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Calculation of Acousto-Optic Figure of Merit for
Some of Oxide Crystals
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Abstract In this paper we present a method for calculating the acoustic velocity and acousto-optic figure of merit
(AOFM). The AOFM as a function of material's refractive index, density, effective elasto-optic coefficient and the velocity of
the acoustic wave in the material, are also investigated. By examining the directional dependent velocity, elasto-optic
coefficients, and refractive index, the (AOFM) can be calculated and plotted in all directions revealing the optimal crystal
orientation to maximize coupling between the optical and acoustic waves. We applied our method to four Oxide crystals such
as (Lithium Niobate (LiNbO3), Lead Molybdate (PbMo0Q,), Titanium Dioxide (TiO,) and Zinc Oxide (Zn0O)). The Wolfram
Mathematica software are used to obtain the results. The results are shown that the AOFM is directional depend on acoustic
wave propagation and Lead Molybdate (PbMoQ,) have the highest figure of merit which is equal to [20.969x10™* (s*/Kg)]
this value achieved in longitudinal acoustic wave propagation.
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1. Introduction

Acousto-Optic (AO) devices are widely used in image
processing, signal processing, laser spectroscopy,
optoelectronics, medicine, etc. [1-3]. These devices control
characteristics of a laser beam diffracted on gratings
generated by ultrasound in crystals. Intensity of diffracted
light depend on acoustic driving power and AO figure of
merit (AOFM) M, . The acousto-optic figure of merit
(AOFM) is a measure of the suitability of a material to
modulate the diffraction intensity. The refractive index,
effective photoelastic coefficient, density and acoustic wave
velocity are all used in this calculation but it is the refractive
index and acoustic wave velocity that are the dominant
factors. The slower the acoustic and optical waves in the
material the more interaction possible [4]. There are other
figures of merit related to acousto-optic devices however the
(AOFM) referred in Eq. (1) is used primarily for gauging the
power efficiency of AO materials and is not for example
used to determine the usable bandwidth of the device [5].
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where n denotes the refractive index, p the density of
material and v the acoustic velocity.
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2. AO Materials Coefficients

The necessary parameters for calculating the figure of
merit for four common materials are listed in Tables 1
through 4. In Table 1 all data measurements at 0.633 pm,
except for TiO, at 0.514 m. To calculate the elastic wave
velocity in linear elastic materials (such as TiO, and PbMoQOy)
only the elastic stiffness coefficients C;; and the density p
are needed however, for piezoelectric materials
consideration of the piezoelectric coupling coefficients e;;,
and the permittivity €; are also required [6]. Typically, AO
materials are chosen based on both their availability. Some
of the most commonly used materials are Lithium Niobate
(LiNbOs3), Lithium Tantalate (LiTaOs), Lead Molybdate
(PbMo0Q,). Paratellurite (TeO,), fused silica (SiO,), Rutile
(TiOy), Zinc Oxide (ZnO), and Gallium Arsenide (GaAs).
Many other materials are also used that have high figures of
merit. This paper will consider Lithium niobate, Rutile, Zinc
Oxide (Wurtzite) and Lead Molybdate due to the availability
of data. The developed capability can be readily extended to
advanced materials upon the availability of needed physical
parameters [7].

3. Calculation Method

The properties of the directionally dependent materials are
more readily plotted using the spherical coordinate system.
Fig.1 show that the direction (Z;), which represent the radius,
i.e. length of Z; vector, in spherical coordinate relative to
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Cartesian system of Z;, Z, and Z3, ¢ isangle from Z; axis
onthe Z;-Z, plane and the angle theta 6 from Z; axis[11].

Calculation of Acousto-

Optic Figure of Merit for Some of Oxide Crystals

directional dependence of effective elasto-optic coefficient
(p;;; ) about an arbitrary direction (i -direction), Note
D-matrix represent rotation direction cosine matrix. While

