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Abstract An attempt has been made to analyze a single-unit systemsubject to random shocks. The system may or may
not be affected by the impact of shocks. There is a single server who visits the system immediately to conduct maintenance
and repair of the unit. The unitundergoes for maintenance if it is affected by the impact of shocks. However, repair of the unit
is done when it fails due to some other reasons. The unit works as new after maintenance while it becomes degraded after
repair. The degraded unit may work for the systemand is replaced by new one giving some replacement time if it is affected
by the impact of shocks. Repair ofthe degraded unit is done if it fails due to the reasons other than shocks. The degraded unit
is considered as degraded after repair. The time to failure of the unit and time to occurrence of a shock are exponentially
distributed whereas the distributions of maintenance, repair and replacement times are taken as arbitrary with different
probability density functions. The expressions for various reliability indices are derived in steady state using semi-Markov
process and regenerative point technique. Giving particular values to various costs and parameters, the numerical results are
obtained for mean time to system failure (MTSF), availability and profit to depict their graphical behavior with respect to

shock rate.
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1. Introduction

In most of the industrial systems, the method of
redundancy has been used to improve their performance and
availability. But there are many systems in which a unit
cannot be kept as spare due to its high cost. Therefore,
stochastic models of single-unit systems with different types
of failure and repair policies have been probed by the
researchers including Malik and Bansal[1], chander[2] and
Malik[3] keeping in view of their practical utility and
common man’s affordability. But most of these models have
been probed under the common assumptions that failures
occur in the system due to reasons other than shocks and
systemworks as new after repair. However, in practice these
assumptions are not always true. Since shocks are the events
which can be one of the causes of the system failure and
deterioration. And, working capacity and efficiency of a
failed unit after repair depend more or less on the standard of
the repair mechanismexercised. In case of being repaired by
an ordinary server, the chances of its failure may be higher
and thus such a unit is declared as degraded. Chander and
Singh[4] analyzed a 2-out-of-3 redundant system subject to
degradation. Wu and Wu[5] obtained reliability of a two-unit
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cold standby repairable system under Poison shocks. It is
also interesting to note that not much work related to the
reliability modeling of the single-unit systems subject to
random shocks and degradation has been reported so far in
the literature of reliability.

While considering the above observations and facts in
mind, the purpose of the present paper is to analyze a
reliability model for a single-unit system subjected to
random shocks and degradation. The operative unit may be
affected by the impact of shocks with some probability. The
unit may fail completely due to the reasons other than shocks.
If the unit is affected by the impact of a shock its
maintenance is carried out by a server who visits the system
immediately. However, repair of the unit is done if it fails
due to the reasons other than shocks. The unit works as new
after maintenance while it becomes degraded after repair.
The degraded unit may work for the system and is replaced
by new one giving some replacement time if it is affected by
the impact of shocks. Repair of the degraded unit is done if it
fails due to the reasons other than shocks. The degraded unit
is considered as degraded after repair. The time to failure of
the unit and time to occurrence of a shock are exponentially
distributed whereas the distributions of maintenance, repair
and replacement times are taken as arbitrary with different
probability density functions. The expressions for various
reliability measures such as transition probabilities, mean
sojourn times, mean time to system failure (MTSF),
availability, busy period of the server due to repair,



International Journal of Statistics and Applications 2013, 3(3): 64-70 65

replacement and maintenance, expected number of
maintenances, expected number of replacements, expected
number of repairs and profit function are derived in steady
state using semi-Markov process and regenerative point
technique. The numerical results for MTSF, availability and
profit functions are obtained for a particular case to depict
their graphical behavior with respect to shock rate (p).

2. Notations

E : Set of regenerative states.

O : The unit is operative and in normal mode.

po : The probability that shock is effective.

qo : The probability that shock is not effective.

p1. The probability that degraded unit is affected by the
impact of

shock.

q; : The probability that degraded unit is not affected by
the impact of

shock.

u : Constant shock rate of the unit.

A : Constant failure rate of the unit.

A1 : Constant failure rate of the degraded unit.

m(t)/M(t) : pdf / cdf of maintenance time after shock
effect.

FUr / FWr/FUR : The Unit is completely failed and under
repair/waiting for repair/

under repair fromprevious state

SUm/SUM : Shocked unit under maintenance/under
maintenance continuously

fromprevious state

SWm : Shocked unit waiting for maintenance

g(t)/ G(t) : pdf/ cdf of repair time of the completely failed

unit

f(t) / F(t) : pdf/ cdf of replacement time of the degraded
failed unit

g1(t)/ Gi(t) : pdf/ cdf of repair time of the degraded failed
unit

q;(t) Qj(t) : pdficdf of direct transition time from a
regenerative state i to

a regenerative state j without visiting any other
regenerative state.

qijk(t) / Qjjx(t) : pdficdf of first passage time from a
regenerative state ito a

regenerative state j or to a failed state j visiting state k

once in (0,t].

