in t  

of degree 0,1, ,k . The use of orthogonal polynomials 

results in uncorrelated regressors so that multi-collinearity 

cannot occur. We want relatively simple trends that capture 

broad movements in the dependent variable. The time series 

in Fig. 1, show a monotone trend and 3k  seems to be 

sufficient for describing the general course of both the time 

series.  

 

Figure 1.  Arrivals to Italy 
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The second set of predictors comprises trigonometric 

functions of time, which are designed to reconstruct the 

seasonal component of the time series  

   
1

,1 ,2
1 1

sin cost j j i j
j j

S b c b c t
  

 

         (2) 

where 2 / , 1, ,jc j j     and   is the seasonal 

periodicity. Notice that, the last harmonic in the second 

expression is left incomplete to prevent perfect collinearity. 

To uncover the cycles in the arrivals we computed the 

periodogram as implemented in the R  package TSA [6]. 

The most pronounced periodicity is 12  which will be 

the only seasonal pattern considered in the follow-up 

analysis. In summary, the regression equation for the 

relationship between tourist arrivals and time can be 

represented in the following form 

, 1,2, ,t
t t tA e t n  x β           (3) 

where ty  represents monthly tourist arrivals in the period 

from 1  to n . Notation tx  indicates a (1 15)  vector of 

predictors that include 4 parameters of the cubic trend and 

11 harmonics depicting the monthly seasonality for a total 

of a total of 15m  parameters. 

The predictors are aggregated to form a n m  design 

matrix X  with full rank m  and m n . Finally, β  is a 

(15 1)  vector of unknown parameters which are to be 

estimated from observed data. We assume that ,1 1tx t   

so that the design matrix X  contains a column of ones and, 

without loss of generality, it will be assumed that the means 

of the other columns are all zero. We also assume that the 

error , 1,2, ,te t n  have a Gaussian distribution with 

zero mean and variance-covariance matrix 
2
e m I  where 

mI  is the identity matrix of order m .  

Due to the high number of predictors, it is advisable to 

perform some sort of screening procedure with sequential 

strategies such as stepwise selection. To this end we carry 

out a preliminary, albeit schematic, selection based on 

stepwise backward elimination. The variables are 

sequentially discarded from the model one at a time until  

no more predictors can be removed. At each stage,      

the predictors are identified whose p -value of the 

corresponding t -statistic are higher than a prefixed 

threshold p . The constant p  is the minimum level of 

significance to reject the hypothesis 0: 0iH   , that is, 

ip p  implies that the predictor iX  is a candidate to be 

removed. The p -values should not be taken too literally 

because we are in a multiple testing situation where we 

cannot assume independence between trials. Accordingly, 

we have established 0.000001p  . If, at a given stage, 

there are more than one predictors verifying the condition 

ip p , then the predictor which has the largest VIF 

(variance inflation factor) is canceled from the set. 

Removals continue until the candidate to exit has a p

-value lower than the minimum level p .  

2.2. OLS Estimation and Adequacy of Fitting 

At this preliminary stage the parameter estimates are 

based on the ordinary least squares (OLS) 

 
1

t t


β X X X y               (4) 

The OLS estimate of the residual variance is given by 

   
21

,1 1 ,
1

ˆ ˆˆ 1
n

i i i m m
i

n m y y X X  




        (5) 

Under the hypothesis of Gaussian residuals, vector β  

has a Gaussian distribution with mean vector β  and 

variance-covariance matrix given by 

 
 

2

1

1
0

ˆ

0 t

n


 
 

  
 
  

β

X X

            (6) 

Moreover, the variable 
2 2ˆ( 1) /n m     has a 

2  

distribution with ( 1)n m   degrees of freedom and it is 

independent of β . 

The adequacy of fitting models is studied by using the 

values of the adjusted 
2R  and the bias-corrected Akaike 

information criterion  

   2 2 21
ˆ1 1 ; log

1
e

n n m
R R AICc n

n n


 

    
             

(7) 

where 2R  is the coefficient of multiple determination   

of the regression equation, m  is the number of unknown 

parameters of the model, 1n m     and 
2ˆe  is the 

estimated variance for the fitted regression. The two 

statistics move in two different directions. Models having a 

larger 2R  or a smaller AICc  are preferable.  

