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Abstract  The controversy about the size dependence of the vacancy concentration in metal nanoparticles is here 
reconsidered in the framework of the statistical thermodynamics. The fractional concentration of vacancies in a spherically 
shaped metal nanoparticle is calculated by taking into account both the core and the surface defective systems. 
Notwithstanding the format ion energies of core and surface defects are found to increase as the particle size decreases, it is 
shown that the fractional concentration reaches a maximum at s mall part icle sizes, provided that the formation energy of the 
surface vacancies in macro -crystals is sufficiently smaller than that expected in the bulk. This apparently counterintuitive 
conclusion, which may reconcile early opposite views, is a mere consequence of the high surface to volume ratio in 
nanostructures. Numerical calculations performed fo r copper nanoparticles are presented 
Keywords  Nanoparticles, Defects, Metals, Thermodynamics  

 

1. Introduction 
In the last decade, nanosized and nanostructured materials 

have become one of the major topics of interest in  several 
fields of applied sciences and industry[1,2]. Due to the high 
surface to volume ratio, nanomaterials show significant 
deviations from the properties exh ibited in the macroscopic 
domain : among the others, decreased melt ing temperature[3], 
increased heat capacity[4] and size-tunable optical 
properties[5] are some of the most studied effects observable 
at the nanoscale[6]. Other propert ies, like the concentration 
and the formation energy of intrinsic defects, are expected to 
show anomalies, but up to now they are very difficu lt to be 
experimentally  investigated[7-9]. Already being a central 
topic in  solid state science, the study of defects in 
nanosystems is opening new challenges in nanoscience: the 
growing range of applications of nanostructures poses new 
questions on defects related physical - chemical properties. 
Indeed, defects play a key role in catalytic and photocatalytic 
properties[10,11], crystal phase transitions[11-13], 
self-diffusion[14,15], electrical and thermal transport[14,15] 
and optical properties[16-22]. In this perspective, a better 
understanding of the physics of intrinsic defects in 
nanosystems, in part icular concerning formation energy and 
diffusion of defects, is mandatory from both base and 
applicative research point of view. 

Among the different defective nanosystems, the reference  
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model is the monoatomic spherically shaped metal 
nanoparticle, with intrinsic vacancy defects (thermal or 
Schottky vacancy)[15]. The format ion of vacancies can be 
explained as the displacement of atoms from the crystal core 
to the surface. Since this process involves the breakup of 
atomic bonds, it was thought that the formation energy could 
be related to the crystal cohesive properties[23-26]: based on 
semi-empirical arguments, a proportionality law between the 
vacancy formation energy and the average cohesive energy 
was proposed. Analogous idea was sustained by highlighting 
that the cohesive energy and the melting temperature 
displayed similar dependence on particle size[26,27], which 
in turn may result from a special case of an universal law, as 
recently claimed[28]. Based on these arguments, the 
prediction is that the formation energy of the vacancies 
decreases as the particle size decreases[23-28]. On the 
contrary, by considering the surface energy and stress, the 
thermodynamic expectation is that the formation energy of a 
vacancy in the crystal core increases as the particle size 
decreases[15]. Accordingly, the concentration of vacancies 
is expected to be reduced in nanosystems. It should be 
observed, however, that this conclusion opens new questions 
since it is in contrast with experimental results on diffusion 
processes[26]. 

In this work we reconsider the problem of intrinsic 
vacancy format ion in  metal nanoparticle within the 
framework of statistical thermodynamics. The defect 
concentration and formation energy are calculated by means 
of standard methods, starting from a nanosphere metal model 
that, unlike earlier works, includes the nanoparticle structure 
and also the presence of surface defects. It is shown that, 
when the vacancy format ion energy at the surface is lower 
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than that in the core, the fractional concentration of 
vacancies (core+surface) may increase as the particle size 
decreases.  

