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Abstract  This paper deals with preliminary test single stage Bayesian Shrinkage estimator for the scale parameter (θ) of 
an exponential distribution when a guess value (θ0) for (θ) available from the past studies under the improper prior 
distribution and the quadratic loss function. The proposed estimators are shown to be a more efficient than the usual 
estimators θ when θ is close to θ0 in the sense of mean squared error (MSE). In which the expression for bias and mean 
squared error of the proposed estimator are derived. Numerical results for the bias and MSE are using different constants were 
involved in it which had been given as well as comparisons. 
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1. Introduction 
One of the most useful and widely exploited model is the 

exponential distribution, Epstein [7] remarks that is the 
exponential distribution which plays as important role in life 
experiments as the part played by the normal distribution in 
agricultural experiments. It is applied in a very wide variety 
of statistical procedures. Among the most prominent 
applications were found in the field of life testing and 
reliability theories. The scale parameter (θ) is known as 
mean life time. The maximum likelihood estimator for θ is a 
sample mean which is unbiased and a minimum variance 
unbiased linear estimate. 

The one parameter exponential distribution has the 
following probability density function (p.d.f) 

1 texp( ) , t 0, 0

0 ,o.w

θ
θ θ

− ≥ >= 


    (1) 

where θ is an average or the mean life and it is also acts as 
scale parameter, while λ = 1/θ is called the mean time to 
failure (MTTF). Thompson [13] introduced the idea of 
Shrinkage the MVULE towards the prior estimate θ0 in order 
to get a better estimate, and proposed a class of shrinkage  
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estimators 0
ˆk (1 k)Τ ≡ θ + − θ , where k (constant) had 

been known as a shrinkage weight function, 0 < k < 1, which 
is specified by the experimenter in advance according to his 

belief in θ0. He compared the estimator T with ˆ(θ) , in the 
terms of MSE. Another class of shrinkage estimators were 
bounded MSE and had a better performance than the usual 
estimator, which have been discussed in [9] and [10]. 
Bhattacharya and Srivastava [6] were used the antecedent 
prior estimate θ0 to propose an preliminary test single stage 
shrinkage estimator for θ as below 

1 0
SS

2

ˆ ˆ( ) , if H : is accepted
ˆ ˆ( ) , otherwise

0 0 0

0 0

ψ θ)(θ − θ + θ θ = θθ = 
ψ θ)(θ − θ + θ

 (2a) 

when ˆ( )1ψ θ =0 and ˆ( )2ψ θ =1. 

Also, several authors had been studied the general 
preliminary single stage Shrinkage estimator form (2a) is by 
taken many different choices for the shrinkage weight factors 

i
ˆ(ψ θ)  (i =1,2), i

ˆ0 ≤ ψ (θ) ≤1 .  

For example, it may be taken as 

SS

ˆ ˆ ˆ( ) , if R
ˆ ˆ ˆ( ) , if R

0 0

0 0

ψ θ)(θ − θ + θ θ∈θ = 
(1−ψ θ))(θ − θ + θ θ∉

 (2b) 

where ˆ(ψ θ) , ˆ0 ≤ ψ(θ) ≤1  it may be constant or a 

function of θ̂  in which to represents one's degree of belief 
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in the prior estimate θ0, R is a suitable region in the 
parameter space which may be pretest region. See [1], [2], 
[3], [4], [8] and [12]. 

The idea of this paper is concern with the development of 
preliminary single stage shrinkage estimators (2a) is for 
estimate the scale parameter of exponential distribution been 
using the Bayesian estimation technique under the improper 

of prior distribution and quadratic loss function. Various 
choices of shrinkage weight function had been considered as 
well as being pretest region R for complete samples. The 
expressions for Bias, Mean Squared Error and Relative 
Efficiency were derived. Numerical results for Bias and 
Relative Efficiency (R.Eff.) been given for a different 
constant involves in the estimators. 

