International Journal of Statistics and Applications 2014, 4(1): 46-57
DOI: 10.5923/j.statistics.20140401.05

Application of Multivariate and Bivariate Normal
Distributions to Estimate Duration of Diabetes

Gurprit Grover', Alka Sabharwal®”, Juhi Mittal*

!Department of Statistics, University of Delhi, Delhi, 110007, India
2Department of Statistics, Kirori Mal College, University of Delhi, Delhi, 110007, India

Abstract Diabetic nephropathy (DN) is one of the major complications of type 2 diabetes. Studies have shown that
duration of diabetes and serum creatinine (SrCr) is significant predictors for determining the renal health status of a patient. In
this study we have estimated the duration of diabetes of a patient on the basis of their latest renal health status. For this we
have developed the joint distribution of three correlated random variables namely duration of diabetes, Serum Creatinine
(SrCr) and fasting blood glucose (FBG) to estimate the duration of disease of type 2 diabetic nephropathy patients. This is
done by considering two datasets; the first one gives the complete information (from the time of diagnosis till termination of
study) and the other gives the latest information (latest 19 months) about the renal health status of a patient. We have used the
complete information from the first data to estimate the duration of disease for the DN patients belonging to second dataset.
Multivariate analysis is applied for estimating these disease durations by firstly selecting the appropriate distributions for the
above three random variables. Then we have checked the normal approximation for each distribution and finally we have
checked multivariate normality by applying Mardia test. The distributions of three correlated random variable were found to
be approximately normal and they were also found to be jointly normal, therefore three dimensional multivariate normal
(MVN) distributions is considered to be an appropriate distribution for duration of diabetes, SrCr and FBG. Conditional
expectation under MVN is applied to estimate the duration of diabetes for given values of SrCr and FBG. We have also
applied bivariate normal (BVN) distribution as the special case of MVN distribution and estimated the durations of diabetes
on the basis of SrCr only. Further we have compared the estimated durations from both MVN and BVN distributions
graphically. This estimation procedure will help medical fraternity to guide those patients who have incomplete record
history, about their approximate duration of disease. Also it will help in monitoring and evaluating the severity of DN
complication.
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Mardia test, Multivariate normal distribution

presence of renal complication and is a predictor of DN in
type 2 diabetic patients[4, 5, 6]. Studies have shown that
poor glycemic control (Fasting Blood Glucose (FBG)) and
long duration of diabetes are the risk factors leading to
progression of diabetic nephropathy with decline in GFR
earlier[7, 8].

The subject that deals with data on more than one variable
is called multivariate analysis. These variables may be
correlated with each other, and their statistical dependence is
often taken into account when analyzing such data. In fact,
this consideration of statistical dependence makes
multivariate analysis somewhat different in approach and
considerably more complex than the corresponding
univariate analysis, when there is only one response variable
under consideration. Response variables under consideration
are often described as random variables and since their

1. Introduction

Diabetic Nephropathy (DN), or diabetic kidney disease, is
a major complication of diabetes mellitus (DM) which refers
to a characteristic set of structural and functional kidney
abnormalities in patients with diabetes[1]. DN is considered
to be an irreversible and progressive disease[2].
Approximately 40% of people with type 2 diabetes develop
nephropathy and it is a leading cause of end-stage renal
disease (ESRD). DN can be quantitatively defined as a
Glomerular filtration rate (GFR) <60 ml/min/1.73m?. DN is
more likely to develop in patients with lesser degree of
glycemic control[3]. In addition, rise in serum creatinine
(SrCr) has been found to be strongly correlated with the
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dependence is one of the things to be accounted for in the
analyses, these response variables are often described by
their joint probability distribution. This consideration makes
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the modeling issue relatively manageable and provides a
convenient framework for scientific analysis of the data[9].

Multivariate normal (MVN) distribution is one of the most
frequently used distributions for the analysis of multivariate
data. Unfortunately, the study of assessing multivariate
normality is still at an early stage. The difficulty is mainly
due to the fact that the marginal normality of each random
variable does not guarantee the multivariate normality. The
same problem happens in the case of bivariate normal (BVN)
distribution. There are many possible ways for a bivariate
distribution to deviate from bivariate normality. Different
testing methods have been proposed based on the different
characteristics of the lack of normality. The multivariate
normality is often checked by individually examining the
univariate normality through various P-P plots or some other
plots, but this at times can be very subjective. One of the
relatively simpler and mathematically tractable ways to find
a support for the assumption of multivariate normality is by
using Mardia test which is based on multivariate skewness
and kurtosis measures[10].