The OLS model presupposes the absence of serial 

correlation between residuals. If this is not true, then this 

fact can be detected through the auto-correlations of the 

estimated residuals. In this regard, a commonly used 

statistic is that suggested in [7]  

 
2

1

2
k

j

t

r
LB n n

n t


 


             (8) 

where tr  is the auto-correlation of lag t  for the estimated 

residuals ˆ , 1,2, ,te t n . Given the monthly seasonality of 

tourist arrivals, we set 2 12 24k   . Large values of LB 

lead to the rejection of the hypothesis of no auto-correlation 

between the residuals.  
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3. Point and Interval Forecasts 

To make the managerial decision discussed in Section   

1 operational, there is the need to forecast tourist arrivals 

n hA   at month n h . Let ˆ
n hA   be the conditional 

expectation of n hA   given the past arrivals 

 1 1, ,n nA A A , that is, 

0 ,
1

ˆ ˆ ˆ 1, 2, ,
m

n h h i i
i

A z h H 


          (9) 

where hz  is a vector of known or prefixed values of 

explanatory variables at time , 1,2, ,n h h H   and β  

is a ( 1)m  vector containing the ordinary least squares 

estimates of the parameters (intercept included). Let further 

ˆ( )n h n h n he A A     be the forecast error corresponding to 

ˆ
n hA  . It follows from the Gauss-Markov theorem that 

ˆ
n hA   is the forecast for which the mean squared error, 

2( )n hE e  , is as small as possible. Predictability is strictly 

entrenched with variability. The estimated variance of 

forecast errors is 

 
1

2 2 1
ˆ ˆ 1 with .t t
h e n h n h h h

n
   



 
 

      
 

z X X z (10) 

3.1. Assessing Point Forecast Accuracy 

The main problem with assessing the reliability of 

forecasts is that the magnitude of forecast errors cannot be 

evaluated until the actual values have been observed. To 

simulate such a situation, we split tourist arrivals into two 

parts: the “training” period, which ignores a number of the 

most recent time points and the “validation” period, which 

comprises only the ignored time points. In this regard, 

arrivals observed in the period from January, 2018 to 

August, 2019 ( 20H  months) are set-aside to serve as a 

benchmark for forecasting purposes. Tourist arrivals from 

January, 2002 to December, 2017 act as training period.  

There are a number of indices that assess predictive 

accuracy. For our current purpose, we prefer an index that 

varies in a fixed interval and makes good use of the 

observed residuals. This is the relative absolute error of 

forecast (RAEF) 

1

1

ˆ

100 1 1,2
 

, ,
ˆ

H
n h n h

h n h n h

A A
RAEF H h H

A A

 

  

 
    
  
 

 (11) 

where  is a small positive number (e.g. 0.00001 ) 

which acts as a safeguard against division by zero. 

Coefficient (11) is independent on the scale of the data and, 

due to the triangle inequality, ranges from zero to 100. The 

maximum is achieved in the case of perfect forecasts: 

ˆ
n h n hL L   for each h . The lower the RAEF  is, the  

less accurate the model is. The minimum stands for 

situations of inadequate forecasting such as ˆ 0n hH    or 

ˆ
n h n hL L    for all h .  

3.2. Simultaneous Prediction Intervals 

In tourism marketing, planning, development and 

policy-making it is not only important to generate point 

forecasts for several steps ahead, but providing an 

assessment of the uncertainty associated with forecasts  

can be equally important. The problem is thus to integrate 

point forecasts with prediction intervals (PIs) which apply 

simultaneously to all possible future values of the 

predictors. 

A reasonable strategy can be as follows: Given the 

availability of H  future values, we can construct two 

bands such that, under the condition of independent 

Gaussian distributed random residuals, the probability of 

consecutive future Arrivals , 1,2, ,n hA h H   that lie 

simultaneously within their respective range is at least is    

 1, , 2, ,

1

H

h n h h

h

P A A A  



 
   

  

        (12) 

where  

1, , , , ,

2, , , ,

ˆ

.

ˆ

ˆ ˆ

h n h H h

h n h H h

A A

A A

  
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 

 

 

 





            (13) 

The multiplier , ,H    is the  -th quantile of the of the 

maximum absolute value t  of the H -variate Student t  

probability density function with   degrees of freedom. 