3. Bayesian Estimator 
Consider the one parameter exponential distribution (1), and assume the following improper prior distribution of θ; 

g(θ) = θ–(a + 1) e – b/θ, θ > 0, –∞ < a < ∞, b ≥ 0. see [11]                    (3) 

L(t 1, t2,…,tn) =
n

i 1=
∏  f (ti θ) = 

n

i
i 1

n
1 exp

t

θθ
=

 
 
 −
 
 
 

∑
                       (4) 

And the posterior distribution function is defined as below : 

f (θt1, t2,…,tn) 
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Therefore, one can obtain the bayes estimator of which under quadratic loss function and risk function as follow : 
n

i
i 1

1 b t
(n ) 1

1 2 n 1 2 n n
0 0

n

i
i 1

eˆ = E( t , t ,...,t ) ( t , t ,...,t )d d
1(n )

b t

a

af
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− + 
θ∞ ∞  − + −  
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∑
θ

θ θ = θ θ θ = θ θ
 

Γ + ⋅  
 +

∫ ∫

∑
   (7) 

n
i

i 1

nn 1 b t
i (n 1) 1

i 1
n 1 n 1n

0
i n

i 1
i

i 1

b t
(n 1) eˆ = d

(n ) 1(n 1)b t
b t

a

a

a a
a

a
a

=

+
 

− + 
θ∞  − + − −  

=
Β + − + −

=

=

  ∑+ 
Γ + − θ θ ⋅ θ

Γ +   
Γ + − ⋅+   

   +

∑
∫

∑
∑

 

And by simple calculations, we get 

n

i
i 1

b t
ˆ =

n a
=

Β

+
θ

+

∑ , –∞ < a < ∞, b ≥ 0                          (8) 

4. Preliminary Single Stage Bayesian Shrinkage Estimator BSθ  
This section is concern with the pooling approach between shrinkage estimation which had been used a prior information 

about an unknown parameter as initial values and Bayesian estimation were uses a prior information about unknown 
parameter being a prior distribution for the scale parameter (θ) of exponential distribution were using specific shrinkage 
weight factors as well as pretest region (R) when a prior information about (θ) is available as initial value (θ0). 

General preliminary test single stage Bayesian Shrinkage (PSSBS) estimator were defined below 

1 B
BS

2

ˆ ˆ ˆ( ) , if R
ˆ ˆ ˆ( ) , if R

0 0

Β 0 0

ψ θ)(θ − θ + θ θ∈θ = 
ψ θ)(θ − θ + θ θ∉

                       (9) 

where Bθ̂  had been represented to Bayes estimator for θ is defined with equation (8), R which is suitable region (say pretest) 

and i
ˆ )ψ (θ  (i=1,2), i

ˆ0 ≤ ψ (θ) ≤1  is shrinkage weight function which might be a function of θ̂  (MLE) or a constant, 
See [2]. 

4.1. Preliminary Test Single Stage Bayesian Shrinkage Estimator BS1θ  

Using the form (9), the proposed PSSBSE BS1θ  had the following forms: 

BS1

ˆ, if R
ˆ ˆk ) , if R

0

Β 0 0

θ θ∈θ = 
(θ − θ + θ θ∉

                           (10) 

i.e. 1 2
ˆ ˆ( and ( kψ θ) = 0 ψ θ) =  (constant), 0 < k < 1; 
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and suppose that a=0 and b= -1 in equation(8). 
where R is pre-test region of acceptance to size α for testing the hypothesis H0: θ = θ0 against the hypothesis HA : θ ≠ θ0 

using the test statistic T
ˆ2nˆ )
0

θ
(θ θ =

θ
 

in that 

2 20 0
1 /2,2n /2,2nR X , X

2n 2nα α
θ θ

−
 =   

                         (11) 

Assume that, R=[a,b], a < b. 

i.e.; 2 20 0
1 /2,2n /2,2nX , X

2n 2n
a bα α

θ θ
−= =                     (12) 

where 2 2
1 /2,2n /2,2nX and Xα α−  had been respectively a lower and an upper 100(α/2) percentile point of chi-square 

distribution with degree of freedom (2n). 

Also, Bθ̂  refer to Bayes estimator, θ̂  is MLE of θ and θ0 was a prior information of θ. 