'g other effects such as the refractive index can be evaluated by
[=} way of the 3x3 transformation “a-matrix”. Where a-matrix
~ represent direction cosine matrix. Both the “D-matrix” and
. “a-matrix” matrices are made up of the directional cosine
AN elements as defined below [12].
° a1 A;p Qg3
Z,[010] a =|0z1 az; Aazz |, where
- 31 a3z aszz
Q()\ a1 =sinfcos¢,a;; = sinfsing, a3 = cosb,
% . .
'L-:'\ a;; = cosB cos¢,ay; = cosf singg , a3 = —sinf ,
az; = —sin¢, az; = cos¢, az;3 =0
Figure 1. Spherical Coordinates by setting the matrix elements one can get
The elasto-optic effect is a 4™ rank tensor property that can sinf cos¢  sin6 Si_n ¢ cos o
be fully described with a 6x6 matrix using Voigt notation. a=|(cosf cos¢ cosb sin¢p —sinf
The 6x6 “ D -matrix” is used to analyze longitudinal —sin¢ cos ¢ 0
Table 1. Elasto-optic coefficients — unitless [4, 8, 9]
)"(un) Pll PlZ P13 P14 P16 P31 P33 P41 P44 P45 P61 PBG
LiNbO; 0.633 -0.026 0.09 0.133 | -0.075 _ 0.179 0.0171 -0.151 0.146 _ _ _
TiO, 0.514 -0.001 0.113 | -0.167 _ _ 0.106 -0.064 _ 0.0095 _ _ -0.066
Zno 0.63 0222 | 0099 | 0111 | | 00888 | -0.0235 | o058 | . .
PbMoO, 0.63 0.24 0.24 0.225 _ 0.017 | 0.175 0.3 _ 0.067 -0.01 -0.013 0.05
Table 2. Elastic coefficients — units of 10™ (N/m?) [8]
Cu C12 C13 Ci4 Cis Ca3 Cas Cee
LiNbO; 2.03 0.5 0.75 0.09 _ 2.45 0.6 _
TiO, 2.7143 1.7796 1.4957 _ _ 4.8395 1.2443 1.9477
ZnO 2.097 1.211 1.051 _ _ 2.109 0.4247 _
PbMoO, 1.09 0.68 0.53 _ -0.14 0.92 0.26 0.335

Table 3. Piezoelectric coupling coefficients — units of (C/m?) and Permittivity coefficients — unit less [4, 10]

€15 €2 €31 €33 €11 €33
LiNbO; 4.1607 2.442 0.8661 3.7 43.6 29.16
ZnO -0.352501 - -0.35076 1.56416 8.5446 10.204
Rotation matrix “D-Matrix” is given by
a? a3 a? 2 2 2
11 21 13 12013 13011 ;1012
a3, a3, a3, 2a;3,0a,3 2a;3a;1 2az1a;;
p=| dkh a3, a3, 2a3,a33 2a33az, 2a31a3;
(031 Qp0Q3; Gp3G33 @22033 T A3G3; dz1033 +A3031  Azp031 + Ap10a37
(31011 Q32013 G33aq3 Q12033 T 01303, A13031 + A11033  A1103; + Q12031
11021 G120y Gq3Qp3 Q12023 T 013032 Q13031 + A11023 G110 + Aq2071
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Table 4. Refractive index coefficients and density — density in units of
(kg/m?°) [4]

Niy N3 p(Kg/m?)
LiNbO3 2.232 2.156 4644
TiO, 2.584 2.872 4260
Zn0O 2.015 1.998 5606
PbMoO, 2.2584 2.3812 6920

3.1. Effective Elasto-Optic Coefficient

The value of effective elasto-optic coefficient p;; can be
calculated using Eq. (2), multiplying D matrix by the
material matrix p (whose components are defined by its
crystallographic axis) and again by the transpose of the D
matrix and extracting the top left element [1,1].

Piiii (0,9) =D p D" 2

In the following text the direction of tensile strain is

designated as i- (1-) direction and the physical meaning of

the py;q; is the amplitude of longitudinal effective

elasto-optic coefficient. A plot of p;;; (6, ¢) is a graphical
representation of its directional dependence [12].

3.2. Refractive Index

The refractive index (represented as a 3x3 matrix) is found
in a similar manner as to the effective elasto-optic but now
using the “a” matrix [12].

ni(0,9) =ana’ [1,1] 3)
where n matrix is given by the following form

ny 0 0

n =< 0 ny; O ) where the n matrix element
0 0 ns33

value given in the Table 4.