For sake of clarity, the paper is structured as follows: 
thermodynamics and surface energy basic concepts are 
recalled in section 2; the model of spherical nanoparticle and 
related free energy are presented in section 3, where 
calculations are carried out for core vacancies; in section 4 
the investigation is extended to the surface; the 
comprehensive analysis of the problem (core and surface), is 
presented in section 5 and is d iscussed with numerical 
examples in section 6. 

2. Basic concepts 
Thermodynamics defines the equilibrium state of a system 

provided that fluctuations of thermodynamics variables are 
negligible with respect to their average values[29]. In 
practice, the standard approach is correctly applied when the 
number of a system constituents is larger than (indicatively) 

310 [15,28]. In the case of a crystal nanosphere, it means a 
system size larger than 5 nm. To be more restrictive when 
considering the crystal surface[30], size larger than 10 nm 
will be the dimension of our model system; extrapolation of 
the obtained results to the lower size are meaningfu l only at a 
qualitative level. We point out that new thermodynamics 
approaches were developed to tackle the fluctuation problem 
of small sized systems[6], but they are out of our concerns, 
being based on different physical problems or related to free 
parameters.  

It is known that a finite crystal shows an excess of free 
energy with respect to the bulk that, in the simplest case, can 
be written as[31]  

SF A γ=                      (1) 
where A is the surface area and γ  is the surface free energy 
per unit area. Any transformation producing a change of the 
surface area has an additional energy cost given by 

( )SF Aδ δ γ=                   (2) 
There are two ways to produce a change of the surface 

area, that is by creating a new surface (new surface sites on a 
crystal, here supposed to be occupied) and/or by stretching 
the pre-existing surface. If the crystal shape is fixed, the 
change of the surface area can be related to the change of the 
crystal volume; fo r small changes eq. (2) becomes: 

1 2S
dA A dAF V V
dV A dV

γδ γ δ δ∂
= +

∂
         (3) 

where the first term pertains to the creation of a new surface 
( γ constant) and the second term to the surface stretching. In 
the case of spherical particles eq. (3) becomes 

 1 2
2 2

S
fF V V

r r
γδ δ δ= +               (4) 

where /f A Aγ= ∂ ∂  is the surface stress and r the particle 
radius. As for the process creating a single vacancy in the 
core of a nanoparticle, we must consider the change of the 

crystal volume due to both the creation of a new surface site, 
and, eventually, to a change of the volume due to the 
relaxation of defect. In the former case we have 

1

Vδ = Ω , 
that is the volume cell per atom corresponding to the vacancy 
created, and in the latter case we have 2 v vV V Vδ = ∆ = −Ω , 
that is the relaxat ion from Ω  to vV . Therefore the 
formation energy of a vacancy in the core of the crystal is 
given by[15]  

2 2( )f
v c

fE r V
r r υ
γχ ∞= + Ω + ∆             (5) 

where cχ ∞  is the formation energy in the bulk. Since for 
most metals it is expected that 0.25vV∆ ∼ − Ω  and 2f γ∼<
[15], eq. (5) predicts that the format ion of vacancies is hard ly 
favored at the nanoscale. In the next sections we show that, 
under specific conditions, vacancy concentration can show a 
different behavior if surface vacancies are taken into 
account.  

Although the last term of eq. (5) is not essential for a 
qualitative discussion, and could be omitted, in next  
calculations we will preserved it, because Vυ∆  is a  defect 
property. Thus, in the fo llowing we define the energy of the 
vacancy in the crystal core as 

2( )c c
fr V

r υχ χ ∞= + ∆                 (6) 

3. The Model of Spherical Particle 
The most energetically favored shape is the Wulff 

polyhedron, which exposes only low energy and low index 
faces[1,15]. However, it was shown that, on the average, eq. 
(5) can  be extended with  good approximat ion also to facetted 
crystals[15]. By keeping th is in  mind, we model the faceted 
nanocrystal polyhedron as a sphere with radius r and volume 
V. The nanocrystal is constituted by N atoms, sn  lying on 

the surface and cn  located in the core. In a vacancy-free 

crystal 2/3
sn Nϑ= , where ϑ  is a proper geometrical 

factor. We assume 1/3a = Ω  to be the edge of each unit cell 
and also the thickness of the surface layer whose volume is  

