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Abstract In this study we have proposed an alternative modification to the usual item count technique (ITC) to estimate
the proportion of a sensitive characteristic in some of the fields such as health care. This technique produces two estimators to
estimate the proportion. The first proposed estimator has been proven to be more efficient than the second one. Efficiency
comparisons of the first proposed estimator with the estimator of Doitcour et al.’s (1991) ICT, and with the estimator of
Hussain et al.’s (2012) ICT are performed. It is found that the first proposed estimator uniformly performs better than the
other estimators. The optimal sample size 7, in the case of minimizing the variance of the estimator, assuming that the cost of

conducting the survey is fixed, will be determined.
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1. Introduction

In sampling surveys, it is easily conceivable that many
respondents may not give truthful answers to direct questions
on illegal behaviors such as habitual gambling, shoplifting,
induced abortion, tax evasion, addiction to drugs, rash
driving, history of past involvement in crimes, embarrassing
or socially undesirable opinions and prejudices, ... , etc.
Measurement error in answers to previous sensitive topics
may be reduced by some choices in survey design, such as
open-ended questions, asking about behavior over long
reference periods, tolerantly loaded introductions, and
self-administration of the sensitive questions (see
Tourangeau and Yan (2007)). An ingenious alternative
approach to direct questioning is the randomized response
technique (RRT) that was introduced by Warner (1965). In
RRT the respondents employ a randomizing device to add
probabilistic misclassification to their responses and conceal
their true answers from the interviewer. Then several RR
models have been proposed in the last decades as a valuable
way for performing surveys on these sensitive topics. For
details one can refer to Greenberg et al. (1969), Moors
(1971), Mangat (1994), Mangat et al. (1997), Saha (2007),
Singh and Tarray (2013), Barabesi et al. (2014), Adebola and
Johnson (2015), and Blair et al. (2015).

Chaudhuri and Christofides (2007) gave a criticism on the
randomized response technique in the sense that it demands
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the respondent’s skill of handling the device and also asks
respondents to report the information which may be useless
or tricky. A clever respondent may also think that her/his
reported response can be traced back to her/his actual status
if she/he does not understand the mathematical logic behind
the randomization device. Some of the alternatives to the
randomized response technique are the Item Count
Technique (ICT), the Nominative Technique and the Three
Card Method. Details can be found in Droitcour et al. (1991),
Droitcour and Larson (2002) and Miller (1985) respectively.
These alternatives are designed because, in general,
respondent evade sensitive questions especially regarding
personal issues, socially deviant behaviors or illegal acts.
Chaudhuri and Christofides (2007) also added that in these
three alternatives to RRT respondents know that what they
are revealing about themselves and that they do not need to
know about any special estimation technique. Also
respondents provide answers which make sense to them.

ICT has an impression, mainly, on sensitive fields such as
health care. This Technique consists of selecting two
independent samples (control and treatment groups). Each
respondent in the control sample is presented with a list of
innocuous items (control items), say g, with possible
answers of “Yes” or “No” and is asked to report the total
number of items that are applicable to her/him. Each
respondent in the treatment sample, from the same
population, is provided with the same list to which one
sensitive item is added and is requested to report the total
number of items that are applicable to her/him. The
respondents are randomly assigned to either the control
group or treatment group.

Compared ICT to the classical RRT, the ICT has the
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advantage of avoiding the potentially distracting act of
randomization by the respondents themselves during the
interview. Potential disadvantages of the ICT are that only
the treatment group provides any information about the item
of interest, and that the inclusion of the control items
complicates the survey design and adds uncertainty to the
estimation (see Kuha and Jackson (2014)).