Lipow and Eidemiller (1964) have applied BVN
distribution to study the relationship between stress and
strength in reliability analysis problems[11]. Yue (1999) has
also applied BVN distribution to analyze the joint
distributions of two correlated random variables: flood peaks
and volumes as well as flood volumes and durations. They
showed that BVN model can contribute meaningfully to
solving several problems of hydrological engineering design
and management[12].

This article provides a procedure for using multivariate
and bivariate normal distributions in medical studies. We
have analyzed the joint distribution of three correlated
random variables: duration of disease, SrCr and FBG to
estimate the duration of disease of type 2 diabetic
nephropathy patients on the basis of their current renal health
status. This is done by considering two data sets of type 2 DN
patients namely dataset 1 and dataset 2. The first dataset
gives the complete information (from the time of diagnosis
of disease till the termination of study) of the renal health
status of a type 2 diabetic patient and the second dataset
gives the latest information about the health status of a
patient collected through pathological reports of 19 months.
The complete information of the three variables (duration of
disease, SrCr and FBG) from dataset 1 is used to estimate the
duration of disease for the patients belonging to the second
dataset. Multivariate analysis is applied for estimating these
disease durations by using the following procedure: firstly
appropriate distributions for three random variables namely

duration of diabetes, SrCr and FBG from the first dataset are
obtained by fitting distributions and appropriate distributions
are selected on the basis of Akaike Information Criterion
(AIC) for each random variable[13]. Secondly, normal
approximation is checked for each distribution. Lastly, we
have checked the multivariate normality of duration of
disease, SrCr and FBG by applying Mardia test. Now since
the above three random variables are correlated, and are
found to be marginally and jointly normally distributed, it
can be concluded that three dimensional MVN distribution is
an appropriate joint distribution. Then the duration of disease
is obtained by applying conditional expectation under MVN
distribution for given values of SrCr and FBG. The above
procedure is first applied to estimate the disease durations for
the first dataset for which the durations were already known.
The estimated durations were found to be approximately
same as the observed durations which also indicated that the
applied procedure is an appropriate method of estimation.
Finally MVN is applied to estimate the duration of diabetes
for the DN patients belonging to dataset 2. We have also
applied BVN distribution as the special case of MVN
distribution. The durations of diabetes for both datasets are
again estimated under BVN distribution by considering two
random variables namely duration of diabetes and SrCr and
by applying the same procedures as done for MVN case. We
have also compared the estimated durations obtained by
MVN and BVN distributions for both dataset.

Not much work has been done regarding the applications
of MVN & BVN distributions. Also, the conditional
expectation under these distributions has never been applied
on real data to estimate the mean of one random variable
when the values of other variables are fixed. To the best of
our knowledge this is the first investigation about the
estimation of duration of diabetes for the patients who are
suffering from renal complication using MVN and BVN
distributions. This estimation procedure will help medical
fraternity to guide those patients who have incomplete record
history about their approximate duration of disease. Also it
will help in monitoring and evaluating the severity of DN
complication. In fact this paper will be more interesting for
the statisticians to explore the applications of MVN and
BVN distributions on real data. The remainder of this paper
is organized as follows. In section 2 development of model is
discussed. Section 3 described the data used and section 4
applies the model to the data of type 2 diabetic patients. And
some concluding remarks are made under section 5. The
figure 1 represents a brief algorithm of the procedure applied
for estimation of durations of disease.
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BVN are compared.

Figure 1. Algorithm to estimate the duration of disease of type 2 diabetic nephropathy patients

2. Methodology

2.1. Multivariate Normal (MVN) Distribution
The random vector X is said to have p-dimensional multivariate normal distribution with a mean vector x and

variance-covariance matrix 2 if its joint probability density function is[14],

1 -1 T 1
f = —(x— - ;—00 < X < 00
(x) PR exp[z(x u) =H(x y)} X )
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2.1.1. Conditional Expectation under MVN Distribution
Assume a p-dimensional random vector X which can be

. X1 (g<1) .
partitioned as X = , has a multivariate
_)SZ(p—qxl)
normal distribution Np(,tf,Z) with mean vector

M (o1)
H= and variance-covariance vector,
H2 (p-ox) |
211 (gx 212 (gxp-
= (a<a) (¢<p-a) , Where X; and
221 (p-qxq) 222 (p-gxp-q)

X, are two sub-vectors of dimensions g and p-q of X
respectively. Define a transformation from ()51, )~(2) to new

' -1 L
X1 and X'y =Xo9—-Z91Z11 X1 - This s
achieved by linear transformation,

P?} { 1} - AX (say) ()
X2 315y X2
X

is also MVN hence, the
linear transformation shows that (X1, X ' )are jointly MVN

variables

As any linear combination of

distributed. Now, we can show X; and )5'2 are
independent by proving that they are uncorrelated.

