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Abstract A size-biased Poisson-Akash distribution (SBPAD) has been proposed by size-biasing the Poisson-Akash
distribution (PAD) of Shanker (2017), a Poisson mixture of Akash distribution introduced by Shanker (2015). The first four
moments about origin and moments about mean have been obtained and hence expressions for coefficient of variation (C.V.),
skewness, kurtosis and index of dispersion have been given. The estimation of its parameter has been discussed using the
method of moments and the method of maximum likelihood estimation. Two examples of observed real datasets have been
presented to test the goodness of fit of SBPAD over size-biased Poisson distribution (SBPD) and size-biased Poisson-Lindley

distribution (SBPLD).
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1. Introduction

Let a random variable X has probability distribution
PO(X;O) 'x=0,12,...,0>0 . If sample units are

weighted or selected with probability proportional to X,
then the corresponding size-biased distribution of order o
is given by its probability mass function (pmf)

X" Py (x;0)

R(x0)=—)

1.1)

where 1! = E(X“):iX“PO(X;H). When « =1,
x=0

the distribution is known as simple size-biased distribution
and is applicable for size-bhiased sampling and for o =2,
the distribution is known as area-biased distribution and is
applicable for area-biased sampling. In many statistical
sampling situations care must be taken so that one does not
inadvertently sample from size-biased distribution in place
of the one intended.

Size-biased distributions are a particular case of weighted
distributions which arise naturally in practice when
observations from a sample are recorded with probability
proportional to some measure of unit size. In field
applications, size-biased distributions can arise either
because individuals are sampled with unequal probability by
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design or because of unequal detection probability.
Size-biased distributions come into play when organisms
occur in groups, and group size influences the probability of
detection. Fisher (1934) firstly introduced these distributions
to model ascertainment biases which were later formalized
by Rao (1965) in a unifying theory for problems where the
observations fall in non-experimental, non-replicated and
non-random categories. Size-biased distributions have
applications in environmental science, econometrics, social
science, biomedical science, human demography, ecology,
geology, forestry etc. Further, size-biasing occurs in many
unexpected context such as statistical estimation, renewal
theory, infinite divisibility of distributions and number
theory. Van Duesen (1986) has detailed study about the
applications of size-biased distributions for fitting
distributions of diameter at breast height (DBH) data arising
from horizontal point sampling (HPS). Later, Lappi and
Bailey (1987) have applied size-biased distributions to
analyze HPS diameter increment data. The applications of
size-biased distributions to the analysis of data relating to
human population and ecology can be found in Patil and Rao
(1977, 1978). A number of research have been done relating
to size-biased distributions and their applications in different
fields of knowledge by different researchers including
Scheaffer (1972), Patil and Ord (1976), Singh and Maddala
(1976), Patil (1981), McDonald (1984), Gove (2000, 2003),
Correa and Wolfson (2007), Drummer and McDonald
(1987), Ducey (2009), Alavi and Chinipardaz (2009), Ducey
and Gove (2015), are some among others.

Shanker (2015) introduced one parameter Akash
distribution having probability density function (pdf) and
cumulative distribution function (cdf)
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029 2(1+x2)e“’x ;x>0,0>0 (1.2)
+

f(x0)=

Ox(0x+2)

Fl(X;0)=1—|:1+ P

}e‘gx 'x>0,6>0 (1.3)
for modeling various lifetime data from biomedical science and engineering. Shanker (2015) has discussed its various
interesting and important properties, estimation of parameter and applications.