See [8]. In short, , ,H    is the solution of 

 1 2 1 2, , , ;h Hf t t t dt dt dt
  

  
 

  
     (14) 

The critical values can be found solving iteratively 

, ,Hu    using the command pmvt  of the R  package 

mvtnorm , which provides the multivariate t  probability. 

See [9]. 

The most important characteristic of PIs is their actual 

coverage probability (PIAC). We measure PIAC by the 

proportion of true arrivals of the validation period enclosed 

in the bounds 

1
,

1

1, , 2, ,
,

100 where

if ,

0 otherwise

1

H

h
h

n h h h
h

PIAC H c

A A A
c

 

 










   








    (15) 

If PIAC   then future arrivals tend to be covered by 

the constructed bounds, but this may also imply that the 

estimates of the variances in the forecast errors are 

positively biased. A PIAC   indicates under-dispersed 

forecast errors with overly narrow prediction intervals and 
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unsatisfactory coverage behavior. 

All other things being equal, narrow PIs are desirable as 

they reduce the uncertainty associated with forecasts. 

However, high accuracy can be easily obtained by widening 

PIs. A complementary measure that quantifies the sharpness 

of PIs might be useful in this context. Here, we use the 

score function.  

 2 1
, ,

, , 1,2, , .
2

h h

h
n h

C C
R h H

A

 







 

  
 

     (16) 

This expression reflects a penalty proportional to the 

narrowness of the intervals that encompass the true values 

at the nominal rate. The penalty increases as   decreases, 

to compensate for the tendency of prediction bands to be 

broader as the confidence level increases. Of course, the 

lower ,hR   is, the more accurate PI will be. The average 

value of the score width across time points  

,
1

1 H

h
h

ASW R
H

 


               (17) 

can provide general indications of PIs performance.  

3.3. Application of the OLS Approach 

We have applied the OLS procedure outlined in the 

preceding section to monthly time series of Italian tourist 

arrivals (series A) and international tourist arrivals (series 

B). Table 1 shows the results obtained with ordinary least 

squares (OLS) applied to the data of the training period for 

the arrivals in the validation period. As it can be seen, nine 

predictors have been discarded for time series A and ten for 

time series B. The remaining predictors are significant at 

the 0.00001% level. The trend-cycle component in both 

cases is a simple linear function of the time, which implies 

that changes are constant, whereas the seasonal components 

are characterized by very few harmonics. Finally, the 

quality of fitting has generally been satisfactory because the 

adjusted R-square is always above 92%. 

The major drawback of OLS is clearly found in the 

Ljung-Box statistic. The values reported for both time series 

are extremely high (with a p -values virtually zero), so 

indicating that auto-correlation in the OLS residuals has to 

be taken seriously into account.  

4. A Reg-SARMA Model 

Serially correlated residuals have several effects on 

regression analysis. OLS estimators remain unbiased but are 

not efficient in the sense that they no longer have minimum 

variance. Furthermore, forecast intervals and tests of 

significance commonly employed in OLS would no longer 

be strictly valid, even asymptotically (see, e.g. [10] [Ch. 8]). 

In general, the presence of auto-correlation reveals that 

there is additional information in the data that has not been 

exploited in the regression model. This is a fact of which  

we are fully aware since we have not included any 

sector-specific explanatory variables in the equation, which 

should explain tourist arrivals. 

To correct for auto-correlation, we assume that the 

residuals are generated by a multiplicative SARMA process  

   
1

* *
1,2, ,

t
t t t

t t

A u

t n
u B B w 








 


 
 





x β

     (18) 

where tx  is a 1m  vector of the predictors remained in 

the regression model (intercept included) of the first stage 

and tw  are independently and identically distributed 

Gaussian random variables with zero mean and variance 
2
w . Notice that the first equation is just a linear regression, 

and the second equation just describes the residuals as a 

Box-Jenkins process. One reason for this specification is 

that the estimated parameters retain their natural 

interpretations. 