Dalton et al. (1994) named ICT as the unmatched count
technique and applied it to study the illicit behaviors of the
auctioneers and compared to direct questioning they
obtained higher estimates of six stigmatized items. Wimbush
and Dalton (1997) applied this technique in estimating the
employee theft rate in high-theft exposure business and
found higher theft rates. Tsuchiya (2005) proposed two new
methods, referred to as the cross-based method and the
double cross-based method, by which proportions in
subgroups or domains are estimated based on the data
obtained via the item count technique. In order to assess the
precision of the proposed methods, Tsuchiya conducted
simulation experiments using data obtained from a survey of
the Japanese national character. The results illustrated that
the double cross-based method is much more accurate than
the traditional stratified method, and is less likely to produce
illogical estimates. Tsuchiya et al. (2007) conducted an
experimental web survey in an attempt to compare the direct
questioning technique and the ICT. Compared with the direct
questioning technique, the ICT yielded higher estimates of
the proportion of shoplifters by nearly 10 percentage points,
whereas the difference between the estimates using these two
techniques was mostly insignificant with respect to
innocuous blood donation. Imai (2011) proposed new
nonlinear least squares and maximum likelihood estimators
for efficient multivariate regression analysis with the ICT.

Kuha and Jackson (2014) analyzed item count survey data
on the illegal behavior of buying stolen goods. The analysis
of an item count question was best formulated as an instance
of modeling incomplete categorical data. They proposed an
efficient implementation of the estimation which also
provides explicit variance estimates for the parameters.
Walter and Laier (2014) compared the methodological pros
and cons of ICT to direct questioning (DQ). They presented
findings from a face-to-face survey of 552 respondents who
had all been previously convicted under criminal law prior to
the survey. The results showed, first, that subjective
measures of survey quality such as trust in anonymity or
willingness to respond were not affected positively by ICT
with the exception that interviewers feel less uncomfortable
asking sensitive questions in ICT format than in DQ format.
Second, all prevalence estimates of self-reported delinquent
behaviors were significantly higher in ICT than in DQ
format. Third, a regression model on determinants of
response behavior indicated that the effect of ICT on
response validity varies by gender. Overall, their results were
in support of ICT.
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Hussain and Shabbir (2010) and Hussain et al. (2012)
proposed two modifications to the usual ICT that was
proposed by Droitcour et al. (1991), and they showed that
their estimators are always more efficient than the estimator
of the usual ICT.

Since the two main problems of the randomized response
models and their alternative techniques are the respondent’s
privacy and the efficiency of the estimators of these models,
so in this paper we have proposed an alternative modification
to the usual ICT that produces two estimators of the
parameter of the item count model, and their properties are
studied. The first proposed estimator, which has been proven
to be more efficient than the second one, is more efficient
than the estimators of the other models of ICT. Also this
alternative modification provides full protection to the
respondent’s privacy.

So the remainder of the present research is organized as
follows; Section 2 presents the usual ICT that was proposed
by Droitcour et al. (1991) and Hussain et al.’s (2012)
modification of the usual ICT. An alternative modification of
the usual ICT, and the two estimators of the parameter of the
model of ICT and their properties are presented in Section 3.
The relative efficiency, of the two proposed estimators, is
performed in section 4. Efficiency comparisons of the first
proposed estimator, that has more efficiency compared to the
other one, with the estimator of Droitcour et al.’s (1991) ICT
and the estimator of Hussain et al.’s (2012) ICT are
performed in section 5. The optimal sample size n, in the
case of minimizing the variance of the estimator, assuming
that the cost of conducting the survey is fixed, is determined
in Section 6. Section 7 is devoted for conclusions and
discussions.

2. The Usual ICT and Its Modification

This section presents the usual ICT which was proposed
by Droitcour et al. (1991) and its modification was proposed
by Hussain et al. (2012).

2.1. The Usual ICT

The usual ICT was introduced by Droitcour et al. (1991).
It consists of selecting two independent samples of sizes ny
and n,. The i th respondent in the first sample is given a list
of g innocuous items and asked to report the total number,
say x;, of items that are applicable to her/him. Similarly, the
j th respondent in the second sample is provided another list
of (g + 1) items including the sensitive item and asked to
report a total number, say y; , of the items that are applicable
to her/him. The g innocuous items may or may not be the
same in both the samples. Unbiased estimator of proportion
of the sensitive item in the population is given by

fip=y—X (2.1)
and its variance is given by

g g g
2i_19j (1_21':1 91)+Zj,k=1 00k
j#k

nz nz
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2.2. A Modification of ICT