Cov(X1,X'2) = COV(Xl X2-X21%; Xl)
;
~Cov(X1,X2)-Cov(X1. X1 )( 221377

-1
=210 ~¥11%11%12 =0
Since, X; and X'
uncorrelated they are independent. Thus,

E(X'20X1=x1) = E(X2)

—E(X2 2212 Xl)

are MVN variables and

-1
=My — 21291

Now, as )52:)5'2+22121_11)51 the conditional

distribution of X, given Xq =X is,
. -1
E(X2l%1=x) = E(X "21X1=x1) + Z21%11 %
-1 -1
=Hp—X21¥ 1 +E21Z 1% (3)

= Hp + Z2121_11 (51—/51)

. -1
Similarly, E(X11X2=x2) = 1, + Z15% 9, (>52 —!fz)
[15].

2.2. Bivariate Normal (BVN) Distribution

The bivariate normal distribution is a special case of MVN
with p=2 which can be defined for two related, normally

distributed variables x and y with distributions N (,ux ,o-)%)

and N (yy,a)%) respectively by the following probability
density function[14]:

-1 [xfxzy—/lz X—py || Y~—H
P 2(1—;#)[( U/xl ) +[ "yy] —Zp[ "i{ ][ "yy]] 4)
27[0X0'y\/1—p2

and conditional expectation under BVN distribution is given
as,

f(xy)=

(Yy—sy)

E[X)Y=y]gyn = ux +pox ©)
2.3. Normal Approximation to Gamma and Lognormal
Distributions

As the shape parameter in a Gamma distribution grows
larger, the distribution becomes more like a normal
distribution i.e. if X be a random variable following Gamma
distribution with y and A as shape and scale parameters
respectively and with probability density function (pdf) as

;L;/X}/—le—/lx

f(x|7/,/1) ZT;

Then if the shape parameter vy is large as compared to A
then Gamma distribution tends to normal distribution i.e.,

Gamma(y,4) ~ Normal H/J [/12 ﬂ [16].

In case of lognormal distribution, if arithmetic mean m is
much larger than its arithmetic standard deviation s, then the
distribution tends to Normal (m, s%). A general rule of thumb
for this approximation is m > 6s. If X is a random variable
following lognormal distribution with prand o as location
and scale parameters respectively and with pdf as,

f (Xu,o)= L exp (log x— y)
xo\21 26 2\

X,0>0& -0 <t <0
The mean and standard deviation can be defined as,

X, A,y >0

1
2u+202 2u+o?) |2
0_2 ~ [ H+20 j ( p+o j 2
m = exp y+7 and, S=|¢€ —€

Then, if m> 6s, Lognormal (u,0)~ Normal(m,sz)
[17].
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2.4. Mardia Test for Multivariate Normality

Often before doing any statistical modeling, it is crucial
to verify if the data at hand satisfy the underlying
distributional assumptions. For most multivariate analyses,
it is thus very important that the data indeed follow the
multivariate normal or if not exactly at least approximately.
This assumption is often checked by individually examining
the univariate normality through various P-P plots or some
other plots and but this at times can be very subjective. One
of the relatively simpler and mathematically tractable ways
to find a support for the assumption of multivariate
normality is by using the tests based on Mardia multivariate
skewness and kurtosis measures. The sample measures of
multivariate skewness and kurtosis are,

n 1 n n 3
Bup :?zzgij

i=1 j=1

~ 1 n 2
ﬁz,p =_Z:gii
L)

where,

n
& X =— 2. X
Nz

1| n = AT
Sn=—| X (%i—X)(xi—X)
E
Mardia (1970) has shown that for large samples the

follows a ;{2 distribution with

statistics, x; = (n,361’p)
p(p+1)(p+2)/6 degrees of freedom and
[Bep-p(p+2)]
2= \/[8 p(p+2)/n]

follows a standard normal distribution. Thus, these two

measures allow one to test two hypotheses that are
compatible with the assumption of normality[10, 18].