24s sV n a A a rπ= Ω = =               (7) 
so that it holds 

3s sn V a
N V r

= =                      (8) 

If the crystal core contains cX  vacancies, the total 
number o f crystal sites is cN X+  and the number of atoms 
of the surface layer (free o f vacancies) is 

( )2/3
s cn N Xϑ= +                    (9) 

Due to this dependence on cX  it holds ( c sn N n= − )  

2 2 2
3 3

s c s s

c c c

dn dn n V a
dX dX N X V r

= − = ≈ =
+

     (10) 

where the symbol of approximat ion is used to account for 
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a change vV∆  due to the vacancy relaxat ion. 
The lattice dynamics may  be described according  to the 

Einstein model, with atoms behaving as harmonic oscillators  
localized in the N lattice sites[27]. Accordingly, a  ground 
energy cε  ( 0cε < ) and a frequency cω  are assigned to 
each core atom. In the same way, a ground energy sε  
( 0c sε ε< < ) and a frequency sω are assigned to each 
surface atom in our model. Moreover core defects are 
considered as oscillators with ground energy ( )c rχ  and 
frequency cυω . In this simplification a specific vibrational 
mode is attributed to each defect (defetc mode) instead of the 
atomic vibrat ions in the nearby of the vacancy[14]. 
Anharmonic effects are accounted for by the bulk 
modulus[32] and, in turn, by surface stress f[15]. 

The form of the partition function of a system of N∗  
localized identical oscillators of frequency ω  ground 
energy ε  (which  includes zero energy and b inding energy) 
can be written as[14,33] 

( )
1 2 3

1 2 3
, ,

0

exp

N

n n n
B

n n n
Z

k T
ε ω

∗
∞  + + + = −  

    
∑ 

 (11) 

Function (11) is used as the basic build ing block for the 
construction of the partition function of the system dealt 
with, 

c c
c s

c

n X
Z Z Z Z

X υ
+ 

=  
 

               (12) 

where the configuration factor is exp licated. The free energy 
reads 

{ }
{ }
{ }

ln ln

3 ln 1 exp( / )

3 ln 1 exp( / )

3 ln 1 exp( / )

c c
B B

c

c c B c B

s s B s B

c c B B

n X
F k T Z k T

X

n k T k T

n k T k T

X k T k Tυ

ε ω

ε ω

χ ω

+ 
= − = − + 

 

+ + − − +  

+ + − − +  

+ + − −  







     (13) 

The calculat ion of the vacancy concentration at 
equilibrium may be addressed by searching for the minimum 
of the free energy with respect to cX  , that is, 

0
c

F
X
∂

=
∂

                       (14) 

By taking into account that / /c c s cdn dX dn dX= − , we 
obtain 

ln ln lnc c c
c

cc c c

n X Xd C
XdX n X
+   

≈ − = −   +   
      (15) 

where cC  stands for the fractional concentration of core 
vacancies[14], that is 

c
c

c c

X
C

n X
=

+
                    (16) 

 
 

Thus, from eq. (14) it follows 

 

( )

( )

ln 3 ln 1 exp( / )

1 exp( / )
3 ln

1 exp( / )

B c c B v B

s s B
s c B

c c B

k T C k T k T

dn k T
k T

dX k T

χ ω

ω
ε ε

ω

 = − + − − − 
  − − − − +  − −   







(17) 

The expression within braces represents the excess of free 
energy per surface atom: it is the difference of free energies 
calculated before and after replacing a single surface atom of 
parameters ( sε , sω ) with a core one ( cε , cω ). We take into 
account this excess of free energy for the calculation of the 
nanoparticle surface free energy. By using eqs. (1) and (7), 
and by defining 

( ) 1 exp( / )1 3 ln
1 exp( / )

s B
s c B

c B

k T
k T

k T
ω

σ ε ε
ω

  − − = − +  Ω − −   





   (18) 

the following relations can be established 
S sF V A a Aσ σ γ= = =               (19) 

where aγ σ= .  
Thus, the vacancy concentration inside the nanocrystal 

core, written as a function of the particle radius, is: 

( )2( ) exp /c c BC r C f V k T
r υγ∞

 = − Ω+ ∆  
        (20) 

where cC ∞  is the concentration in the crystal bulk. 