3.3. Acoustic Velocity

The sound velocity in a homogeneous anisotropic medium
has multiple solutions for any given wave propagation

Ciz

1
;[Cilklle + Ciok2NF + cizpsNZ + (cizns + Cizk2)NaN3 + (Ciags + Cizk1)N1 N3 + (Cingz + Cizr1)Ni N ]

orientation and thus requires a different method of evaluation
as compared to the aforementioned elasto-optic and
refractive index. Typically, there is one longitudinal wave
with vibration direction parallel to propagation and two
transversal shear waves [4]. In a non-center-symmetric
material each of the wave components may be also
accompanied by oscillating polarizations coupled through
piezoelectric effect. Acousto-optic materials can be either
linear elastic or piezoelectric. The velocity of linear elastic
materials is determined by orientation, density, and the
elastic constants. Piezoelectric materials however must also
consider the piezoelectric coupling matrix and permittivity
[13]. The modified Christoffel equation Eq. (4) used to find
the wave velocities is shown below. The tensor Cj,
represents the linear elastic portion and is a product of the
inverse density 1/p, the elastic tensor C ; and the
directional cosines N;N;. The C;C, tensors and constant ¢
represent the velocity adjustment resultant from the
piezoelectric ~ contribution. e,,; is the piezoelectric
coupling tenor and &,; denote the permittivity. It is
important to note that € here is not the relative permittivity
but rather the absolute permittivity ¢ = ¢,¢, in F/m, the
velocity is v, 6, is the Kronecker delta (6;, =1 ifi =k
and zero otherwise), and u is the amplitude of the lattice
displacement in k-direction [4].

CiC
(Cik +=E— U25ik) u, =0 (4)
¢ = pNy, Emj 1\6 )

1

Cie = - Cijia N; N; (6)
Ci = Nipemij N; (7
N; =sinf cos ¢ (8)
N, = sin @ sin ¢ 9)
N3 = cos 6 (10)

For clarity these tensor components for the general case
are written explicitly below

(11)

To illustrate the matrix method, we write out C,, and C;3. The tenser stiffness c;;; are converted to matrix stiffnesses

cmn DY Using Voigt notation, where m,n = 1-6.

1
Cyp = ;(0661\’12 + 2o N7 + 44 N$ + 2¢24No N3 + 2¢46 N3Ny + 2¢26 N1 N)

1
Ciz = ;(0151\’12 + c46NF + c35NF + (c36 + C45)Np N3 + (€13 + ¢55)N3 Ny + (c14 + Co6)Ni N2)

(12)

(13)

The other four Christoffel coefficients (C;1, C53, C12 and C,3) are evaluated in a similar way. The other parameter of
Christoffel equation ( C;, C3, C; and c¢) can write as below form

Ci = (e11 NE + e6N7 + e35N5 + (ez5 + e36)No N3 + (es + e31)N3Ny + (eg6 + €21)NiN;)  (14)
Cy = (e16Nf + €33 N7 + e34 N + (34 + €3) N2 N3 + (€14 + €36)N3Ny + (e12 + e36)N1N;)  (15)
C3 = (e1sNf + €4 N7 + e33N§ + (33 + €24)N; N3 + (€13 + e35)N3 Ny + (eq4 + e35)N1N;) - (16)
c = p(e1 NE + €23 NF + £33NZ + 2&53N; N3 + 2613N3 Ny + 2&1, Ny N,) 17)
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The calculation method is more easily seen by converting
the Christoffel Equation to matrix form and inserting the
above relations to form the matrix Z below. The velocities
are now simply the square root of the eigenvalues of the
matrix Z and the corresponding wave polarizations are from
the eigenvectors of Z.

Ci1 Cip Cy3 Ct CC GG
Z=|Cy Cpn Cu|+|CC, C; CGC|.- (18)
C3 C3 (33 C3C, C,C3 C%

3.4. Figure of Merit

The valve of Figure of Merit (M) can be calculated by
combining the effects of density, effective elasto-optic
coefficient, acoustic velocity and refractive index as shown
as Eq. (19). M, (6, ¢) is plotted as a function of theta and phi,
for & fromOto m and ¢ from O to 2.

n3(0,0)°p it (0,9)°
M6, 0) = =y

(19)
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4. Results and Discussion

4.1. Acoustic Velocity

All the calculation according to method that described in
previous section have been performed using the data
specified in Tables 1 through 4. The date for permittivity in
the table 3 are taken from Ref [10] which represent the data
from material library in Comsol Multiphysics 5.0. The
results have been studied for four types of materials which
are: Lithium Niobate (LiNbOs), Lead Molybdate (PbMo0Qy,),
Titanium Dioxide (TiO,) and Zinc Oxide (ZnO).