The expressions for Bias [B(⋅)] and mean square error [MSE] of 
1BSθ  were represented respectively as follows: 

1BS1 BS

R R

B( ,R) E(

ˆ ˆ ˆ ˆ ˆ]f ( )d [k( ) f ( )d0 Β 0 0

θ θ = θ ) − θ

= [θ − θ θ θ + θ −θ + θ − θ] θ θ∫ ∫

 

 

where R  is the complement region of R in real space and f ( θ̂ ) is a p.d.f. of θ̂  which has the following form 

n-1

n

ˆ ˆ[ exp[ n ˆ, for 0ˆ( ) n θ / n
0 , otherwise

f
 θ] − θ / θ]

< θ < ∞θ = Γ( )( )



                    (13) 

we conclude: 

BS1 1 0
1 nB( ,R) k ( 1) ( 1) k J ( *, *) J ( *, *)

n 1 n 1
a b a bλ λ λ    θ θ = θ − − + − − −    − −    

   (14) 

where λ = θ0 / θ, 

n 1 y1J ( *, *) y y e dy
n (n)

b*

a*

a b − −=
Γ ∫ 





                         (15) 

2 2
1 /2,2n /2,2nX , Xa* b*α αλ λ−= =                             (16) 

And 
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2

2
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  − − − + −  − −   
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 

 (17) 

The Relative Efficiency of estimator BS1θ  with respect to the classical estimator ( θ̂ ) is defined as below 

2

BS1
BS1

/ nR.Eff ( ,R)
S ,R)

θ
θ θ =

Μ Ε(θ θ




                      (18) 

see for example [1],[2],[3]and[13] 

4.2. Preliminary Test Single Stage Bayesian Shrinkage Estimator BS2θ  

By using the form (9), which the proposed PSSBS estimator BS2θ  had the following forms: 

BS2

ˆ, if R
ˆ ˆk ) , if R

0

Β 0 0

θ θ∈θ = 
(θ − θ + θ θ∉

                         (19) 

i.e. 1 2
ˆ ˆ( and ( kψ θ) = 0 ψ θ) =  (constant), 0 < k < 1; 

and suppose that a=0 and b= 0. 

The expressions for Bias [B(⋅)] and the Mean Squared Error [MSE] of BS2θ  were represented respectively as follow up: 

2BS2 BS

R R

B( ,R) E(

ˆ ˆ ˆ ˆ ˆ]f ( )d [k( ) f ( )d0 Β 0 0

θ θ = θ ) − θ

= [θ − θ θ θ + θ −θ + θ − θ] θ θ∫ ∫

 

  

{ }0 1 0( 1)( j ( , ) 1) k( j ( , ) j (a*,b*) )a* b* a* b*λ λ= θ − + − +   (20) 

and, 

{
}

2 2 2
BS2 0

2 2
1 2 1 0

MSE( ,R) k / n ( 1) (k 2) 2k( 1)[ (1 j ( , )

j ( , ) 1] k ( j ( , ) 2 j ( , ) j (a*,b*)]

a* b*

a* b* a* b* a* b*

λ λ λ

λ λ

2θ θ = θ + − + − − − +

− − − +



   (21) 

5. Numerical Results 

The computations of relative Efficiency [R.Eff(⋅)] and the Bias ratio [B(⋅)] been used for the estimator BSiθ (i=1,2). 
These computations were performed for α = 0.01,0.05,0.1, k = 0.01,0.1,0.3,0.5, λ = 0.1(0.1)1,2, n = 4,6,8,10,12. Some of 

these computations had been given in annexed tables. The observation mentioned in the tables lead to the following results: 
1. R.Eff(⋅) of BSi (i 1,2)θ =  are adversely proportional with the small value of α and those of n and k. 
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2. R.Eff(⋅) of BSi (i 1,2)θ =  are maximum however when θ = θ0(λ = 1) for all α, n and k. 

3. R.EffB(⋅)is better than R.Effc(⋅) of BSi (i 1,2)θ = . 

4. Bias ratio [B(⋅)] of BSi (i 1,2)θ =  are reasonably a small when is θ ≈  θ0, otherwise B(⋅) will be maximum for all α 
and n. 