4. Surface Defects  
We will consider now the case where vacancy sites are 

present also on the crystal surface. Let sX  be the number of 
unoccupied sites in the surface layer, and c sX X X= +  the 
total number of vacancies in the nanoparticle. The following 
relations hold 

2/3( )s sn N X Xϑ= + −                (21) 
2/32 ( ) 2

3
s c

c c

n n N X a
X X N X r

ϑ∂ ∂ +
= − = =

∂ ∂ +
       (22) 

2/32 ( ) 21 1
3

s c

s s

n n N X a
X X N X r

ϑ∂ ∂ +
= − = − = −

∂ ∂ +
  (23) 

Let η  be the energy of a vacancy sites and sυω  the 
corresponding defect mode frequency. In analogy with eq. 
(11) - (15), the partit ion function is written as: 

c c s s
c s

c s

n X n X
Z Z Z Z Z

X X χυ ηυ
+ +   

=    
   

   (24) 

The equilibrium concentrations of defects are established 
by  

0 0
s c

F F
X X
∂ ∂

= =
∂ ∂

              (25) 

As shown in the previous section, when eq. (20) was 
derived for the core vacancies, for the surface defects we can 
write:  
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( )ln 3 ln 1 exp( / )

2
B s B s Bk T C k T k T

r

υη ω

γ σ

 = − + − − − 
Ω

− + Ω



(26) 

where sC  is the fractional concentration of surface defects: 

s
s

s s

X
C

n X
=

+
                    (27) 

Equation (26) p resents a surface energy term independent 
of particle radius, which has to be included in the energy 
formation of surface defects in macroscrystals: 

sχ η σ∞ = − Ω                    (28) 
From eq. (26) it fo llows 

2( ) exp /s s BC r C k T
r
γ

∞
Ω = − 

 
         (29) 

where sC ∞  stands for fractional concentration in the surface 
of macrocrystals. The formation energy of a surface vacancy 
is 

2( )f
vs sE r

r
γχ ∞= + Ω                (30) 

Equations (28) and (30) are very intuitive and can also be 
explained by means of the following argument. Let us 
consider a crystal state where only core defects are present. 
Now let a surface atom be displaced to a core vacancy site. 
The corresponding energy balance must take into account a 
contribution η , due to the created surface defect, and an  
energy term σ− Ω , due to the removed surface atom. 
Moreover, the quantities cχ ∞  and 2 /f V rυ∆  must be 
subtracted due to the filling of the core vacancy site, while 
the quantity 2 / rγ Ω , pertaining the canceled vacancy, has 
to be maintained, since the considered displacement does not 
change the total number of crystal sites. 

5. Comprehensive Fractional 
Concentration of Defects  

The previously derived results show that the fractional 
concentrations in both the core and the surface of crystal, 
decrease as the particle size decreases. However, the total 
core and surface fractional concentration 

XC
N X

=
+

                      (31) 

may show a different behavior provided that s cχ χ∞ ∞< . 
Indeed provided that 2 / rγΩ  is sufficiently small, the 
dependence of the concentration C on the radius r is 
dominated by the surface to volume rat io. To elucidate this 
statement, let consider the following relations: by eqs. (16) 
and (21), and by taking into account that 

( )2/3
c cn X N X N Xϑ+ = + − +  

we may write : 