Assuming the parameter A of the Poisson distribution to follow Akash distribution (1.2), Shanker (2017) introduced
Poisson-Akash distribution (PAD), a Poisson mixture of Akash distribution, having pmf

g X +3x+(6°+20+3)
HZ + 2 (9 +1)X+3

Various statistical properties of PAD, estimation of parameter and applications to model count data have been studied by
Shanker (2017) and it has been observed that it gives better fit than both Poisson distribution and Poisson-Lindley distribution,

a Poisson mixture of Lindley (1958) distribution and introduced by Sankaran (1970). The first four moments about origin and
the variance of PAD obtained by Shanker (2017) are given by

PO(X;@)z :'x=0,12,..,6>0 (1.4)

" 02+6
= 9(92+2)
ﬂ,_6?3+26?2+66+24
? 92(02+2)
, 0'+60° +120° +720+120
s 0*(6°+2)
= 0° +1460" + 426° +1926% + 7200 + 720
) 0'(0° +2)
, 6°+60"+80°+1660% +120+12
/LlZ =0 =

0% (6% +2)

2. Size-Biased Poisson-Akash Distribution

Using (1.1) and (1.4) and the expression for the mean of PAD, the size-biased Poisson-Akash distribution (SBPAD) with
parameter € can be defined by its pmf

x-R(x60) o [x3+3x2+(62+29+3)x]

P(x0)= - = — ;' x=12,3,..,0>0. (2.1)
Recall that the pmf of SBPAD (2.1) can also be obtained from the size-biased Poisson distribution (SPBD) with pmf
efﬂ./lel
g(x]A)= x=12,3,..;4>0 (2.2)

when its parameter A follows size-biased Akash distribution (SBAD) with pdf
94

6°+6

h(4;0)=

/1(1+/12)e‘“ ‘2>0,0>0 2.3)

Thus the pmf of SBPAD can be obtained as
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e A(1+ 22 )e*d A
;[ '92+6 (+ )e

04 T —(0+1)2 X X+2
= e A+ A7) dA
(02+6)(x—1)!'£ (#+47)
~ o* I'(x+1) s I'(x+3)
(0°+6)(x-1)1| (9+1)"  (6+1)"
0 x3+3x2+(92+29+3)x
_924—6 (H+1)x+3

which is the pmf of SBPAD obtained in (2.1).
It can be easily verified that SBPAD is unimodal and have increasing failure rate. Since

Pl(x+1;0):( 1 ](“lj L 2(x+2)

R(x0) (6+1 X X* +3x+(0° +20+3)

x=12,3.,06>0 (2.4)

is a deceasing function of X, P, (X; 6?) is log-concave. Therefore, SBPAD is unimodal, has an increasing failure rate (IFR),

and hence increasing failure rate average (IFRA). It is new better than used in expectation (NBUE) and has decreasing mean
residual life (DMRL). The definitions, concepts and interrelationship between these aging concepts have been discussed in
Barlow and Proschan (1981).

The graphs of the pmf of SBPAD (2.1) for varying values of the parameter & have been drawn in figure 1. The graphs
have been shown for both starting from X =0 and X =1 to see the difference in the nature. The graphs starting from
X =0 are positively biased whereas graphs starting from X =1 are monotonically decreasing except for 8 =1.
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Figure 1. Graphs of pmf of SBPAD for varying values of the parameter
It would be recalled that the pmf of size-biased Poisson-Lindley distribution (SBPLD) given by

P, (x:0) 0° X(x+60+2)
2 ! _9+2 (9+1)x+2

has been introduced by Ghitany and Mutairi (2008), which is a size-biased version of Poisson-Lindley distribution (PLD)
introduced by Sankaran (1970). Ghitany and Mutairi (2008) have discussed its various mathematical and statistical properties,

x=123,..,;0>0 (2.5)
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estimation of the parameter using maximum likelihood estimation and the method of moments, and goodness of fit. Shanker
et al (2015) has critical study on the applications of SBPLD for modeling data on thunderstorms and found that SBPLD is a
better model for thunderstorms than size-biased Poisson distribution (SBPD).