3. Description of Data

3.1. Dataset 1

For our study we have used two datasets. The first dataset
i a retrospective data of 132 type 2 diabetic patients who
were diagnosed of diabetes as per American Diabetes
Association (ADA) standards, from the data base of Dr.
Lal’s Path lab (a reputed NABL certified path lab). These
patients were contacted through a house-to-house survey and
up-to-date pathological reports were collected from the time
of diagnosis of diabetes till the termination of study i.e
November 2007. The data regarding the duration of diabetes
and other factors like age at which diabetes was diagnosed;
Fasting Blood Glucose (FBG), Diastolic Blood Pressure
(DBP), Systolic Blood Pressure (SBP), Low Density
Lipoprotein (LDL) and values of SrCr were recorded for

Application of Multivariate and Bivariate Normal Distributions to Estimate Duration of Diabetes

each patient. Since, the study focus on renal complication
arising out of type 2 diabetics only, it automatically excludes
its effect on eyes, heart etc. We have also excluded the cases
where renal complication had preceded the onset of diabetes.
In our study, patients with same duration of diabetes have
different renal health status. The renal health status of a
patient is determined on the basis of SrCr, as the rate of rise
in the value of SrCr is an important marker for prediction of
DN. Thus using the values of SrCr the data has been
classified into two categories namely DN (SrCr > 1.4mg/dl)
and non diabetic nephropathy (NDN) (SrCr < 1.4mg/dl)
groups and it was found at the end of study that out of 132
patients there are only 60 (45.45%) DN cases and 72
(54.55%) NDN cases.

3.2. Dataset 2

The second dataset consists of 200 type 2 diabetic patients
who were again diagnosed as type 2 diabetic as per ADA
standards. The pathological reports of these patents were
collected from the database of Dr. Lal’s path lab from
January 2012 to August 2013. As per the availability of
information from the collected pathological report of 200
patients, the data regarding the factors FBG, Glycated
hemoglobin (HbA1c), SrCr, Age, LDL were recorded for
each patient. From the available reports of 200 patients
minimum two reports of FBG and SrCr were available for
each patient. But HbAlc and LDL were available for only 92
and 80 patients respectively. Out of 200 patients, only 14
patients were found to exceed the normal range of SrCr (i.e.
greater than 1.4 mg/dl) and these were classified as DN
patients according to ADA criteria. Also, complete report
history of 19 months was available for these 14 patients.

4. Application

Table 1 represents descriptive statistics of 132 type 2
diabetic patients giving minimum, maximum, range and
mean £S.D of the variables: age at diagnosis of diabetes,
duration of diabetes, FBG, DBP, SBP, LDL and SrCr for
two groups: DN and NDN group. Table 2 represents
descriptive statistics of 200 type 2 diabetic patients giving
minimum, maximum, range and mean £S.D of the variables,
FBG, HbAlc, LDL and SrCr.

4.1. Distribution Selection for Duration of Diabetes (t),
SrCr and FBG

AIC, a statistic that trades off model’s likelihood against
its complexity is used to compare the viability of different
parametric models. Gamma distribution has higher
likelihood than the other models and minimum AIC value of
102.9820, indicating that this distribution is most accurate
for the duration of diabetes of 60 DN patients. For SrCr the
lognormal distribution is found to have the minimum AIC
value of 26.2005. Thus, lognormal distribution with
parameters |1 = 0.8348 and o= 0.1790 is found to be an
appropriate distribution for SrCr. And for FBG, normal
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distribution has minimum AIC value of 213.9119, indicating  with the maximum likelihood estimates (MLE) are presented
that Normal distribution with parameters 1= 170.9643 and in table 3.
o= 21.4293 is the most appropriate distribution. AIC values

Table 1. Descriptive statistics of 132 type 2 diabetic patients giving minimum, maximum, range and mean=standard deviation of age at diagnosis, duration
of diabetes, fasting blood glucose(FBG), diastolic blood pressure(DBP), systolic blood pressure(SBP), low density lipoprotein(LDL) and serum
creatinine(SrCr) for two groups i.e. DN and NDN