This modification was suggested by Hussain et al. (2012). Each respondent in a sample of size n is provided a
questionnaire (list of questions) consisting of g = 2 questions. The j th question consists of queries about an unrelated item
(F}), and a sensitive characteristic S. The respondent is requested to count 1 if she/he possesses at least one of the
characteristics F; or S, otherwise, count zero, as a response to the j th question, and to report the total count based on entire
questionnaire. And they assumed that z; denote the total count of the i th respondent, and then mathematically they wrote it
as

z; = }g e 2.3)
where a; takes the values 1 and zero with probabilities (7 + 6; — 6;) and (1 —m — 6; + 76;) respectively.
“E(z)=n(g-%_,6)+2_,6 2.4)

This suggests an unbiased estimator of 7 as

=_v9
A z= j= 19f
— 2.
7, 5 Z}q 5, (2.5)
with variance
~ _n(l-m) (1-m)
Var(#t,) = — + . 06 (1-27_,6)+%] 166 (2.6)
n(g_2j=1 ) j#k

3. The Proposed Alternative Modification of the Usual ICT

Let a random sample of size n be selected using simple random sampling with replacement (SRSWR). The i th
respondent is provided a list consists of (g + 1) items that including g innocuous items and one sensitive item and asked to:

- Firstly; count a number, say y;, of the items that are applicable to her/him based on the entire list.
- Secondly; report how far away the produced number y; is from (g + 1) if she/he has the sensitive item, or report the
produced number y; if she/he doesn’t have it. It is to be mentioned that this idea is due to Christofides (2003).

The survey procedures are performed under the assumptions that the sensitive and innocuous items are unrelated and
independent. The (g + 1) items are arranged randomly in the list. This technique improves the privacy protection of the
respondents.

3.1. The First Proposed Estimator

Let

T be the true proportion of the population with the sensitive item.

1 —m be the true proportion of the population without the sensitive item.

Since the j th item may be innocuous or sensitive item, and y; be the total number produced by the i th respondent using
the ICT.

~ y; can be written as follows

=Yy (.1)

where

a.:

{ 1 if the j th item is applicable to the i th respondent with pobability m + 6;
j

0 if the j thitem is not applicable to the i th respondent with pobability 1 —m — 6;
Then, the expected value of y; can be written as
EQ) =Y E(e) =292 (m+6) = (g+ Dr+ X2 (3.2)
Then, from equation (3 - 2) we find
Ey)-%)_, 6;
(g+D)

A

7, = (3.3)

The expected value of 7, is

E(yl) - Z}('J:l 9]] _ E(yz) - Z}'qzl 9] _ (g + 1)7-[ + Z}'qzl 9] - Z}('J:l gj
g+1D g+1D (g+1D

~ ft; is an unbiased estimator of 1. Also,

E(®)=E
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Var(y,)) = E(y}) — [E(y)]?

g+1 g+1
E(y?) —ZE(a2)+ Z E(qja)

j= jk=1
Jj#k

g+1 g+1

—Z(n+9)+ Z(n+7‘[9 + 10, + 6,6,

jk=1
]:#k

—(g+1)21'[+29 +2(g+1)7r29 + Z 6,0,

jk=1
Jj#k

-'-Var(yl)—(g+1)2n+29 +2(g+1)n20 + Z 8,6, — (g + 1)?n?

j,k=1
Jj#k

g g 7
—2(g + 1)7129]- - lZé}‘

“Var(y) =(g+ 1)1 -m) + X7, 6, [1 =X/, 6]+ X7, 6,6,
j#k

(1-m) 1
- Var(ay) =20~ +n(g+1)2[ 16 (1-27_,6)+%7,_1 6,6,
j#k

3.2. The Second Proposed Estimator
Let
d; be the total number reported by the i th respondent in the sample

and
_ {g +1 if the sensitive item is applicable to the i th respondent
©7 |0 if the sensitive item is not applicable to the i th respondent
“Priuy=g+1]l=mand Prluy;=0]=1-m
and
Prld;=m] =1 —mpy + Tg41-m = An m=20,12,..,9
where
Pm is the probability that the produced total number by the i th respondent is m,
Dg+1-m 1s the probability that the produced total number by the i th respondentis g + 1 —m,
Am is the proportion of the respondents that report m.

