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Abstract This work is concentrating on generating gamma-gamma turbulence model taking into consideration the
Forward method, Matsuno method, Huen method, Runge-Kutta 2 method (mid-point), Runge-Kutta 4 method,
Adams-Bashforth 2 method (extrapolates P, Z in time), Adams-Bashforth 3 method (extrapolates P, Z in time),
Quasi-Adams-Bashforth 2 method (extrapolates P, Z in time) and Adams-Moulton 3 method. Where P stands for
atmospheric pressure and Z stands for atmospheric height. Analyzing the gamma-gamma pdf for smaller and larger
separation of time-scale regimes using stability and skewness criterion, we concluded that the Matsuno and
Quasi-Adams-Bashforth 2 methods are suitable for generating accurate gamma-gamma turbulence model.
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1. Introduction

The lower layer of air surrounding the earth's surface gets
warmed up due to solar radiation absorption and thus
become less dense than the air at higher altitude. The rising
movement of less dense air and the surrounding cooler air
mix turbulently to cause random fluctuation in air
temperature. This causes inhomogeneities in the form of
discrete cells or eddies and refractive prisms of different
sizes and indices of refraction. When information bearing
optical beam passes through this kind of turbulent medium,
its phase and amplitude varies randomly. This phenomenon
is called scintillation. Scintillation results in faded received
optical power and thus leads to system performance
degradation. Different indices of refraction create optical
turbulence. Optical turbulence leads to irradiance
fluctuations, beam broadening and loss of spatial coherence
of the optical wave. This work concentrates on intensity
modulated direct detection based OWC system and for this
system the irradiance fluctuation matters a lot. Hence for
modeling purpose this work is concentrating only on
turbulence induced fluctuation of the received optical power
(irradiance). Usually atmospheric turbulence is categorized
in the regimes that are function of travelled distance through
the atmosphere by the information bearing optical wave.
Depending on the magnitude of inhomogeneities and index
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of refraction variation the regimes are classified as weak,
moderate, strong and saturation. To model this turbulent
medium as a channel, its characteristics must be well
understood. The characteristics of a channel are well
understood by means of its impulse response. For modeling
the turbulent medium it is imperative to describe the pdf
statistics of the irradiance fluctuation. The models
log-normal, gamma-gamma and negative exponential are
used respectively for weak, weak to strong and saturate
regimes. However, this work is limited to gamma-gamma
turbulence model [1, 2].

To the best of our knowledge, this is the first work that is
applying numerical integration methods to modify the
gamma-gamma turbulence model. Here we have used the
numerical integration techniques like; Forward method,
Matsuno method, Huen method, Runge-Kutta 2 (mid-point
method), Runge-Kutta4, Adams-Bashforth 2 (extrapolates P,
Z in time), Adams-Bashforth 3 (extrapolates P, Z in time),
Quasi-Adams-Bashforth 2 (extrapolates P, Z in time) and
Adams-Moulton 3 method. Where P stands for atmospheric
pressure and Z stands for atmospheric height [3-9].
Analyzing the gamma-gamma pdf for weak and strong
turbulence regimes using stability and skewness criterion,
we have concluded that the Matsuno method and
Quasi-Adams-Bashforth 2 methods are suitable for
generating accurate gamma-gamma turbulence model.

The rest of the paper is organized as follows. Section Il
describes modeling of the turbulent scenario. Section Il
gives an insight into the investigation of the gamma-gamma
turbulence model using various numerical integration
methods. Section IV gives the result analysis and discussion.
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Section V provides the concluding remarks.