VARIABLE STATISTIC DN GROUP NDN GROUP
Minimum 29 35
. . Maximum 56 58
Age at diagnosis (years)
Range 27 23
Mean5.D 45.00345.28 44.01144.36
Minimum 6.1 5.6
. . Maximum 29 27
Duration of disease (years)
Range 229 214
MeanS.D 14.093145.0528 10.278445.7
Minimum 120 62
Maximum 242 186
FBG (mg/dl)
Range 122 124
Mean5.D 142.035+14.39 133.8027+17.48
Minimum 76 68
Maximum 112 95
DBP (mm Hg)
Range 36 27
MeanS.D 91.969549.423 82.391946.0789
Minimum 110 110
Maximum 160 160
SBP (mm Hg)
Range 50 50
Mean5.D 142.8214+13.8815 125.1214+12.4007
Minimum 68 62
Maximum 132 186
LDL (mg/dl)
Range 64 124
Mean+5.D 107.4417+14.2667 91.7973+18.75007
Minimum 1.2 0.71
Maximum 221 1.39
SrCr (mg/dl)
Range 1.01 0.92
Mean5.D 1.66860.28233 0.998240.15084

Table 2. Descriptive statistics of 200 tvpe 2 diabetic patients aivina minimum, maximum, ranae and mean =standard deviation of Fasting Blood Glucose
(FBG), Low Density Lipoprotein (LDL), Serum Creatinine (SrCr), Glycated hemoglobin (HbAlc) and Age

Variable Statistic Type 2 diabetic patients
Minimum 127
Maximum 421
FBG (mg/dI) Range 204
Mean £S.D. 165.2073453.0773
Minimum 37.2
Maximum 220
LDL (mg/di) Range 182.8
Mean £S.D. 101.5162441.5568
Minimum 1.43
Maximum 4,54
SrCr (mg/dI) Range 311
Mean £S.D. 1.725+1.5316
Minimum 4.3
HbAlc Maximum 13.5
(%) Range 9.2
Mean +S.D. 7.0045+2.0284
Minimum 18
Age Maximum 80
(vears) Range 62
Mean £S.D. 48.0789+15.3302
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Table 3. Akaike Information Criterion (AIC) values of different distributions for duration of diabetes, SrCr and FBG

Variable Distribution AIC Values .SEI.ECte.d MLE of parameters
Distribution
NORMAL 175.9972
LOGNORMAL 138.0067
uration of SAMMA 102.9520 GAMMA (7=15.2000,1=0.8920)
iabetes (t) EXPONENTIAL 228.2080
WEIBULL 207.8420
RAYLEIGH 223.0075
NORMAL 48.4624
LOGNORMAL 26.2005
Serum Creatinine CAMMA 1801879 LOGNORMAL (21=0.8348,6=0.1790)
(SrCr) EXPONENTIAL 86.3967
WEIBULL 95.4693
RAYLEIGH 164.2577
NORMAL 213.9119
LOGNORMAL 283.7584
Fasting Plasma CAMMA 2258840 NORMAL (/1=170.9643,6=21.4293)
Glucose (FBG) EXPONENTIAL 300.0266
WEIBULL 289.7429
RAYLEIGH 333.5214

4.2. Multivariate Normal Distribution for Duration of Diabetes (t), Serum Creatinine (SrCr) and Fasting Blood
Glucose (FBG)

4.2.1. Checking of Normal Approximation of Selected Distributions

The selected Gamma distribution of duration of diabetes (t) tends to normal distribution as its shape parameter is larger
than its scale parameter. Hence applying the results from section 2.3 it can be concluded that t follows
Normal (17.0400,19.1035) . The normal approximation for t is also judged by graph presented in figure 2. Figure support the

claim that normal distribution is good approximation for duration of diabetes. The distribution of SrCr also tends to normal as
in case of lognormal distribution the ratio of mean and standard deviation is large (> 6). Applying the results from section 2.3,

we can say that SrCr follows Normal (2.3640,0.1796) . The same is depicted by graph presented in figure 3. Hence, all three

random variables are marginally normally distributed as FBG was also found to be normally distributed with parameters j1=
170.9643 and o= 21.4293.

probability density function of Gamma distribution
0.12 T T T T

0.1r

0.08 -

0.06

Pdf of Gamma

0.04 -

0.02 -

2 NN
0 5 10 15 20 25 30 35
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Figure 2. Normal approximation for Gamma distribution
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probability density function of Lognormal distribution
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Figure 3. Normal approximation for Lognormal distribution

4.2.2. Checking Multivariate Normality of t, SrCr and FBG

Next, we have checked multivariate normality of t, SrCr
and FBG by applying Mardia test. The calculated chi-square
(10 degrees of freedom) and standard normal test statistic

came to be x=124437 and xp =0.6138

(p-values >0.05) respectively, indicating that t, SrCr and
FBG are jointly normally distributed. Now, since the
variables: duration of diabetes, SrCr and FBG are marginally
normally distributed with significant correlation coefficients