Figure (2) show that acoustic velocity in
quasi-Longitudinal mode for different materials. from this
figure it’s clear that Titanium Dioxide crystal have highest
value of acoustic velocity that equal to 10079.5 m/sec this
value achieved in Longitudinal acoustic wave propagation
mode, while the Lead Molybdate crystal have the lowest
value of acoustic velocity that equal to 4834.6 m/sec. this
value will give a good indication that the Lead Molybdate
crystal have highest figure of merit.
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Figure 2. Acoustic velocity propagate quasi-Longitudinal mode for selected crystals: (a) TiO,, (b) ZnO, (c) LiNbO;, (d) PbMoO,
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4.2. Figure of Merit

Mathematica software was used to provide a three
dimensional visualization of the Acousto-optic effect for a
crystal of any point group symmetry. One can select the
point group and then from a library of material data
associated with that group. Figure of Merit (M,) can be
calculated by using Eq. (19). To demonstrate the impact of
anisotropy on the Figure of Merit value, below we present
several example material representing different crystal
systems. The dependences of the Figure of Merit on the
direction of acoustic wave propagation calculated at different
orientations are shown in Fig.3.

The maximum Figure of Merit value for TiO; is equal to
0.694 x 10~ (s3/Kg). This value is achieved in the case
of AO interaction with the longitudinal acoustic wave
propagating at the angle ( 8 =34.1dge and ¢ =
90,180,270 deg).

For, ZnO the maximum value of Figure of Merit is equal
to 2.716 x 10715 (s3/Kg). This value is achieved in the
longitudinal acoustic wave propagating at the angle
(60 =90dge and ¢ is any value between (0-360) deg).
While for LiNbOs, the maximum Figure of Merit value is

(c) LiNbOgs- Trigonal

equal t0 10.418 x 10~1° (s3/Kg). This value is achieved in
the longitudinal acoustic wave propagating at the angle
(6 = 51.7 dge and ¢ = 90,210,330 deg).

Finally, for PoMoO, have the highest Figure of Merit is
equal to 20.969 x 101> (s3/Kg). This value is achieved in
the longitudinal acoustic wave propagating at the angle
(6 = 54.7dge and ¢ = 45,135,225,315 deg).

The figure of merit is typically used to compare or gauge
the effectiveness of AO materials however, it can also be
used to determine the ideal material orientation for
maximum acoustic/optic coupling. The elasto-optic matrix is
certainly the dominant factor in determining ideal coupling;
however as can be seen in the figure of merit calculation the
refractive index and the velocity are directionally dependent
they can also have a significant impact on coupling. The
three dimensional representation Fig.3 can be used to
effectively determine the maximum coupling orientation.
Using the information the ideal material orientation have
been determined for each of the material and summarized in
Table (6). The values are listed for 0 <6 <m and
0<¢<2m

(b) ZnO - Hexagonal

(d) PbMoOQ, - Tetragonal

Figure 3. Dependence of figure of merit (M,) on direction of acoustic wave propagation calculated for several materials representing different crystal
system: (a) TiO,, (b) ZnO, (c) LiNbO;, (d) PbMoOQ,. All results are shown in terms of 107 (s3/Kg)
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Table 6. Maximum Figure of Merit for each material with associated property maximum in the same direction

Material EEC (py) n v (mis) p (kg/m3) M, (10715 s3 /kg) (8, @) degrees
TiO, -0.081 2.782 10079.5 4260 0.694 (34.1,90), (34.1,180), (34.1,270)
ZnO 0.222 2.015 6133.5 5606 2.716 (90, any)
_ (51.7,90), (51.7,210)
LiNbO; 0.340 2.203 6487.6 4644 10.418
(51.7,330)
(54.7,45), (54.7,135)
PbMoQ, 0.300 2.381 4834.65 6920 20.969
(54.7,225), (54.7,315)

To test the results of our analysis, we make a comparison
with the available literature data. Some of our results agree
well with literature data. The acousto-optic figure merit for
LiNbO;crystal is equal to 10.4 x 107>( s3/kg) according
to Ref. [14], while the authors of Ref. [15] have reported it to
be 10.89 x 107'°(s3/kg) . The calculation parameter
obtained for the acousto-optic figure of merit in LiNbO;
crystal demonstrating good agreement and thus positive
verification of the methodology developed.

5. Conclusions

In this present work a fast and precise method have
proposed for calculating the acousto-optic figure of merit.
The elasto-optic coefficient and acousto-optic figure of merit
can be obtained for any crystal class, and the maximum
direction of interaction is calculated. The results are shown
that the acousto-optic figure of merit is directional depend on
acoustic wave propagation and have found that the highest
acousto-optic figure of merit value for Lead Molyhdate
(PbMoO,) is equal to 20.969 x 10~1° (s3/Kg) this value
achieved in the longitudinal acoustic wave propagation. The
methodology developed in this work provide positive
verification through the good agreement with the result of
Acousto-Optic Figure of merit for LiNbOz known from
literatures.
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