5. B(⋅) of BSi (i 1,2)θ =  are a small compared with the small sample size (n) and also with the small α and k. 

6. Effective Interval [the values of λ that makes R.Eff. are greater than one] for BSi (i 1,2)θ =  is [0.5,1.5]. 

7. The suggested estimator BSi (i 1,2)θ =  are more efficient than the estimators introduced by [6], [9] and [10] in the 
terms to Mean Squared Error (MSE). 

8. The suggested estimator BS1θ  is more efficient than the estimator BS2θ  in the sense of mean squared error (MSE). 

Table (1).  Shown Bias Ratio [B(⋅)] and Relative Efficiency [R.Eff.(⋅)] of BS1θ  when k = 0.1 

α 
λ 
 

n 
 0.25 0.75 1 1.25 1.75 2 

0.01 

4 B(⋅) 
R.Eff(.) 

(0.70713) 
0.49239 

 

(0.25092) 
3.9666 

 

(0.003142) 
1186.5 

 

(0.2425) 
4.21 

 

(0.725) 
0.47348 

 

(0.96137) 
0.26937 

 

6 B(⋅) 
R.Eff(.) 

(0.7046) 
0.33216 

 

(0.2511) 
2.6409 

 

(0.0047) 
675.46 

 

(0.2376) 
2.918 

 

(0.7066) 
0.3322 

 

(0.9345) 
0.1901 

 

8 B(⋅) 
R.Eff(.) 

(0.70067) 
0.25238 

 

(0.25124) 
1.9792 

 

(0.00598) 
487.21 

 

(0.2333) 
2.2695 

 

(0.6939) 
0.2586 

 

(0.9189) 
0.14765 

 

0.05 

4 B(⋅) 
R.Eff(.) 

(0.68499) 
0.52345 

 

(0.25248) 
3.9063 

 

(0.008278) 
579.93 

 

(0.23235) 
4.5586 

 

(0.702) 
0.50481 

 

(0.932) 
0.2867 

 

6 B(⋅) 
R.Eff(.) 

(0.6858) 
0.3504 

 

(0.2525) 
2.609 

 

(0.00925) 
451.17 

 

(0.2288) 
3.1428 

 

(0.6914) 
0.3475 

 

(0.986) 
0.197 

 

8 B(⋅) 
R.Eff(.) 

(0.684) 
0.26498 

 

(0.2522) 
1.9633 

 

(0.00916) 
401.33 

 

(0.2277) 
2.3854 

 

(0.6872) 
0.26396 

 

(0.9135) 
0.1495 

 

Table (2).  Shown Bias Ratio [B(⋅)] and Relative Efficiency [R.Eff.(⋅)] of BS1θ  when k = 0.3 

α 
λ 

 
n 

 0.25 0.75 1 1.25 1.75 2 

0.01 

4 B(⋅) 
R.Eff(.) 

(0.62139) 
0.54896 

 

(0.25092) 
3.8779 

 

(0.00943) 
131.83 

 

(0.2275) 
4.3902 

 

(0.675) 
0.52406 

 

(0.88411) 
0.30622 

 

6 B(⋅) 
R.Eff(.) 

(0.61367) 
0.39226 

 

(0.25337) 
2.5794 

 

(0.014) 
75.052 

 

(0.21264) 
3.2417 

 

(0.6198) 
0.4101 

 

(0.8036) 
0.24628 

 

8 B(⋅) 
R.Eff(.) 

(0.60202) 
0.31138 

 

(0.2537) 
1.9317 

 

(0.01793) 
54.134 

 

(0.1998) 
2.7218 

 

(0.5817) 
0.3521 

 

(0.7568) 
0.21107 

 

0.05 

4 B(⋅) 
R.Eff(.) 

(0.55497) 
0.65195 

 

(0.25743) 
3.6462 

 

(0.0248) 
64.437 

 

(0.1971) 
5.3747 

 

(0.606) 
0.6425 

 

(0.7964) 
0.3767 

 