(Pt srer =0.544, py ppg = 0457, pgrcr prg = 0.697;

p-values < 0.0500) and are also jointly normally distributed.
Therefore, MVN distribution is a suitable model for
representing joint distribution of t, SrCr and FBG and is
defined as,

out

t 17.04 19.1035 1.0076 43.1904
SrCr | IS MUN u=| 2364 |X= 10076 0179 6.3872
FBG 170.9643 43.1904 6.3872 467.5623

(6)

4.2.3. Estimation of Mean Duration of Diabetes for 60 DN
Patients of Dataset 1 by Applying MVN Distribution

The first dataset consists of 132 type 2 diabetic patients
with 60 DN patients and the knowledge of duration of
disease is known for each of these DN patients. The primary
objective of our study is to estimate the duration of disease
for these patients by applying MVN distribution. For this we
have first generated a random sample of size 5000 from
MVN distribution as defined in equation (6) and used same
to estimate the duration of disease for time intervals defined

ast<8,8<t<9,....,t>26. The mean duration for each time
intervals are estimated by applying the following equation:

E(tX2=X0) = 4 + 215555 (Xo-12) ™

Where, u; represents the mean value of t calculated
from the simulated data corresponding to a specific time

X
interval, x5 = FCT |is observed value of SrCr and
XFRG

FBG from the data corresponding to a specific interval,
:{ﬂSrCr} is the mean value of SrCr and FBG,

- HFBG

%15 =[Cov(t,SrCr) Cov(t,FBG)] and

Var(SrCr) Cov(SrCr,FBG)
222 = are
Cov(SrCr,FBG) Var(FBG)

calculated from the generated sample corresponding to a
specific interval. The procedure of calculation for the first
time interval t <8 is illustrated below:

1. The mean duration of diabetes is calculated from the
data of 60 DN patients for only those patients whose mean
duration of diabetes is less than or equal to 8 years and is
found to be 7.400 years.

2. The SrCr value for these patients range from 1.6500

to 2.2000 mg/dl with mean value 1.925 mg/dl (Xgccy)
and FBG value for these patients range from 133 to 199
mg/dl with mean value 166 mg/dl (Xggg )-
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Table 4. Estimated mean duration of diabetes of 132 type 2 diabetic nephropathy patients for different time intervals using a generated sample of size 5000

Application of Multivariate and Bivariate Normal Distributions to Estimate Duration of Diabetes

from Multivariate Normal distribution

3. Mean and standard deviation of t (4 ,0y), SrCr

(,Llsrcr vOSrCr ), FBG (IUFBG 'OEBG ) and covariance

between t, SrCr and FBG (Z1, X5, ) are calculated from
the simulated sample corresponding to the ranges t < 8,
1.6500 < SrCr< 2.2000 and 133< FBG <199.

4. Conditional expectation of t|SrCr,FBG s

obtained by substituting the above values in equation (7).
This gives the mean duration of diabetes for DN patients
whose observed duration of disease is less than or equal to
8 years with their mean SrCr and FBG values known.

Following the above procedure the mean durations for all
time intervals are estimated and presented in table 4.

4.2.4. Estimation of Mean Duration of Diabetes for 14 DN
Patients of Dataset 2 by Applying MVN Distribution

The duration of disease for 14 DN patients of dataset 2 is
estimated on the basis of known values of SrCr and FBG.

The procedure of calculation for the first DN patient with
given mean values of SrCr and FBG is as follows:

1. The mean SrCr and FBG for the first patient is 1.42
mg/dl (Xgrcp ) and 138 mg/dl (Xggg ) respectively.

2. Mean and standard deviation of t ( z,0y), SrCr

( #srcr.osrer ) and FBG ( 4ppg.orFpg ) and

covariance between t, SrCr and FBG (Z15,29p) are

calculated from the simulated sample corresponding to the
ranges 1.4000 < SrCr< 1.4200 and 126< FBG< 138.