~ For the i th respondent
d; = |u; — y;| and similarly y; = |u; — d;|

~E(@)=mE[(g+1)—d]+ 1 —-mn)E[d]
=rl(g+1D—-d|+ 1 -n)d]
=n[(g+1)—2d]+d

Lp = EOD-d
2 = g+1)—2d]
The expected value of 7, is
() = E(y) — E(y)—-d n[(g+1)—2d|+d-d
ft,) = = — = = =
2 [( +1) - 2d] " [(g+1) -2d] [(g+1D—2d]

~ fi, is an unbiased estimator of m. Also

(3.4)

3.5)

(3.6)

3.7)
(3.8)
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Var(y,) = E(v?) — [E()]?
E(y?) =n(g+1)? — 2n(g + 1)d + E[d?]

[EG)1 =n2[(g+ 1) - 2d]" + [d]* + 2n(g + Dd — 4n[d]’

“Var(y) =n(1-m[@+1) - 2(1]2 + Var(d,) (3.9)
. Ay _ n(l-m) Var (d;)
~Var(it,) = - laiD)—2dF (3.10)
where
d=%9_,miy, (3.11)
and
Var(d,) = 39 _ym? A, — [29 _ym An]” (3.12)

where 1, is the proportion of the respondents that report m ;m = 0,1,2, ... , g, in the sample.
From equations, of E(y;), (3 -2) and (3 - 7) we find
(g+1d+[2d—(g+D)](29_, 6;)
[2d]

E(y) = (3.13)

4. The Relative Efficiency of the Proposed Estimators of

In this section we present efficiency comparison of the proposed estimator 7; with the proposed estimator ;. From
equations (3 - 5) and (3 - 10), the relative efficiency of the two unbiased estimators 7; and 7T, is

Var(it,)
Var(#,)
(1 —-m[(g+ 1) —2d]" + Var(d,)
n[(g+1) - 25]2

REFF(ﬁ'l,ﬁz) =

(g+1D?n(1—m) +

6 (1-26)+5 ejek]

j#k

n(g + 1)?

_ (g+1D)2n(1-m)[(g+1)-2d12+(g+1)2Var (d;) @1

(g+1)27r(1—7r)[(g+1)—2d]2+[(g+1)—2d]2IZ}?_l 0;(1-20_, 6))+%0 oy ejek}
j#k

From the properties of the weighted mean the following property.
Property: Consider a set of real positive numbers xq, X5, ... , x;,, all are less than a positive real number s, and there are n
positive weights w; such that ;' ; w; = 1 then
n
[Z wix; = J'cwl <s
i=1

iaWi X, —Ss =Xy W X —SXiog wp = Xy wy [x; — 5] <0.

The Prove:

~ According to this property
(g+1) >d

Which is always true for all values of g and d, and
[(g+1) —2d]" = (g + 1)? — 4(g + 1Dd + 4[d]’
2 (g+1d > [d]
S (g+1)? > [(g+1)—2d] (4.2)
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which also, is always true for all values of g and d. Also, from equation (3 - 9) we find

Var(d;) = Var(y) —n(1 —m)[(g + 1) — 2d]’ (4.3)

and from equation (3 - 4) we find

=Var(y;) — (g + 1)*n(1 —m) (4.4)

[ ;g=191‘(1_ j=1 1)+21k 199k
Jj#k

By subtracting equation (4 - 4) from equation (4 - 3)

jk=1
j#k

g g g
Var(di)—lzej 1—2@ + Z 6,6, =n(1—m) [(g+ 1 [(g +1) - 2d] ]
= =

According to equation (4 - 2)
sn(l-m) [(g+ 10— [(g+1) —2d]’| >0

g
- Var(dy) > zej 1—29 + Z 6,6,
j=1 j.k=1
Jj#k
g g
(g + DVar(d) > [(g + 1) — 2d]° z 5 Z ) Z 6,
j=1 j=1 Jk=1
Jj#k
_ Var(ity)
" Var(#y)
< ft; has smaller variance than 7, , i.e., 7, is less efficient than 7;. We have calculated d, Var(d;) and the relative
efficiency of the proposed estimator ; relative to the proposed estimator 7, for g=2,3,..,10 ,

m=0.1,0.2,..,05,n =100, and for 9]- < 0.5 and 9} > 0.5; Vj, at each value of g. The results are provided in Table
(1) in Appendix. From table (1) it is indicated that;

- The proposed estimator 7t; is more efficient than the proposed estimator 7,.
- The sample size n does not have significant effect on the relative efficiency of the two proposed estimators.