The symbol B  in (18) denotes the usual backward  

shift operator 
j

t t jB z z   and 
* 1[ ( )]B 

 and 
*( )B  are 

polynomials in B  

 

 

** * * 2 *
1 2 *

** * * 2 *
1 2 *

1 ;

1

p

p

q

q

B B B B

B B B B

   

   

    

    

       (19) 

Table 1.  OLS estimation and forecasting 
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The polynomials in (19) are constrained so that the  

roots of  * 0B   and  * 0B   have magnitudes strictly 

greater than one, with no single root common to both 

polynomials, that is, only processes which are stationary 

and invertible are considered. Some of the 
* s and 

*
θ s 

could be set equal to zero. Process (18) do not include 

difference operators because the “burden of non-stationarity” 

is placed entirely on the orthogonal polynomials and 

harmonics used as predictors.  

Let ˆˆ ( )t t tu A A   be the estimated residuals from OLS 

regression where ˆ , 1,2, ,tA t n  are the fitted monthly 

arrivals. We can express the OLS residuals as  

* *

* *

1 1

ˆ ˆ , 1,2, , .
p q

t j t j j t j t
j j

u u w w t n  
 

         (20) 

Equation (20) contains some indeterminacies:        

the residuals 0 1 * 1
ˆ ˆ ˆ, , ,

p
u u u  

 and the errors 

0 1 2 * 1
, , , ,

q
w w w w   

 are unknown and cannot be 

determined within the context of model (20). We regard 

residuals and errors that might be supposed to exist   

before the initiation of the active process as fixed constants 

and set to zero the errors 0 1 1, , , ,w w w   because,   

after all, zero is their expected value. The residuals 

0 1 2 * 1
, , , ,

q
w w w w   

 are set equal to the last OLS 

residuals in reverse time order. In this way, we avoid the 

detrimental impact that the zeros could have on the 

estimation results in the case of small or moderate length of 

the time series.  

Given the above conditions, the unknown parameters 
*  

and 
*
θ  can be estimated by optimizing the log-likelihood 

function of the SARMA process. However, since we ignore 

the orders of autoregressive-moving average components, 

the estimation must be repeated for each reasonable value 

of 
*p  and 

*q . It is well known that any stationary and 

invertible SARMA  process can be expressed as an infinite 

auto-regression ( )t tw B u   and that the coefficients in 

( )B  may be virtually zero beyond some finite lag. Based 

on these premises, many authors (e.g. [11], [12],) suggested 

a pure auto-regressive process (up to a prefixed large lag) as 

a model for the regression residuals. In our experience, 

however, this opportunity not only implies a high number of 

parameters due to seasonality, but also does not wholly 

eliminate serial correlation. 

A controversial, but proved technique to find a good 

choice for 
*p  and 

*q  is a trawling search through a grid 

of possible processes fine enough to produce meaningful 

results and the process with the lowest AICc value selected. 

Usually, brute-force methods are unmanageable for long 

time series because of the computational complexity. Notice 

that process (18) may be considered as special case of the 

standard ARMA ( ,0, ) ( ,0, )p q P Q   by taking 
*p p P  , 

*q q Q  . The integer   is the seasonal period ( 12  for 

monthly time series). For example, if 3, 3, 2, 2p q P Q     

then the search involves estimating 144 different processes, 

which may seem cumbersome in terms of computational 

efforts at first. Actually, the obstacle is more apparent than 

real. Improvements in computer technology and reductions 

in hardware costs make the trawling search solution 

attractive for much more research and real-world 

applications than in the past. We have examined 144 

different SARMA models and choose the stationary     

and invertible process 12( ,0, ) ( ,0, )  p q P Q  with the 

minimum Ljung-Box statistic. 

Let *p p sP   and *q q sQ  . The fitted OLS 

residuals produced by the best SARMA process are 

* *

* *

1 1

,
p q

t j t j j t j t
j j

u u w w  
 

            (21) 

where 1, , nw w  are the errors of the fitted SARMA 

process. The first stage of the Reg-SARMA approach 

terminates with a re-specification of the regression equation 

explaining tourist arrivals: 

* *

* *
0 ,

1 1 1

( )

1,2, ,

p qm

t i t i j t j j t j t
i j j

A X u w w

t n

    
  

     



  
 (22) 

which contains * *p q  additional pseudo regressors. 

Predictors tw  in the last sum on the right-hand side of (22) 

are, by construction, pairwise uncorrelated and do not 

contribute to the multi-collinearity of the new regression 

model. Even the estimated residuals tu  do not appear to 

carry significant additional problems of multi-collinearity.  