M;(t) : Probability that the systemis up initially in state S;
S Eisupat

time t without visiting to any other regenerative state.

Wi(t) : Probability that the server is busy in state S; up to
time t

without making transition to any other regenerative state
or

returning to the same via one or more non regenerative
states.

m; : Contribution to mean sojourn time in state S; when
system

transits directly to state S; (S;,Sj =E ) so that Mi:E_,-' m;

where myj= [ £dQ;i(t) = - q;”(0)

and p; is the mean sojourn time in state S; = E

® / © : Symbol for Stieltjes convolution / Laplace
convolution.

~/*: Symbol for Laplace Stieltjes Transform (LST) /

Laplace Transform (LT).

‘(desh) : Symbol for derivative of the function.
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Figure 1. State Transition Diagram
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The following are the possible transition states of the system
So=1(0), S; =(SUm), S; = (FUr), S3=(Do,), S4 =( DFUr),Ss=( DSUrp)
The transition states Sy,S; and S; are regenerative and states S, S4 ,and Ss are non regenerative as shown in figure 1.

3. Transition Probabilities and Mean Sojourn Times

Simp le probabilistic considerations yield the following expressions for the non-zero elements

Py = Qij (0) = J:O q,.j(t)dt as

A 0 A
Poo= > Po1= Dol > Po3= > Pro= > p1i= cad > P12= Pl > Pl ————, P30~
A+u A+u A+u A+u+6 A+u+0 A+u+6 A+u+6
Y _ G
A+u+y A+u+y
Dol A
P3a= ﬂv"';l‘*'?/ > P35~ ﬂ+,u+}/ P21 = m*(O),p4l=g*(0),p53=g*(0),p50=f*(0), (D
Y N /Y
Pu2 l+,u+t9’p3]'4 /1+,u+}/ >P335 ﬂ+,u+}/
It can be easily verified that
PootPo1tPo2=P107P237P33 P34t P3s =P a3 =P so=1 2
The mean sojourn times (1) in the state S; are
Moy + Mgy + Moy = Ly, My = [y, Myy = [y,
Myz + My + Myg = [y, Myz = Hy, Mgy = fs (3)
For m(t) = Oe g(t) = }/efyt , g1t = ae ' and filt)= ﬂeiﬂ’ we have
1 1 1 1 1 1
Ho= ==, = —, 3= s = —, Usm— (4

A+u 0 y A+ u a p

4. Reliability and Mean Time to System Failure

Let ¢ i(t) be the cdf of first passage time from regenerative state ito a failed state. Regarding the failed state as absorbing

state, we have the following recursive relations for (t):
? (0= Qu®® ? o)+ QuH® ? 1)+ Q3O P1(0)
?10=Qu®® P 1)+ Qi) ® (1 Qua®) + Quelt)
P31 = Q@ Pov) + Qu® + Qus() + Q3O P30 (5)
Taking L.S.T of above relations (5) and solving for ¢0 (S)

We have R*(s) = % (6)
S

The reliability of the system model can be obtained by taking Laplace inverse transformof (6).
The mean time to system failure (MTSF) is given by

_7 N,
MTSF = hmmz —L @)
S—0 S Dl
Where
N, = pop(post+ YA+ popt +7)+AUA+ pop)(A+ pop+6)

D, = (A+ pou+y) A+ popt+0)+ po(A+ popt+y)+ A(A+ pop+6)
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5. Steady State Availability

Let A; (t) be the probability that the system is in up-state at
instant‘t’ given that the system entered regenerative state i at
t=0.

The recursive relations for A; (t) are given as
Ao(t) =Mo(t) + qoo(t) © Ag(t) +qo1(t) © Ay (t) + qoa(t) © Ax(t)
A1) =q10(t) © Ag(t) , Aa(t) = q23(t) © As(t)

As(t) =M;(1) + q33(t) © As(t)+qaa(t) © Au(t) +qas(t) © As(t)
A4(t) = qa3(t) © As(t) , As(t) = qso(t) © Ao(t) ®)
where M;j(t) is the probability that the systemis up initially in
state S, € £ is up at time t without visiting to any other

regenerative state, we have

M, (1) = e—(xﬂu)t, M3 (Z‘) — e—(/hﬂl)t

*
Taking LT of above relations (8) and solving for AO (S) ,
the steady state availability is given by