( )2/3
c cX N N X Cϑ≈ − +  

Analogously, from eq. (27) it follows 

( )2/3 2/3
s s sX N X C N Cϑ ϑ= + ≈  

so that, the total number of vacancies is 
2/3

1 1
1

c s
c s

c c

C CNX X X N
C N C

ϑ  
= + ≈ + −  

−    
 

With the same degree of approximation so far considered, 
provided that 1cC <<  the ensuing expression is derived 
from eq. (31) : 

( )( ) 31 exp 2 / / 1
( )

s
B

c c

CC r a f V r k T
C r r C

∞

∞

     = + ∆ −       
(32) 

6. Discussion 
For a first qualitative discussion, let assume 0V∆ = , 

then eq. (32) is reduced to 

( )3( ) ( ) 1 exp / 1c B
aC r C r k T
r

χ∞
  = + ∆ −   

    (33) 

where c sχ χ χ∞ ∞ ∞∆ = − . The analysis of eq. (33) shows that, 
for / Bk Tχ∞∆  sufficiently large, concentration ( )C r  
exhibits a maximum at radius mr  given by 

3
3 / 2 1m

B

aQr
a Q k T γ

=
Ω −

             (34) 

where ( )exp / 1BQ k Tχ∞= ∆ − . The maximum condition is 

2ln 1
3B Bk T ak T

χ γ∞  ∆ Ω
> + 

 
           (35) 

One can deduce that, for very large Q, the concentration 
maximum is reached for 2 /m Br k Tγ= Ω .  

The formation energy of a defect is dependent on the 
number of related broken bonds. On the other hand, the 
surface can be considered, in a way, as an extended defect 
whose energy can be evaluated by counting up the number of 
broken bonds on the basis of surface and bulk coordination 
numbers comparison[34]. Thus, it can be inferred that 

0χ∞∆ > , even if its actual value is difficu lt to estimate since 
the defect formation often implies a local lattice relaxation 
(in the macrocrystal) whose energy cannot be 
disregarded[35]. From a qualitative point of view we may 
conjecture that the vacancy formation energy is proportional 
to the coordination number of the lattice site  we are dealing 
with. Thus, for example, the formation energy of a vacancy 
at the (1,1,1) surface of a fcc metal (macrocrystal) is 75% of 
the formation  energy in  the bulk, being 9/12 the rat io of 
related coordination numbers[34]. 

In the case of copper nanoparticles the following 
parameter may be used: Å , Å

 (  Å ) and [15]. Thus, 
according to eq. (35), at 300 K (supposed to be the 
equilibrium temperature) we should have , 
in order to have a maximum of . This value is larger 
than the one previously estimated on the basis of 

82.4meVγ = 2− 11.816Ω =
3− 1/3 2.28a = Ω = 1.283c eVχ ∞ =

1.220s eVχ ∞ <
( )C r
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coordination numbers (about 1 eV). Conversely, assuming 
 , we retrieved  Å at 300K and 

 Å at 600K. Figure 1 shows  vs r 
functions, calculated for different  at the same 
equilibrium temperature (600K). The range of energ ies taken 
into account spans from 150 to 300 meV in order to include 
our expectation on . It is clear that in the low size range 
the fractional concentration can be one order of magnitude 
higher than the value expected in the bulk. 

 
Figure 1.  Fractional concentration of (surface+core) vacancies in 
nanosphere relative to the one expected in the bulk at 600K. The latter is 
considered as the fractional concentration of core defects for infinite crystal. 
The curves are calculated by means of eq. (33) by considering several χ∞∆  
values spanning from 150 to 300 meV 

 
Figure 2.  Fractional concentration of (surface+core) vacancies in 
nanosphere relative to the one expected in the bulk at 600 K. The curves are 

calculated by means of eq. (32) by considering the same χ∞∆  values used 

for Figure 1 and 2f γ= . For each χ∞∆  are considered several /V∆ Ω : 
0 (solid); -0.25 (circle); -0.5 (square); -0.75 (triangle) 