6 B(⋅) 
R.Eff(.) 

(0.55747) 
0.46539 

 

(0.2576) 
2.4748 

 

(0.02776) 
5.13 

 

(0.18634) 
4.0699 

 

(0.57412) 
0.48355 

 

(0.7558) 
0.2828 

 

8 B(⋅) 
R.Eff(.) 

(0.552) 
0.3681 

 

(0.2566) 
1.8824 

 

(0.0275) 
44.592 

 

(0.18297) 
3.2342 

 

(0.5617) 
0.3823 

 

(0.74057) 
0.22257 
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Table (3).  Shown Bias Ratio [B(⋅)] and Relative Efficiency [R.Eff.(⋅)] of BS1θ  when k = 0.5 

Table (4).  Shown Bias Ratio [B(⋅)] and Relative Efficiency [R.Eff.(⋅)] of BS2θ  when k = 0.1 

  

α 
λ 
 

n 
 0.25 0.75 1 1.25 1.75 2 

0.01 

4 B(⋅) 
R.Eff(.) 

(0.53565) 
0.52151 

 

(0.25462) 
3.7635 

 

(0.015713) 
47.459 

 

(0.2125) 
4.1966 

 

(0.625) 
0.55539 

 

(0.8068) 
0.33442 

 

6 B(⋅) 
R.Eff(.) 

(0.52278) 
0.40902 

 

(0.25561) 
2.5062 

 

(0.02335) 
27.019 

 

(0.1877) 
3.177 

 

(0.5331) 
0.41009 

 

(0.6727) 
0.24628 

 

8 B(⋅) 
R.Eff(.) 

(0.50337) 
0.34555 

 

(0.25618) 
1.8776 

 

(0.02988) 
19.488 

 

(0.1663) 
2.8178 

 

(0.4695) 
0.46888 

 

(0.595) 
0.3066 

 

0.05 

4 B(⋅) 
R.Eff(.) 

(0.4249) 
0.6406 

 

(0.2624) 
3.3237 

 

(0.0414) 
23.197 

 

(0.16176) 
5.2623 

 

(0.511) 
0.77937 

 

(0.66058) 
0.4823 

 

6 B(⋅) 
R.Eff(.) 

(0.42912) 
0.52799 

 

(0.2627) 
2.323 

 

(0.0463) 
18.047 

 

(0.14389) 
4.3848 

 

(0.45686) 
0.6652 

 

(0.59296) 
0.4144 

 

8 B(⋅) 
R.Eff(.) 

(0.42) 
0.4574 

 

(0.261) 
1.7939 

 

(0.0458) 
16.053 

 

(0.13828) 
3.7329 

 

(0.4361) 
0.5629 

 

(0.567) 
0.3484 

 

α 
λ 
 

n 
 0.25 0.75 1 1.25 1.75 2 

0.01 

4 R.Eff(⋅) 
B(⋅) 

0.2307 
(0.86912) 

1.9905 
(0.30106) 

939.31 
(0.003548) 

2.0564 
(0.29155) 

0.23005 
(0.872) 

0.13019 
(1.1569) 

6 R.Eff(⋅) 
B(⋅) 

0.15494 
(0.86335) 

1.317 
(0.30131) 

143.7 
(0.005417) 

1.3917 
(0.28565) 

0.15762 
(0.85071) 

0.089468 
(1.1262) 

8 R.Eff(⋅) 
B(⋅) 

0.11720 
(0.85802) 

0.98389 
(0.30149) 

78.107 
(0.007087) 

1.0619 
(0.2804) 

0.12057 
(0.8361) 

0.068309 
(1.109) 

0.05 

4 R.Eff(⋅) 
B(⋅) 

0.23545 
(0.85353) 

1.969 
(0.30344) 

376.88 
(0.010626) 

2.1627 
(0.27766) 

0.23967 
(0.84084) 

0.13543 
(1.1174) 

6 R.Eff(⋅) 
B(⋅) 

0.15803 
(0.8484) 

1.3044 
(0.30358) 

116.97 
(0.012389) 