2. Modelling of the Turbulent Scenario

The turbulent scenario can be modeled according to the
following steps [10, 11]:

o Refractive index fluctuation in terms of atmospheric
temperature variation:

The optical turbulence due to refractive index fluctuation
is equivalent to direct end product of random variations in
atmospheric temperature from one point to other.

o Modeling the atmospheric temperature variation:

The random temperature change in atmosphere is a
function of the altitude, atmospheric pressure and wind
speed. During the modeling process the smallest turbulent
eddies are termed as inner scale [, and the largest turbulent
eddies are termed as outer scale L,. The atmospheric
temperature and its refractive index are related as:

Natm = 1+ 776(1 + 7.52 x 10_31—2) I;t:;r; x 10—6 (1)

Where ng,,, isthe atmospheric refractive index, P, is
the pressure of atmosphere in millibars, T,z denotes the
effective temperature in Kelvin and A denotes the
wavelength in microns.

o Modeling the amount of refractive index fluctuation:

According to Kolmogorov, amount of refractive index
fluctuation is characterized by the index of refraction
structure parameter (C?) . C? is a function of the
atmospheric altitude, wavelength and temperature.

This work is concentrating on gamma-gamma turbulence
model taking into consideration the Forward method,
Matsuno method (forward/backward), Huen method
(forward/trapezoidal), Runge-Kutta 2 (mid-point method),
Runge-Kutta 4 method, Adams-Bashforth 2 method
(extrapolates P, Z in time), Adams-Bashforth 3 method
(extrapolates P, Z in time), Quasi-Adams-Bashforth 2
method (extrapolates P, Z in time) and Adams-Moulton 3
method. Where P stands for atmospheric pressure and Z
stands for atmospheric height. The next section gives an
insight into the investigation of the gamma-gamma
turbulence model using various numerical integration
methods using stability and skewness criterion.

3. Investigation of the Gamma-Gamma
Turbulence Model Using Various
Numerical Integration Methods

In [1, 2], the unconditional gamma-gamma distribution
function is obtained as:

p() = fomp ("1 )pa i,
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Where a and B represents the effective number of large
and small scale eddies, K, (.) represents modified bessel’s
function of the second kind of order n and I'(.) represents
the gamma function. I, denotes the irradiance of eddies due
to large scale turbulence. I denotes the normalized received
irradiance.

The key idea of this work lies in the following fact. Since
the @ and B are related to the index of refraction structure
parameter with respect to height and pressure. Hence we can
modify the I'(.) in the equation (2) by taking solutions of
the equations (3) and (4) given below using any one of the
numerical integration methods such as: Forward method,
Matsuno method (forward/backward), Huen method
(forward/trapezoidal), Runge-Kutta 2 (mid-point method),
Runge-Kutta 4, Adams-Bashforth 2 (extrapolates P, Z in
time), Adams-Bashforth 3 (extrapolates P, Z in time),
Quasi-Adams-Bashforth 2 (extrapolates P, Z in time) and
Adams- Moulton method. Where P stands for atmospheric
pressure and Z stands for atmospheric height.

0.Z =agZP —dZ 3)
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In equations (3) and (4), a and g are constants. The
equation (3) corresponds to a linear model and the equation
(4) corresponds to a non-linear model that means there is
wider separation of inherent time scales.

Using the various numerical integration methods, the
gamma-gamma turbulence scenarios for the largest value of
the time scales are shown in Fig.1-18. Fig.1-9 and Fig.10-18
are obtained following the solutions of equation 3 and 4
respectively. TABLE-1 shows the types, stability criterions
of these numerical integration methods and the solutions of
the equations 3 and 4, when they are applied. The Fig. 19
shows the gamma-gamma pdf using the various numerical
integration methods for evaluating the solutions of equation
3. The Fig. 20 shows the gamma-gamma pdf using the
various numerical integration methods for evaluating the
solutions of equation 4.