5. Efficiency Comparisons

In this section we present efficiency comparisons of the estimator 7; of the proposed ICT with the estimator 7, of the
usual ICT and with the estimator 7, of Hussain et al.’s ICT.

5.1. Proposed Estimator 72, Versus the Estimator 7,

We compare the relative efficiency of the proposed estimator 7I; with the estimator 7, in both cases of having and not
having unequal 6;V j. In the case of having unequal 6,V j the proposed estimator #; would be more efficient than the
estimator 7 if

Var(fip) — Var(fy) >0

From equations (2 —2) and (3 — 5), we have

Var(fip) — Var(ft;) =

”1”(1_”)"'”1[ j=1 1(1 ] =1 1)]"'”2 ] =1 1(1 } =1 1)+Z]k =1

Jj#k

nin;

(g+ D2l —m) + [T, 6 (1= %0, 6) + Xes ejekl
j#k

n(g + 1)2
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_ n(g+1)°m(1—m)[n—ny] +ng [2}9:1 6; (1- }‘.’:1 Hj)][n(g +1)%2 —ny] +
B nynyn(g + 1)>2

nzn(g+1)2[§]jg:1 6; (1—2?21 Hj)]+n2 ng,k:1 00k |[n(g+1)%—n4]
j#k
ninyn(g+1)>2 G.D
since
ncnandn, C n
~n—n, >0, [n(g+1)? —n,] >0 ,and [n(g + 1)? —n;] > 0 which are always true for all values of
ny,ny,n,and g .
~ The numenator of equation (5—-1) >0
Var(ftp) — Var(iy) >0
~ ft; is more efficient than 7.
Moreover, in the case of having 6, = 1/ gV, (which is difficult/impossible case), we find
1
?:1 6 =1 and 23‘.{,{219]-9,( = (5.2)
j#k
AN _ m(l-m) 1
Var(ft;) = —+ TR (5.3)
and
~ _n(l-m) L
Var(fip) = v + — (5.4)
(1l —m) 1 nm(1l-m) 1
“Var(fy) —Var(f) = ——2 + — — -
ar(p) ar() n; ng n ng(g +1)?
n1g(g + 1?*[n—nylm(1 — m) + ny[n(g + 1)? — ny]
nin;ng(g + 1)
since

n—ny, >0,and [n(g + 1)?> —ny] > 0 which is always true for all values of ny,n,,n,and g . Then
mg(g + D’ n—npln(1 —m) + ny[n(g + 1) —m] >0
~Var(fip) —Var(iy) >0

~ 7, is more efficient than 7p.

5.2. Proposed Estimator 7; Versus the Estimator 7,
We compare the relative efficiency of the proposed estimator f; with the estimator 7, in both cases of having and not
having unequal 6;V j . In the case of having unequal 6,V j the proposed estimator f; would be more efficient than the

estimator 7, if
Var(ft,) — Var(f;) > 0

From equations (2 - 6) and (3 — 5) we find,
Var(ﬁp) —Var(fty) =

2
(9-X/,6)n(1-m+ (1 ~-m) I 06 (1-%0_,6)+% ejekl
j#k _

n(9-30.0)

I 6 (1-20_,6)+%-16 gkl

(g +D*r(1—m) +|X;
j#k

n(g + 1)2

|+n2a-m~(9-32,6,) ]

(5.5)

g g g
|2j=1 9]' (1_21‘:1 9]')+Zj,k:1 Hfgk
j#k

n(g+0?(9-30_,6;)
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We have calculated the relative efficiency of the proposed estimator 7; relative to the estimator 7, for m =
0.1,0.2,..,08, g=2,3,..,10, n =100, and for 0 < 0.5; Vj and 6 = 0.5; Vj at each value of g. The results are
arranged in table (2).