In order to discuss the contribution of V∆ , curves 
( ) / cC r C ∞  are calculated by assuming 2f γ= . Figure 2 

compares ( ) / cC r C ∞  curves (solid line) with the ones 
calculated by taking into account the actual defect volume by 
means of 0.25V∆ = − Ω  (dashed lines)[15]; in addit ion, 
curves calculated with 0.5V∆ = − Ω  and 0.75V∆ = − Ω
[26] are shown as well. In the former case, the fractional 
concentration of core defect is expected to be independent of 
particle size and, in the latter case, to increase as the particle 

size decreases. In all the considered cases, the fractional 
concentration of surface defects, lacking the stress term, 
maintains its original size dependence. At glance, it  appears 
that deviations from the case of non-relaxing defects are 
significant only in the low size range, for large V∆ and 
small χ∞∆ . Besides that, the comparison among different 
curves proofs that numerical results are weakly dependent on 

V∆ . Therefore the relaxation term can be neglected at least 
for a size range where we can be confident with the standard 
thermodynamics. The reason is that the influence of 
2 /f V r∆  is attenuated by the counteraction of the core 
defect concentration and the surface to core defect 
concentrations ratio (eq. 32). 

A remark pertains the effect of the local strain on the 
vacancy format ion energy. An analysis based on the 
molecular static relaxation method suggests that in Wulff 

shaped crystals of size smaller than 10 nm cχ  can shows 
variations  of some tens of meV around the predicted values 
for equally sized spherical particles[15]. The major concern 
about cχ  could arise from an energy jump of about 100 
meV for vacancies created in the subsurface layer (also 
present in large crystals). To account for this feature in the 
model dealt with, it suffices to build  the partition function 
by using a properly modified expression for the energy 
excess of defects created in the subsurface layer, that is,  

c c
f V

r
χ χ ξ∞

∆
= + +  

where ξ  stands for the energy jump. Accordingly, eq. (32) 
is modified by an additional term  

( ) ( )
2

33 1 exp /
r a

a kT
r

ξ
−

− − −    

which slightly reduces the defect concentration. Indeed, by 
considering the limit ing case r a>> , ξ → ∞ , that leads to 
the largest correction in the numerical calculat ion, we 
replace eq. (32) by 

( )3( ) ( ) 1 exp / 2c B
aC r C r k T
r

χ∞
  = + ∆ −   

 

which clearly does not invalidate the above discussion. 

The energy jump of cχ  in the subsurface layer is 
ultimately ascribed to the decreased interlayer spacing at the 
surface[15]. It could be expected that also the formation 
energy of surface vacancies is affected by this behavior of 
the surface near atoms. However, our above conclusions 
only changes by an addition of an energy amount ξ  to 

sχ  at worst. This means that still there is room for χ∞∆  
to allow a significant increase of the defect fractional 
concentration.  

As a final remark we stress that this work is concerned 
with the equilibrium state of nanocrystals. Really, depending 
on the preparative process, nanocrystals out of equilib rium 
can be produced so that the defect content becomes 
unpredictable and many kind of surface defects are to be 
taken into account[36]. Of course, this does not reduces the 

1s eVχ ∞ = 80mr 

40mr  ( ) / cC r C ∞

χ∞∆

χ∞∆
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importance of the thermodynamic investigation since it 
represents the only way to understand the ultimate crystal 
state. 

7. Conclusions 
The fractional concentration of Schottky vacancies in 

spherical shaped metal nanoparticles has been investigated 
by means of thermodynamics techniques. Both core and 
surface vacancies were taken into account. Depending on the 
equilibrium temperature and on the fo rmation energ ies of 
vacancies in the macrocrystal, the proposed model indicated 
that the total core and surface fractional concentration shows 
a maximum for part icle radius as small as some tens of 
angstrom. Th is feature can be explained by taking into 
account the counteracting effects due to the surface energy, 
which increases the format ion energy of the vacancies (in 
both the core and the nanoparticle surface), and the 
surface/volume ratio, which increases the relative 
concentration of surface defects as the particle size 
decreases. 
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