3. Moments

Using (2.4), the rth factorial moment about origin of the SBPAD (2.1) can be obtained as
Hey =E[E(X12) ] where X =X (X ~2)(X ~2)..(X =1 +1)

NgE

ol —2 qx-1 4
= &A1 9 A(1+4%)e"*dA
NS (x-1)| 6% +6

=I ar 1{2)( et x r}:l 026161(14‘12)6_[%(:]1

X=r

Taking X=X+, we get

I PIEYAS e 9" a2\ da
K _!; > (x+r) e (+ )e

- T/l”(m r)(A+4%)e"*dA
6 0
T 0°+6

Using gamma integral and a little algebraic simplification, the rth factorial moment about origin of SBPAD (2.1) can be
obtained as

j(z' +rA7)(A+4%)edA

,_THrO+(r+1)0 +r(r+1)(r+2)0+(r +1)(r +2)(r +3)j
Ho o (67 +6)

31

r=123,...

Taking I =1,2,3,and4 in (3.1), the first four factorial moments about origin can be obtained and using the relationship

between moments about origin and factorial moments about origin, the first four moments about origin of the SBPAD (2.1)
are thus obtained as

. 0P+20°+60+24

= 6(67 +6)

L = 0" +66° +126° + 726 +120
? 0*(6°+6)

= 0° +140" + 426° +1926° + 7200 + 720
-

0 (92 + 6)
,  6°+306° +1566" +6006° +312060° + 72000 + 5040
0* (92 ¥ 6)

Now, using the relationship between moments about mean and the moments about origin, the moments about mean of the
SBPAD (2.1) can be obtained as

Hy
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2(05 +6" +180° +30602 + 720 + 72)

Hy, =

0% (0% + 6)2
2(¢98 +3607 +260° +1086° + 2880"* + 7566° + 8640° +12960 + 864)
Hy = 3 (2 3
0 (.9 n 6)
5 A" +1360" +546° +5226° +16200" + 69480° +162006°
= +3780060" +648006° + 8553662 + 933120 + 46656
L=

4
0' (6% +6)
The coefficient of variation (C.V ), coefficient of Skewness (‘ | B, ) , coefficient of Kurtosis ( /3, ) and index of dispersion

(7/) of the SBPAD (2.1) are thus obtained as

o \/2(95 +0" +180° +300° + 720+ 72)

CV =

u (6°+20° +60+24)
1, 6°+30" +266° +1086° + 2880" + 7566° +8646° +12966 + 864
ﬂ _ 3
AL J2(6° +6* +186° +306? +72¢9+72)3/2
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Figure 2. Graphs of C.V, coefficient of Skewness, coefficient of Kurtosis and index of dispersion of the SBPAD for varying values of the parameter 8
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The graphs of coefficient of variation (C.V ) , coefficient of Skewness (1 | B, ) , coefficient of Kurtosis (ﬂz) and index

of dispersion (;/) of the SBPAD are shown in figure 2. From fig. 2, it is obvious that C.V and index of dispersion are

monotonically decreasing whereas coefficient of skewness and coefficient of kurtosis are monotonically increasing for
increasing values of the parameter 6.

It can be easily verified that SBPAD is over-dispersed (,u <o’ ) , equi-dispersed (,u = 02) and under-dispersed for
0 <(=)> 0" =2.036937 . It should be noted that SBPLD is over-dispersed (,u <o’ ) , equi-dispersed (,u = 0'2) and
under-dispersed for 6 <(=)> 6" =1.671162.

4. Estimation of Parameter

4.1. Method of Moment Estimate (MOME): Equating the population mean to the corresponding sample mean, the
method of moment estimate (MOME) 6 of @ of SBPAD (2.1) is the solution of the following cubic equation in &
(7—1)93 —-26° + 6(7—1)9 —24=0,where X isthe sample mean.

4.2. Maximum Likelihood Estimate (MLE): Let X, X,,..., X, bearandom sample of size n from the SBPAD (2.1) and
k
let f, be the observed frequency in the sample correspondingto X =X (x=1,2,3,...,K) such that Z f, =n, where

x=1
k is the largest observed value having non-zero frequency. The likelihood function L of the SBPAD (2.1) is given by

4 \N k f
L=( o ] ! [T +3x+(6% +20+3)x| "

6% +6 K -
fy(x+3) x=L
(6?+1)XZ::1 X( )

The log likelihood function can be obtained as

J—zk: fx(x+3)log(9+1)+zk: f Iog[x3+3x2 +(6?2 +20+3)x]
x=1 x=1

4
0°>+6
The first derivative of the log likelihood function is thus given by

dloglL 2n(6’2+12)_n(7+3)+ . 2(6+1) 1,
do  0(6°+6) O+l  Fx*+3x+(0°+20+3)

IogL:nIog[

where X is the sample mean.