4. Result Analysis and Discussion

A. Analysis in comparison to previous methods of modeling

Previously a and S were calculated taking into
consideration the horizontal distance travelled by the optical
beam in the medium. But, here we have taken into
consideration the pressure and height through which the

beam has covered the medium. Consideration of pressure
and height will give more dimensional view of the turbulent
scenario. This turbulent scenarios are shown in Fig. 1-9 and
Fig. 10-18 using various numerical integration methods for
linear and non-linear applications respectively. By using the
numerical integration methods, the gamma-gamma
distribution will be bounded as there is increase in turbulence.
This is because of the consideration of the solutions by
taking the largest stable value in the time scale. The largest
stable values for various numerical integration methods are
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shown in TABLE-1. In contrast to this, in the previous
method of modeling, the gamma-gamma distribution was
approaching negative exponential distribution as there is
increase in turbulence [1, 2].

B. Current result analysis and discussion

Here we have considered linear and non-linear
applications of the turbulent channel. In both of the cases,
among all the multistage explicit and single stage explicit
schemes, the Matsuno method is found to be more suitable
for gamma-gamma turbulence modelling. This is because of
the fact that using the Matsuno method the perturbations are
not growing in time. This is clearly visible in Fig.2 and
Fig.11 for linear and non-linear cases respectively. As far as
stability criterion is considered, this method is conditionally
stable and gives equal range of stability for both linear and
non-linear applications. This is shown in TABLE-1. Since it
is first order accurate, any channel equation represented as
partial differential equation (PDE) can be successfully
solved. Since it is a multistage explicit method, there is no

Gamma-gamma turbulence using forward method in equation3
T T T T T T T
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risk of the computational mode which arises in single stage
explicit schemes with higher number of time levels.
Compared with all other single stage explicit methods as
listed in TABLE-1, the Quasi-Adams-Bashforth 2 method
can be suitable for gamma-gamma turbulence modelling.
This is because of the following facts. Firstly, compared to
all other single stage explicit schemes, the perturbations are
not growing in time. Secondly, as there is increase in the
irradiance, the gamma-gamma distribution plot is more
skewed. This scenario is clearly visible in Fig.19 and Fig.20
for linear and non-linear applications respectively. From Fig.
7-9, Fig.16-18 and TABLE-1, it is clear that,
Adams-Moulton 3 method is showing smaller error
constants as compared to Adams-Bashforth 3 method and
stability range nearly equivalent to Quasi-Adams-Bashforth
2 method. But, in Fig.9 and Fig.18, the perturbations of
Adams-Moulton 3 method are not decreasing in time. Hence,
Adams-Moulton 3 method can not be considered as a good
candidate for for gamma-gamma turbulence modelling.
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Figure 1. Gamma-gamma turbulence using Forward method in equation 3
2 Gamma-gamma turbulence using Matsuno method in equation3
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Figure 2. Gamma-gamma turbulence using Matsuno method in equation 3
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Figure 3. Gamma-gamma turbulence using Heun method in equation 3

Gamma-gamma turbulence using Runge-Kutta 2 in equation3
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Figure 4. Gamma-gamma turbulence using Runge-Kutta 2 method in equation 3
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Figure 5. Gamma-gamma turbulence using Runge-Kutta 4 method in equation 3
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3 Gamma-gamma turbulence using Adams-Bashforth 2 in equation3
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Figure 6. Gamma-gamma turbulence using Adams-Bashforth 2 method in equation 3
3 Gamma-gamma turbulence using Adams-Bashforth 3 in equation3
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Figure 7. Gamma-gamma turbulence using Adams-Bashforth 3 method in equation 3
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Figure 8. Gamma-gamma turbulence using Quasi-Adams-Bashforth 2 method in equation 3
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Figure 9. Gamma-gamma turbulence using Adams-Moulton 3 method in equation 3
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Figure 10. Gamma-gamma turbulence using forward method in equation 4

Gamma-gamma turbulence using Matsuno method in equation 4
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Figure 11. Gamma-gamma turbulence using Matsuno method in equation 4
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3.5 Gamma-gamma turbulence using Heun method in equation 4
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Figure 12. Gamma-gamma turbulence using Heun method in equation 4
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Figure 13. Gamma-gamma turbulence using Runge-Kutta 2 method in equation 4