The second stage of the Reg-SARMA approach consists 

of the OLS estimation of (22) to whom it can be plenty 

applied the classical linear regression theory because now 

the theoretical residuals are uncorrelated. The presence of 

lagged values of the response variable on the right hand side 

of the equation mean that the regression parameters can 

only be interpreted conditional on the value of previous 

values of the response variable. 

It must be pointed out that the Reg-SARMA approach 

outlined above is not the same as a regression model with 

SARMA errors, which is part of the R package forecast [13] 

or the same as the ARIMAX procedure as implemented in 

the package TSA. However, in our experience, these 

methods yield equivalent results. 

4.1. Properties of Reg-SARMA Estimators 

Let U  be the 
*( )n p  matrix constructed by using the 

OLS residuals fitted by the best SARMA process, with 
*p  
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being the maximum lag of the auto-regressive component. 

Each column of U  is a time series of tu  at lags 

*1,2, , p . Analogously, let W  be the 
*( )n q  matrix 

constructed by using the estimated errors of the best process 

with 
*q  being the maximum lag of the moving average 

component. Each column of W  is a time series of ta  at 

lags 
*1,2, ,q . The design matrix of the final model at the 

final stage is therefore given by  ( ) , ,Z X U W .  

To assess the sample properties of the Reg-SARMA 

estimators the term tw  requires making explicit 

assumptions.  

1.  The conditional expectation of tw  given the 

predictors for all time periods, is zero: ( | ) 0tE w Z  

for each t . 

2.  No predictor is constant or a perfect linear 

combination of the others. 

3.  The conditional variance 
2 2( | ))t wE w Z  is finite 

and constant for each t . 

4.  Conditional on the matrix of predictors Z , the 

residuals in two different periods are uncorrelated 

with each other ( | ) 0t rE w w Z  for each t r . 

5.  The tw  are independently and identically 

distributed as Gaussian random variables with zero 

mean and finite variance 
2
w . 

If conditions 1-4 are satisfied then the Reg-SARMA 

estimators are the best linear unbiased estimators 

conditional on Z . The variance of the estimators is given 

by 

 
   

2
2 *

2 2
,

1

, 1, 2, ,

1

w
j n

jt j j
t

j m

z z R


 



 

 

 (23) 

where 
* * *m m p q    and 

2
jR  is the R -squared from 

the regression of jZ  on the other predictors. An unbiased 

estimator of the variance of the tw  is 

2

2 1

*
ˆ

n

tt
t

w

A A

n m
 

  





             (24) 

Condition 5 implies 3 and 4, but it is stronger because of 

the independence and Gaussianity assumptions. A direct 

consequence is that the least squares estimators have a 

Gaussian distribution, conditional on Z , providing in this 

way, an inferential framework for the Reg-SARMA model.  

4.2. Forecasts in Reg-SARMA Models 

The Reg-SARMA (22) can produce predictions of the 

new arrivals  

, with

,

n H H

t

H H H H 



       

A Z δ

Z X U W δ β θ
      (25) 

where , 1
ˆ( ,n H nA A  2

ˆ ˆ, , )n n HA A  , H  is, as before, 

the time horizon of forecast and HX  is a ( 1)H m   

matrix of the H  predetermined values of the predictors 

for , ( 1), ,h n n H  . The 
*( )H p  matrix HU  is 

constructed by using the OLS residuals forecast by the best 

SARMA process and 
*p  is the maximum lag of the 

auto-regressive component. Each column of HU  includes 

forecast of te  at lags 
*1,2, , p  and , ( 1), ,t n n H  . 

Analogously, the 
*( )H q  matrix HW  is matrix 

constructed by using the forecast errors of the best process 

and 
*q  is the maximum lag of its moving average 

component. Each column of HW  is a time series of ta  

at lags 
*1,2, ,q  and , ( 1), ,t n n H  .  

The preceding discussion assumes that the future values 

HZ  are known without errors or can be forecast perfectly 

or almost perfectly, ex ante. If, on the contrary, HZ  or 

part of it must themself be forecast then formula (25) has to 

be modified to incorporate the uncertainty in forecasting 

HZ . [14] [Section 4.6.4] points out that firm analytical 

results for the correct forecast variance for this case remain 

to be derived except for simple special situations. In the 

case of the Reg-SARMA model (22), explanatory variables 

X  are deterministic, but U  and W  are not because 

these “pseudo” regressors contain random variation due to 

estimation errors. It follows that, the application of the 

prediction intervals in (12) to the Reg-SARMA model is 

based upon the strong and unrealistic assumption of making 

correct inference as if the serial correlation structure of 

regression residuals follow exactly or almost exactly the 

best SARMA process. It is clear that this assumption can be 

the subject of discussion. We claim, however, that in many 

circumstances this hypothesis can be as valid as making the 

assumption that the explanatory variables are non-random, 

or fixed in repeated samples. 