- d
The maximum likelihood estimate (MLE), € of @ of SBPAD (2.1) is the solution of the equation =0 andis

given by the solution of the following non-linear equation
2n(60°+12) n(x+3) & 2(0+1) f,

9(02+6) 0+1 +X:1x2+3x+(92+29+3)

This non-linear equation can be solved by any numerical iteration methods such as Newton- Raphson method, Bisection
method, Regula —Falsi method etc. In the present paper, Newton-Raphson method has been used to solve the above
non-linear equation to find MLE of the parameter. Note that the MLE of the parameter @is the local solution and it does not
matter much because accuracy of the estimate has been considered.

5. Goodness of Fit

In this section the goodness of fit of SBPAD, SBPLD and SBPD has been presented for two count datasets. The fit of these
distributions are based on maximum likelihood estimates of the parameter. The first dataset is immunogold assay data of
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Cullen et al. (1990) regarding the distribution of number of counts of sites with particles from immunogold assay data, the
second dataset is animal abundance data of Keith and Meslow (1968) regarding the distribution of snowshoe hares captured

over 7 days.

Table 1. Distribution of number of counts of sites with particles from Immunogold data

particles

No. of sites with

Observed Frequency

Expected Frequency

SBPD SBPLD SBPAD
111.3 119.0 119.8
1 122
64.1 53.8 52.9
2 50
18.0 17.9
3 18 18.5
4 4 35 53 5.4
5 4 0.6 1.9 2.0
Total 198 198.0 198.0 198.0
ML estimate 6 =0.575758 6 = 4.050987 0 =4.321254
2
V4 4.64 0.43 0.24
d.f. 1 2 2
p-value 0.0312 0.8065 0.8869
Table 2. Distribution of snowshoe hares captured over 7 days
Expected Frequency
No. times hares caught Observed Frequency
SBPD SBPLD SBPAD
170.6 177.3 177.9
1 184
72.5 62.5 61.8
2 55
3 14 154 16.4 16.5
4 4 2.2 3.8 3.9
5 4 0.3 1.0 0.9
Total 261 261.0 261.0 261.0
ML estimate 6 =0.425287 6 =5.351256 6 =5.487268
I 6.22 118 0.97
df. 1 1 1
p-value 0.0126 0.2773 0.3247

The fitted plots of the SBPD, SBPLD and SBPAD for datasets in table 1 and 2 are shown in figure 3. From the fitted plot of
the distributions, it is also obvious that SBPAD is closer to the observed values than SBPD and SBPLD and hence SBPAD
has advantage over these distributions for modeling count data excluding zero counts.
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Figure 3. Fitted plots of the SBPD, SBPLD and SBPAD for datasets in table 1 and 2

6. Concluding Remarks

In the present paper size-biased Poisson-Akash
distribution (SBPAD), a simple size-biased version of the
Poisson-Akash distribution (PAD) of Shanker (2017), has
been proposed and studied. Its raw moments and central
moments have been obtained and hence expressions for
coefficient of variation (C.V.), skewness, kurtosis and index
of dispersion have been presented and their natures have
been discussed graphically. The estimation of its parameter
has been discussed using the method of moments and the
method of maximum likelihood estimation. The goodness of
fit of the SBPAD has been discussed with two examples of
observed real datasets over SBPD and SBPLD and the fit
given by SBPAD gives quite satisfactory fit. Therefore,
SBPAD can be considered an important distribution for
modeling count data excluding zero counts over SBPD and
SBPLD.
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