Mean Mean of t Mean SrCr Mean FBG
Interval Mean of t SrCr Mean FBG from from from E [t | SrCr, FBG]
from data from from data . - . - . -
data simulation simulation simulation
t<8 7.4000 1.9250 166.0000 6.5064 1.7481 168.6216 7.8326
8<t<9 9.0000 1.5000 157.0000 8.5736 1.2930 177.0378 8.7308
9<t<10 10.0000 2.0000 137.0000 9.5481 1.2128 144.3133 10.0059
10<t<11 11.0000 1.6000 165.0000 10.5141 1.2859 127.7512 10.8143
11<t<12 12.0000 1.7000 176.0000 11.5029 1.2459 150.2416 11.8561
12<t<13 13.0000 1.7533 175.0000 12.5058 1.2665 171.6918 12.6177
13<t<14 13.7500 1.5400 145.0000 13.5156 1.4808 177.6585 13.6215
14<t<15 14.9200 1.6940 174.8571 14.5305 1.5078 159.5797 14.7869
15<t<16 15.8286 1.8843 176.0000 15.4852 1.4207 168.4438 15.9425
16<t<17 16.9333 1.8433 181.4000 16.5038 1.7194 177.5004 16.8417
17<t<18 18.0000 1.8320 181.0000 17.4653 1.9176 177.8907 17.7961
18<t<19 19.0000 1.5900 175.0000 18.4987 1.6167 175.0810 18.5256
19<t<20 20.0000 1.7833 177.6667 19.5013 15701 176.2916 19.6218
20<t<21 21.0000 1.2000 150.0000 20.4643 1.7080 171.7784 20.6750
21<t<22 22.0000 1.7920 158.4000 21.4441 1.0415 138.6873 21.7195
22<t<23 23.0000 1.5000 164.0000 22.4836 1.5823 160.1336 22.7152
23<t<24 24.0000 1.5033 157.0000 23.4735 1.2128 149.4878 23.4752
25<t<26 26.0000 2.0000 180.0000 25.5293 1.2666 172.2586 25.9409
t>26 26.6000 2.1400 175.0000 27.2765 2.0136 174.9912 29.9293
3. Conditional expectation of t|SrCr,FBG s

obtained by substituting the above values in equation (7).
This gives the mean duration of disease for the first DN
patient with known SrCr and FBG values.

The mean durations of disease for 14 DN patients are
calculated by applying the above procedure and are
presented in table 6.

4.3. Bivariate Normal Distribution for Duration of
Diabetes (t) and Serum Creatinine (SrCr)

In this section we have considered only two random
variables viz. duration of diabetes and SrCr. As it was
already known that the patients are diabetic and we are
estimating the complication arising out of it (using SrCr
only). As seen in section 4.2.1, the marginal distributions of
these random variables are approximately normal and also
they are jointly normally distributed (applied Mardia test:

K| = 74 =6.3987 & Ky = 0.7268; p-values >0.05). Thus,

BVN distribution is a suitable model for representing joint
distribution of t and SrCr and is defined as,

t
is BVN
[SrCr)

4.3.1. Estimation of Mean Duration of Diabetes for 60 DN
Patients of Dataset 1 by Applying BVN Distribution

Firstly we have estimated the duration of disease for 60
DN patients of dataset 1 by applying conditional expectation
under BVN distribution. For this as done for MVN

Mt :1704,,USrCr :23640,

2 2 ®)
o =19.1035,0, ., =0.1796,p=0.544
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distribution, the data of duration of disease of 60 DN patients
is divided into time intervals t <8, 8 <t<9,....,t > 26. And
then a random sample of size 5000 is generated from BVN
distribution with parameters as defined in equation (8), and
mean duration of disease for each of these intervals are
calculated by applying the following equation:

(XSrCr —HSrCr )
OSrCr

E[X|Y:)’]BVN = th + POy 9)

Where, 44,01 represents the mean and standard
deviation values of t calculated from the simulated sample
corresponding to a specific time interval, Xg.cp i
observed value of SrCr from the data corresponding to a
specific interval, ugrcp,ogcy are mean and standard

deviation values of SrCr respectively, calculated from the
generated sample corresponding to a specific interval. The
procedure of calculation for the first time interval t < 8 is
illustrated below:

1. The SrCr value for these patients range from 1.6500
to 2.2000 mg/dl with mean value 1.925 mg/dl ( Xg, ¢y )-

2. Mean and standard deviation of t (24, o) and SrCr

(#srcr ogreyr ) are calculated from the simulated data

corresponding to the ranges t < 8 and 1.6500 < SrCr<
2.2000.

3. Conditional expectation of t | SrCr is obtained by
substituting the above values in equation (9). This gives
the mean duration of diabetes for DN patients whose
observed duration of disease is less than or equal to 8
years with their mean SrCr value known.

The mean durations for all intervals are presented in table
5. The estimated durations of 60 DN patients obtained from
MVN and BVN are compared graphically with the observed
durations and are presented in figure 4.