1.4644 
(0.27248) 

0.16253 
(0.82838) 

0.09165 
(1.1031) 

8 R.Eff(⋅) 
B(⋅) 

0.11925 
(0.84403) 

0.97632 
(0.30336) 

71.455 
(0.012858) 

1.105 
(0.27058) 

0.12247 
(0.82507) 

0.06895 
(1.1002) 
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Table (5).  Shown Bias Ratio [B(⋅)] and Relative Efficiency [R.Eff.(⋅)] of BS2θ  when k = 0.3 

α 
λ 
 

n 
 0.25 0.75 1 1.25 1.75 2 

0.01 

4 R.Eff(⋅) 
B(⋅) 

0.24254 
(1.1074) 

1.9652 
(0.40318) 

104.37 
(0.010645) 

2.0922 
(0.37466) 

0.2421 
(1.116) 

0.13884 
(1.4706) 

6 R.Eff(⋅) 
B(⋅) 

0.16482 
(1.09) 

1.2344 
(0.40394) 

15.967 
(0.016252) 

1.3787 
(0.35695) 

0.17355 
(1.0521) 

0.10092 
(1.3786) 

8 R.Eff(⋅) 
B(⋅) 

0.12606 
(1.0741) 

0.8995 
(0.40446) 

8.6785 
(0.02126) 

1.0575 
(0.34121) 

0.13805 
(1.0084) 

0.080044 
(1.3269) 

0.05 

4 R.Eff(⋅) 
B(⋅) 

0.25657 
(1.0606) 

1.8885 
(0.41033) 

41.876 
(0.03188) 

2.3279 
(0.33298) 

0.27168 
(1.0225) 

0.15581 
(1.3522) 

6 R.Eff(⋅) 
B(⋅) 

0.17444 
(1.0455) 

1.1969 
(0.41075) 

12.997 
(0.037166) 

1.5599 
(0.31745) 

0.19074 
(0.98515) 

0.10897 
(1.3093) 

8 R.Eff(⋅) 
B(⋅) 

0.13328 
(0.13328) 

0.87903 
(0.41008) 

7.9394 
(0.03857) 

1.1748 
(0.31174) 

0.14525 
(0.9752) 

0.082585 
(1.3006) 

Table (6).  Shown Bias Ratio [B(⋅)] and Relative Efficiency [R.Eff.(⋅)] of BS2θ  when k = 0.5 

α 
λ 
 

n 
 0.25 0.75 1 1.25 1.75 2 

0.01 

4 R.Eff(⋅) 
B(⋅) 

0.24566 
(1.3456) 

1.9323 
(0.5053) 

37.572 
(0.017742) 

2.0197 
(0.45776) 

0.24792 
(1.36) 

0.14418 
(1.7843) 

6 R.Eff(⋅) 
B(⋅) 

0.16798 
(1.3167) 

1.1063 
(0.50657) 

5.7479 
(0.027087) 

1.2123 
(0.42824) 

0.18235 
(1.2536) 

0.10938 
(1.631) 

8 R.Eff(⋅) 
B(⋅) 

0.12963 
(1.2901) 

0.77486 
(0.50743) 

3.1243 
(0.035434) 

0.90064 
(0.40201) 

0.14978 
(1.1806) 

0.089977 
(1.5448) 

0.05 

4 R.Eff(⋅) 
B(⋅) 

0.26625 
(1.2677) 

1.7887 
(0.51722) 

15.075 
(0.053129) 

2.206 
(0.3883) 

0.29347 
(1.2042) 

0.17218 
(1.587) 

6 R.Eff(⋅) 
B(⋅) 

0.18286 
(1.2425) 

1.0509 
(0.51791) 

4.6789 
(0.061944) 

1.384 
(0.36242) 

0.21224 
(1.1419) 

0.12445 
(1.5154) 

8 R.Eff(⋅) 
B(⋅) 

0.14122 
(0.14122) 

0.7477 
(0.7477) 

2.8582 
(2.8582) 

1.0214 
(1.0214) 

0.16337 
(0.16337) 

0.095117 
(0.095117) 
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