. * N
Ay(o0) = lim s (5) = 2
50 l)2
Where
N2 = (1-p33- p34pa3) Mo TP0ap23 Ly
And

Dy= (1- p33- p3apa3)( Mo o1 44 Doz M) TP23 Po2(ls +P3s
My FP3s fs)

6. Busy Period Analysis of the Server
6.1. Due to Repair

Let BY(t) be the probability that the server is busy in
repairing the unit at instant t given that the system entered
regenerative state i at t = 0.The recursive relation for BY(t)
are as follows:

B® o(t) = qoo(t) © BXo(t) + qo1(t) © B (t) +qoa(t) © By (t)
B*,(t) = qio(t) © B(t)
BY(t) = Wa(t) +q23(t) © BY(1)
B®3(t) = q33(t) © B3(t) + q34(t) © BR4(t) + q35(t)© Bs(1)
BY4(t) = Wa(t)tqas(t) © BY3(t)
BR5(t) = qs0(t) © BXy(1)
where,
Wz(t)= G(t) W4(t)= Gl (t)
Now taking L.T. of relations (9) and obtain the value of
B®,"(s) and by using this, the time for which server is busy in
steady state is given by

. R*
BY, = 1}_1’)1613 0(8)=Ny/D,,

©)

where

N3 = (1- p33- p34p43) Qo2 W2 + poap23p34W4 and Dy is already
defined.

6.2. Due to Maintenance

Let BMi(t) be the probability that the server is busy in
maintenance at instant t given that the system entered
regenerative state i at t = 0.The recursive relation for BV(t)
are as follows:

BY (t) = qoo(t) © BY o(t) + qo1(t) © B 1(t) + qoa(t) © BV 5(1)
Bx 1(t) =W )+ Q1o]\gt) © BY (1)

B™5(t) = q23(t) © B™ 3(t)

Br 3() =q33(H) © 31343(0 +q34(t) © BYy(t) + q35(H)© BYs(1)
B 4(t) = q43(t) © B™5(t)
BY5(t) = qso(t) © BYy(1)

where,

(10)

Wi(t= M (2)
Now taking L.T. of relations (10) and obtain the value of
B™,"(s)and by using this, the time for which server is busy in
steady state is given by

. M*

Where
Ng=Wipoi[(1-p33) - p34p43] and D; is already defined.

6.3. Due to Replacement

Let BRP;(t) be the probability that the server is busy in
repairing the unit at instant t given that the system entered
regenerative state iat t = 0.The recursive relation for B*j(t)
are as follows:

B®® (t) = qoo(t) © B Py(t) + qo1(t) © B (t) + qoa(t) © BPx(t)
B, () = q10(t) © B*(t)

B®P,(t) = qa3(t) © B*s(t)

B®5(t) = q33(t) © B*P3(t) + q34(t) © BXP4(t) + q35()© B Ps(1)
B 4(t) = qu3(t) © BY5(1)

B 5(t) = Ws(t) + gso(t) © B*y(t)

where,

(1n

Wst)= F(2)
Now taking L.T. of relations (11) and obtain the value of
B®""(s) and by using this, the time for which server is busy
in replacements of the units in steady state is given by

. Rp*
BRe, = lim B () =Ny/D,,

where
Ns=po2p23p35sWs and D, is already defined.

7. Expected Number of Corrective
Maintenance

Let N™(t) be the expected number of maintenance by the
server in (0,t] given that the systementered the regenerative
state i at t=0. The recursive relations for N™;(t) are given as

Nxo(t) = Quo(t) ® N™ (1) + Qui(t) © N™ (1) + Qua(t) ©
N7 (1)

N = Qiot) ® (1+NY (1)

NYS0) = Qus(t) © NY5(t)

Nxs(t) = Qu3(1) © NV 3(t) + Qza(t) ONM4(1) + Qs5(t) ©
N7 s(t)
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N§4(t) =Qui(t) ® Nxs(t))
NY5(6) = Qsot) © NV (1)) (12)
Now taking L.S.T. of relations (12) and solving for NMO*(s)
and by using this, the expected number of maintenances by
the serveris given by

M*
W= fim X0
s—0 Ky

= N()/D2

where
No= (P1opo)[(1-p33)-p3aps3] and D, is already defined.