4.3.2. Estimation of Mean Duration of Diabetes for 14 DN of
Dataset 2 Patients by Applying BVN Distribution

The duration of disease for 14 DN patients of dataset 2 is
estimated on the basis of their known value of SrCr.
Applying the similar steps as done for MVN case, the
procedure of calculation for the first DN patient with given
mean value of SrCr is as follows:

1. The mean SrCr for the first patient is 1.42 mg/dl

(Xsrcr )-
2. Mean and standard deviation of t (4, o) and SrCr

(Hsrcrosrcyr ) are calculated from the simulated sample

corresponding to the ranges 1.4000 < SrCr< 1.4200.
3. Conditional expectation of t | SrCr is obtained by
substituting the above values in equation (9). This gives

the mean duration of disease for the first DN patient with
known SrCr value.

The mean duration of disease for 14 DN patients is
presented in table 6. These estimated durations of diabetes
are further compared graphically with those estimated by
applying MVN distribution and are presented in figure 5.
The calculation and analysis are performed using SPSS for
Windows, Version 15 and MATLAB, version 6.5 statistical
packages.

Table 5. Estimated mean duration of diabetes of 132 type 2 diabetic nephropathy patients for different time intervals using a generated sample of size 5000

from Bivariate Normal distribution

erval | Ginooe () o | omasia |  smolsion | - simultion Elclsrer]
t<8 7.4 1.925 6.5064 1.7591 7.8617
8<t<9 9 1.5 8.5689 1.2109 9.174

9<t<10 10 2 9.5325 1.2853 10.556
10<t<11 11 1.6 10.5096 1.243 11.2056
11<t<12 12 1.7 11.5129 1.2646 12.833
12<t<13 13 1.7533 12.5216 1.7078 13.4017
13<t<14 13.75 1.54 13.5302 1.4522 14.5618
14<t<15 14.92 1.694 14.5016 1.4243 14.9022
15<t<16 15.8286 1.8843 15.4942 1.4753 16.2308
16<t<17 16.9333 1.8433 16.5039 1.6027 17.8213
17<t<18 18 1.832 17.4882 1.6286 18.5605
18<t<19 19 1.59 18.5152 1.5744 19.2492
19<t<20 20 1.7833 19.4827 1.7105 19.6053
20<t<21 21 1.2 20.491 1.037 20.6714
21<t<22 22 1.792 21.5028 1.5948 21.9619
22<t<23 23 1.5 22.4828 1.2109 23.038
23<t<24 24 1.5033 23.4479 1.5046 23.4338
25<t<26 26 2 25.4778 1.2853 26.6906

t>26 26.6 2.14 27.4116 1.2868 30.2106
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Table 6. Estimated mean duration of diabetes of 14 type 2 diabetic nephropathy patients using a generated sample of size 5000 from BVN and MVN

distributions

Estimated duration of Estimated duration of
S:No. Srer FBG diabetes for given SrCr diabetes for SrCr & FBG
1 1.4200 138.00 16.4160 16.6225
2 1.8700 139.54 22.3112 21.9498
3 1.5200 150.00 16.9728 15.7429
4 1.5800 107.00 20.2950 19.3068
5 2.6900 130.00 31.3386 27.4537
6 1.4800 310.20 22.4807 22.4938
7 2.8000 180.06 32.4546 29.8952
8 1.5300 170.00 18.1840 17.4867
9 1.4200 130.00 15.5228 15.1672
10 1.4300 142.00 16.5348 15.6056
11 2.7000 220.00 31.4400 30.2787
12 2.8000 421.51 32.4546 32.4087
13 1.7800 120.00 20.6000 19.5833
14 1.4100 128.00 16.8574 14.8265
Comparison of observed & estimated duration of disease
o 31 -
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g 27
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w Observed mean duration of diabetes

Figure 4. Comparison of observed and estimated duration of diabetes for 60 DN patients of dataset 1 by applying BVN and MVN distributions

Comparison of estimated duaration of diabetes using BVN & MVN
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Figure 5. Comparison of estimated duration of disease for 14

5. Conclusions

This study provides a flexible and useful approach on the
basis of MVN and BVN distributions for estimating the

9 10 11 12 13 14

Patient Code

DN patients of dataset 2 by applying BVN and MVN distributions

duration of disease when only some or latest information is
known about the health status of a patient. The MVN
distribution may be preferred over BVN distribution as more
the information the better would be the estimates. The results
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of the study indicate that the proposed model can contribute
meaningfully in dealing with other diabetic complications as
well. This study also highlights the usage of simulation when
datasets are small.
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