4.3. Empirical Analysis 

In the case of arrivals from Italy the SARMA

12(2,0,2) (0,0,2)  process has been identified as the   

best description of OLS residuals in terms of    

Ljung-Box criterion with parameters 

12( 0.0619,0.9382,0,0.0892, 0.9033) (0,0,0.8308,0.2707)   . 

In the case of arrivals from all the other countries, the   

best process is (0,0,3) (0,0,2)  with parameters 

(0,0, 0.1657,0.0772,  120.0086) (0,0,0.9260,0.3530) . 

The R scripts for computing the Reg-SARMA estimates are 

available from the author on request.  
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Table 2 shows the results obtained with the Reg-SARMA 

method applied to the data of the training period for     

the arrivals in the validation period. The Reg-SARMA 

approach offers several improvements over OLS. The 

auto-correlation is almost inexistent because the p -value 

of the LB statistics is now larger that 999%. Also, the 

quality of the fitting is increased as proven by a lower AICc 

and a higher 2R  than those observed for OLS. 

In both cases the amelioration is quite substantial. In 

addition, as can be readily seen from Figure 2, the coverage 

rate is now significantly higher compared to OLS. The cost 

of these enhancements is a larger width of the simultaneous 

forecast intervals, which, as it is well known determine 

broader brackets than marginal (and wrong) classical OLS 

intervals. Furthermore, the stability of the RAEF index 

across the two estimation methods, is a demonstration   

that the predictive accuracy does not deteriorate when 

Reg-SARMA method is used. Nonetheless, we must remark 

that, both OLS and Reg-SARMA methods, yield prediction 

intervals whose actual coverage rate resulted to be less than 

the nominal level (90%) (the latter are better than the 

former). We explain this result as due to a change in the 

evolutionary trajectory of arrivals to Italy, which in the last 

two year, has not been following the trends of previous 

years. This is an obvious consequence of the need of 

bracketing future values within the same scheme used for 

past observations. Thus a constraint is imposed on the 

forecasting tool: strong local fluctuations or outliers cannot 

appear in the set of future values even if we know that they 

are there; thus, some failures are inevitable. 

 

Table 2.  OLS and Reg-SARMA estimation and forecasting 

 

 

Figure 2.  Forecast of arrivals to Italy 
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5. Concluding Remarks 

When the hypothesis of independency in the residuals  

of a regression model may not be satisfied, bias and 

misinterpretation in the estimated parameters and computed 

statistics are very likely. In this paper, we have assumed 

that the regression residuals arise from a seasonal 

auto-regressive moving average stochastic model. In this 

way we have not only eliminated serial correlation    

from  the regression residuals, but also constructed valid 

simultaneous prediction intervals to contain future monthly 

arrivals to Italy, according to the country of residence of 

guests. 

Some tentative conclusions can be drawn from this 

application, but their general validity can be substantiated 

only by further experience with the method. First of all,  

we have to point out the strong trade-off between 

auto-correlation and width of the simultaneous prediction 

intervals. Therefore, it cannot be excluded that the cure 

could be worse than the disease. We do not mean to 

discourage the regression with SARMA residuals, which 

may be the only realistic way forward in the absence of a 

renewed effort to introduce new (and practical) solutions to 

the inefficiency of ordinary least squares in case of serially 

dependent residuals. Accordingly, from a prudential point 

of view, it might be in one's self-interest to maintain a 

conservative attitude toward forecasting operations. 

On the other hand, we cannot be too severe on the new 

method, because it should not be forgotten that the behavior 

of the time series under investigation in the validation 

period is distinct from that in the training period. 

Nevertheless it is important to recognize that the 

Reg-SARMA approach even if eliminates auto-correlation, 

brings important costs of its own, and it does not eliminate 

problem with the variance of the predicted values. 
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