Moreover, in the case of having 6, = 1/ g 3 VJ , (which is difficult/impossible case), we find,

(11— n)+ (1-m)

Var(f,) = TP (5.6)
From equations (5 - 3) and (5 - 6) we find
~ . 12(1-n)—(g—1)?
Var(#,) — Var(®,) = (gzg)(g(_l)’;)(gigl )Z> (5.7)

Also, we have calculated the relative efficiency of the proposed estimator 7; relative to the estimator 7, in the case of
having 0, = 1/g ;Vj for 1=0.1,0.2,...,05, g=2,3,..,10, n = 100, and for 6 < 0.5; Vj and 6 = 0.5; Vj ateach
value of g. The results are arranged in table (3).

From tables (2) and (3), it is indicated that;

- For m < 0.5, the proposed estimator 7; is more efficient than the estimator 7, for all values of g and 6;Vj.

-For m > 0.5 and 6; < 0.5Vj , the proposed estimator 7; is less efficient than the estimator 7p for all values of g.

-For > 0.5 and 6; = 0.5 V) , the proposed estimator 7; is more efficient than the estimator #p for all values of g.

- The sample size n does not have significant effect on the relative efficiency of the proposed estimator 7; relative to 7,,.

- In the case of having 6, = 1/g Vi = 1/g ;Vj, the relative efficiency of the two estimators 7; and 7, is

approximately equivalent for all values of g and w.

6. The Optimal Sample Size n

In the sampling surveys it is necessarily to find the values of #, so that the variance of the estimator is minimum under fixed
cost, or the cost is minimized under assumption that the variance of the estimator is predetermined (see Christofides (2005)).
Consider the case of minimizing the variance of the estimator assuming that the cost of conducting the survey is fixed.
Suppose that we have the following linear cost functions

C=cy+cin 6.1)
where

co s the general (fixed) cost of the survey,

c; s the cost of interviewing an individual in the sample,

C is the total cost of the survey.

Then we want to find the optimal values of n which minimize the variance of 1 subject to a fixed cost. Thus, we have
the following optimization problem

g
Min|TE= 1 ze ze +299
w n n(g+1)2.1j k
]=

jk=1
j#k
subject to
C=cy+cn (6.2)
Using the method of Lagrange multipliers, we can equivalently have the unconstrained minimization problem
Min f(n, B)
where

g
1_
f(n'ﬁ):n(nn) n(g+1)2 Zej Ze +299k +Bleo +cin—C] (6—-3)

j=1 j=1 j.k=1
j#k

Taking partial derivatives, we find
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(g+D?|z]_, 9}(1_2}9:1 91‘)*'2}6'],1(:1 0j0k
of _ m(d-m) j#k _
an n? n2(g+1)* + ,8C1 =0 (6-4)
af _ _
ﬁ—co+01n—C—0 (6.5)

From equations (6 - 4) and (6 - 5), we find

(g+1)2n(1—n)+

g g g
Yi_10; (1_21':1 9]')+Zj,k=1 8 ek}
j#k

Bey = SETPTEL (6.6)
cin=_C—c 6.7)

Solving the system of the equations (6 - 6) and (6 - 7), it follows that
n =0 (6.8)

€1

If we substituting the value of n in equation (3 - 4) (Section 3), then we obtain the minimal value of variance 7; as follows;

c|(g+ DA —m) + |26 (1-39_,6) + X, 66,
j#k

var(m) = (g + DZ(C —co)