Gamma-gamma turbulence using Runge-Kutta 4 in equation 4
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Figure 14. Gamma-gamma turbulence using Runge-Kutta 4 method in equation 4
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Gamma-gamma turbulence using Adams-Bashforth 2 in equation 4
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Figure 15. Gamma-gamma turbulence using Adams-Bashforth 2 method in equation 4

Gamma-gamma turbulence using Adams-Bashforth 3 in equation 4
p T T T T T T T

Pressure
2
Pressure,

Height
(o] 100 200 300

400 500 600 700 800 900 1000

Figure 16. Gamma-gamma turbulence using Adams-Bashforth 3 method in equation 4
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Figure 17. Gamma-gamma turbulence using Quasi-Adams-Bashforth 2 method in equation 4
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Figure 18. Gamma-gamma turbulence using Adams-Moulton 3 method in equation 4
Table 1. Characteristics, stability and solutions of the numerical integration methods, when applied to the turbulent scenario
Method Nature of Type Stability | Stability | Solutions | Solutions
Stability range for | range for for for
equation | equation | equation | equation
3in 4 in non- 3 4
linear linear
applicati | applicati
ons ons
Unstable Single-stage 12.8810, | 13.8810,
Forward explicit(2 levels) 1<At<5 1<At<7 8.0054 9.0057
Conditionally Multistage 11.7899, 9.9096,
Matsuno stable explicit (First 1=ALK11 | 1SAE£11 1.0030 2.0053
order accurate
Heun Wealkly Multistage 11.8789, | 11.8789,
unstable explicit (Second | 1=At<12 1=At<8 7.0083 8.0162
order accurate
RK2 Weakly Multistage 11.8716, | 11.9916,
unstable explicit 1SAE12 | 1SAES12 7.0087 8.0165
RKA4 Conditionally Multistage 11.8048, | 11.7600,
stable explicit 1=AES12 1<AtZ7 3.5058 4.0133
AB2 Weakly Single-stage 11.8605, | 12.8605,
unstable explicit(3 levels, | 1<At<11 1SAE3 6.9982 7.0166
2" order)
AB3 Conditionally Single-stage 11.8531, | 11.8419,
stable explicit (AB2 1=<At<6 1SAt2 6.6078 7.0159
with 3" ordered
time integration)
QAB2 Conditionally Single-stage 11.8456, | 11.8308,
stable explicit(Slevels, 1<At<9 1<A<3 5.2064 5.4151
Quasi 2" order)
AM3 Conditionally Single-stage
stable with implicit (with 3" | 1<At<S 1<At<1 11.8605, | 11.8410,
small error ordered time 6.6888 7.0165
constants integration)
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Gamma-gamma pdf using various numerical integration methods for the linear applications
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Figure 19. Gamma- gamma pdf using various numerical integration methods for the linear applications

Gamma-gamma pdf using various numerical integration methods for the non- linear applications
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Figure 20. Gamma- gamma pdf using various numerical integration methods for the non-linear applications

C. Future research directions

Every work has its own advantage and disadvantages.
Hence within certain limitations, this work has the following
research directions:

e The Adams-Bashforth method in first step and
Adams-Moulton method in the second step can be used
as a predictor- corrector formulae to increase the
accuracy and stability range in more non-linear
modelling applications.

e The accurate gamma-gamma model generated in this
work can be used in the performance analysis of various
signal processing techniques and channel coding
techniques over free- space optical communication link.

5. Conclusions

The gamma-gamma turbulence model has been studied
and analyzed through the numerical integration methods.
The various numerical integration methods have been
compared basing on the stability, type and linear or
non-linear applications. We found the Matsuno method to be

suitable for generating accurate gamma-gamma turbulence
model for both linear and non-linear applications. Nextly, the
QAB?2 scheme among the single- stage explicit schemes is
found suitable for gamma-gamma turbulence modeling. The
consideration of numerical integration methods along with
stability criterion and skewness has made the gamma-gamma
distribution bounded when there is an increase in turbulence.
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