8. Expected Number of Repairs

Let N¥(t) be the expected number of repairs by the server
in (0,t] given that the system entered the regenerative state i
at t=0. The recursive relations for N¥;(t) are given as

NRo(6) = Qoo(t) © N¥o(t) + Qoi(t) © N¥ (t)+ Qoa(t) © N*
2(t)

N¥ (1) = Qio() © N¥(t)

NR2(1) = Qus(t) @ (1+NR (1))

NR3(0) =Qs3(t) © NR3(t) + Qza(t) ONF4(t) + Qs5(t) © N°
5(t)

NRL(0) = Qus(t) ©(1+NR5(1))

N¥5(t) = Qso(t) © N¥g(t) (13)

Now taking L.S.T. of relations (13) and solving for NRO*(S)
and by using this, the expected number of repairs by the
server in steady state is given by

R*
NR — lim N 0 (S)
0 s—0 Ky

=N,/D,

where
N7=(po2p23)(1- p33) and D, is already defined.

9. Expected Number of Replacement

Let N*,(t) be the expected number of rep lacements by the
server in (0,t] given that the systementered the regenerative
state iat t=0. The recursive relations for N®?;(t) are given as

N 0() = Quo(®) © No() + Qui(®) & N1(0) + Qualt) ®
N™ (1)

N (1) = Qro(t) N y(t)

N0 = Qus(t) © N 5(1)

N 5(0) = Qss(®) © N3 + Qua®) ONT40) + Qss(®) ®
N™ 5(t)

NEP4(0) = Qus(t) ® N¥¥5(1)

N,
Expected number of repair (N(f) = 36
2

where

Analysis of a System Reliability M odel Subject to Degradation and Random Shocks

N 5(6) = Qso(t) ©(1+ N (1)) (14)

Now taking L.S.T. of relations (14) and solving for NRPO*(S)
and by using this, the expected number of replacements by
the server in steady state is given by

R*
N, = fim 08
s—0 Ky

where
Ng =Po02P23P35P50 and D2 is already defined.

10. Profit Analysis

The profit incurred to the system model in steady state can

be obtained as
P=K, 4, — K, B)' — K, By —K,Ny' - K, Ny —K; (15)

where

Ko = Revenue per unit up-time o fthe system

K; = Cost per unit time for which server is busy due to
maintenance

K, = Cost per unit time for which server is busy due to
repair

K3 =Maintenance cost per unit

K4 = Repair cost per unit

Ks = fixed cost of the server and AO,BéW,B(f,NéW,N(f

are already defined.

11. Particular Case

Suppose g (1) =~ve " . m(t)=0e

We can obtain the following results

MTSF (T0 al Availability (A0) = —2
=", Availabilit = 5
=7 Y (A0) = 3
N
Busy period due to repair (B(f ) =
D2
. . . my_ Ny
Busy period due to corrective maintenance (Bo ) =D
2
Expected number of  cormrective  maintenance
N,
()= 2
2
(16)

Ny = pot(popt+ AN A+ pout +y)+ A(A+ pou)(A+ pyp+6)
D, = (A+ popt+y) A+ popt+0)+ pop(A+ popt+y)+ LA+ popt+60)
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N = O+ pu+7)=O0qyp+ popt(A+ i+ 7) = Podott”

’ A+ A+ i+ ) A+ 1+ 0)

Oy A+u+y)A+pu+0)—0yquu(A+u+0)—0*Ay(A+ u+0)+

O’ AUA+ p+ O A+ popt+ ) +(A+ 1+ y)(pot+ ) poty) —
_ (Pl + N Podott’) + (OAPs) At 1+ y) At 1+ 0) = (oo’ 02N A+ p1+6)

Oy (A+ ) A+ pu+y) A+ p+0)°
o 2O+ Pop) At gt y) = Ay pots”
YA+ A+ pu+y)A+pu+0)
wyo O+ 20+ WAt pty) = qoPott]
OA+ ) A+ u+y) A+ u+6)
noe O+ PP (At p 4 ¥) = Gy D]
A+)A+pu+y)A+u+06)
N — 220(l+p0,u+;/)
-
A+ )A+pu+)(A+pu+y)

DZ

12. Conclusions

The study reveals that mean time to system failure (MTSF), availability and profit of a single-unit system go on decreasing
with the increase of shock rate (i) and failure rate () for fixed values of other parameters and costs as shown in figures 2, 3
and 4. However, their values go on increasing with the increase of maintenance and repair rates. It is interesting to note that
MTSF decreases by interchanging ppand qg, i.e., po=.4 and qo=.6 while availability and profit increase. Hence, it is concluded
that asingle- unit system subjected to random shocks can be made more profitable and reliable to use either by increasing the
maintenance rate of the shocked unit or by making replacement of the degraded unit after the impact of shock.
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Figure 2. MT SF Vs. Shock Rate
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Figure 3. Availability Vs. Shock Rate
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Figure 4. Profit Vs. Shock Rate
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