7. Conclusions and Discussions

The aim of this article was to provide an alternative modification of the usual ICT to estimate the proportion of a sensitive
characteristic in some of the fields such as health care. The main features of this alternative modification are that, first of all it
does not need to select two subsamples of sizes n; and n,. Therefore, we do not require to worry about the optimal values
ny; and n, as is the usual ICT estimator ;. Secondly the first estimator of this alternative modification has been proven to
be more efficient than the estimators of the other ICT techniques. Thirdly this technique provides full protection to the
respondent’s privacy since the reported number by the respondent may differ from the produced number and each reported
number falls in the range [0 — g] and means that the respondent may have or may not have the sensitive item. This technique
produced two estimators to estimate the proportion. We proved that the first proposed estimator to be more efficient than the
second one. Also we proved that the first proposed estimator of the proposed item count technique is more efficient than the
estimator of the usual ICT f,. Also, it has been observed that the first proposed estimator performs better than the estimator
ft, of Hussain et al.’s (2012) ICT when 7 < 0.5 (which is the logical event). We determined the optimal sample size 7, in
the case of minimizing the variance of the estimator, assuming that the cost of conducting the survey is fixed. In summary,
based on the findings of Sections 4 and 5, and the concluding discussion above we recommend the use of the proposed ICT
with the first proposed estimator in surveys about sensitive items instead of the usual ICT and Hussain et al.’s item count
technique.
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Appendix
Table (1). The percent relative efficiency of the two proposed estimators

g g T
g Z g Z 90| a |var@d)

" j.k=1

=1 j#k 0.1 0.2 03 0.4 0.5
2 0.5 0.12 0.9 0.69 434 318 275 256 251
2 1.5 1.12 1.2 0.56 1255 853 703 639 620
3 0.9 0.52 1.1 0.89 285 219 195 185 182
3 1.8 2.14 1.7 0.81 1750 1183 970 878 851
4 1.0 0.7 1.6 1.44 453 322 275 255 250
4 23 3.94 2.1 1.29 1645 1099 897 811 787
5 1.1 0.9 2.4 2.04 1346 867 701 633 613
5 3.0 7.16 2.7 2.01 4642 2988 2392 2139 2067
6 1.5 1.82 3.2 2.96 7433 4610 3637 3232 3117
6 42 14.6 3.4 2.34 51542 31937 25125 22278 21467
7 1.6 2.12 3.25 3.187 1393 885 713 642 622
7 5.0 21.32 3.85 3.3275 33503 20558 16122 14278 13754
8 2.1 3.4 4.0 3.7 3663 2225 1750 1555 1499
8 5.6 27.32 43 3.91 22449 13722 10751 9519 9169
9 23 4.6 4.5 5.05 4845 2959 2326 2066 1992
9 6.5 37.4 4.7 5.21 13674 8290 6482 5736 5524
10 2.7 6.44 5.1 6.09 9123 5520 4317 3821 3681
10 7.0 439 53 6.41 37986 22892 17843 15762 15172
Table (2). The percent relative efficiency of [Var(ﬁp) / Var(ﬁl)] in the case of not having 6, = 1/g; Vj

g g T

g Z % 2 %6
j=1 ]]’.];:kl 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

2 0.5 0.12 182 145 130 121 114 109 103 96
2 1.5 1.12 1085 668 496 401 340 296 260 227
3 0.9 0.52 167 137 124 116 111 106 101 95
3 1.8 2.14 394 269 217 187 168 153 140 126
4 1.0 0.7 136 118 111 107 104 101 99 93
4 23 3.94 301 214 178 157 144 134 124 114
5 1.1 0.9 122 111 106 104 102 100 97 94
5 3.0 7.16 287 204 171 152 140 131 123 113
6 1.5 1.82 123 111 107 104 102 100 97 94
6 42 14.6 363 243 197 173 157 145 136 126
7 1.6 2.12 116 108 104 102 101 100 97 94
7 5.0 21.32 350 235 191 168 153 143 134 125
8 2.1 3.4 114 107 104 102 101 100 98 96
8 5.6 27.32 306 210 174 155 143 134 127 120
9 23 4.6 115 107 104 102 101 100 98 95
9 6.5 374 308 210 174 155 143 138 128 121
10 2.7 6.44 115 107 104 102 101 100 98 95
10 7.0 43.9 265 187 159 143 134 127 121 115
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Table (3). The percent relative efficiency of [Var(ﬁp) / Var(ﬁl)] in the
case of having 6, = 1/g; Vj

3
g 0.1 0.2 03 0.4 0.5
2 371 260 211 183 164
3 149 125 116 11 108
4 115 107 104 103 102
5 106 103 102 101 101
6 103 101 101 100 100
7 102 101 100 100 100
8 101 100 100 100 100
9 101 100 100 100 100
10 101 100 100 100 100
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