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Abstract  A theoretical model is proposed to predict the size-dependency of melting point for embedded nanoparticles 
(NPs) by employing surface and interior average coordination number, cohesive energy and atomic bond strength. The 
model was applied on the perfect clusters of icosahedral (IC) and body centered tetragonal (BCT) without any vacancies 
and defects. The predicted results for superfine NPs (lower than 50 nm) of In, Ag, Sn and Pb were consistent with 
experimental results. 
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1. Introduction 
Thermodynamic properties which are essential in utilizing 

nanomaterials in some fields such as microelectronics, 
nonlinear optics and solar energy, have garnered 
considerable attentions. Among these properties, melting 
point is the most practical property in NPs’ applications. It is 
obvious that melting point of NPs is size-dependent, thanks 
to a lot of works in this field. Melting point decreases with 
decreasing size for freestanding NPs[1-3]. However, in 
embedded NPs there are more complexities and the melting 
point is not only related to NPs’ size, structure and shape; but 
also affected by the embedding matrix. For some matrixes, 
melting of the embedded NPs occurs in lower temperature 
than its bulk state, while it is possible for the same NPs to 
have superheating above the melting point in some other 
matrices[4-11]. 

Some experimental results have presented by Sheng et 
al.[7,8] to reveal increasing or decreasing of melting point 
for the embedded NPs using differential scanning 
calorimetry (DSC). The quantity of superheating depends on 
the coordination of epitaxial interface of the NPs and the 
embedding matrix. It means if the interface is coherent or 
semi-coherent, melting point enhances; otherwise, the 
melting point declines. 

Grabaek et al.[4] have acquired some experimental data 
by plotting melting and solidification thermal hysteresis of 
small crystalline precipitates of lead in aluminum. According 
to their report, superheating as well as supercooling is  
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an inherent physical phenomenon. 
Jiang et al.[5,6] have developed a model for the 

superheating behavior of NPs embedded in a matrix, based 
on the size-dependency of the atomic vibrations amplitudes 
and the Lindemann criterion. According to their model, 
superheating can happen if the atomic diameter of the matrix 
component is smaller than the atomic diameter of the NPs. 

There are a few modeling methods or experimental results 
on the superheating phenomenon[12-14] rather than 
depression of melting point. Generally, interfaces energy, 
surface energy and atomic vibrations amplitudes have been 
employed to model the melting point of embedded NPs. In 
the present work, modeling is performed by surface ( σC ) 
and interior ( iC ) average coordination number of metallic 
clusters, cohesive energy ( CE ), and the ratio of atomic bond 
strength (ϕ ). It is shown that the proposed model would be 
able to predict the melting point of embedded NPs ( P

mT ) as a 
function of their sizes. The results are compared with 
experimental data. 

2. Theoretical Model 
The cohesive energy of bulk ( b

CE ) could be obtained as: 

NCE i
b
C 2

ε=                     (1) 

Where ε  is the bond strength and N  is total number of 
cluster atoms which consists of the interior ( iN ) and the 
surface ( σN ) atoms. 

The cohesive energy for a freestanding NP at previous 
works was obtained as follows[15,16]: 
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Since embedded NPs have not dangling bond, the rest of 
surface coordination number ( σCCi − ) make new bonds 
with the embedding matrix. The energy of this new bond is 
ε ′ . Therefore cohesive energy of embedded NPs can be 
expressed by: 

σσσσ εαε NCCNCNCE iii
P
C )()(2

1 −′++=       (3) 

Referring to Eq. (1) and Eq. (3) the following equation can 
be derived: 
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Where ϕ  denotes the ratio of ε
ε ′ , µ  is shape factor[17] 

and α [18] is the correlation number between atoms of the 
NPs and those of the surrounding matrix. When 0=α  the 
Eq. (4) could be used for freestanding NPs and 1=α  is for 
coherent interface between embedded NPs and host matrix. 

After simplifying of Eq. (4), the proportion of the NPs’ 
cohesive energy to the bulk state can be obtained as: 

N
N

C
CC

E
E

i

i
b
C

P
C σσµαϕ ..)21(1 −

−−=
           (5) 

Additionally, the relation between cohesive energy and 
melting point of NPs can be written as[2,19]: 
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Eventually, the melting point of NPs can be calculated by 
combination of Eq. (5) and Eq. (6): 
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If αϕ2  is more than one, NPs exhibit superheating above 
the melting point of corresponding bulk crystal. But in the 
inert substrates, the tendency of making bonds between the 
NPs and the substrate ( α ) decreases. Hence the 
superheating declines. 

Surface ( σC ) and interior ( iC ) average coordination 
number, Surface ( σN ) and total ( N ) atoms of a cluster can 
be calculated by a manner presented in the authors’ previous 
works[15,16]. Shape factor for body centered cubic (BCC) 
and FCC structures have been mentioned in Table 1. 

Table 1.  Shape Factor for Different Shapes and Lattice Structures 

Structure Shape Shape factor ( µ ) 
 Cubic 1.654 

FCC Icosahedral 1 
 Sphere 0.9393 

BCC 
Cubic 1 
Sphere 0.8060 

3. Results and Discussion 
To compute melting point of NPs based on Eq. (7), the 

melting point of bulk state and ϕ  constant have been 
summarized in Table 2. 

Figure 1 presents a comparison between the Eq. (7) for 
1=α , the models of Nanda et al.[18] and Jiang et al.[5,6], 

and the experimental results[10] of the superheating 

behavior of In NPs embedded in Al matrix. In with BCT 
structure was supposed to be BCC for a simplifying purpose. 
The liquid-drop model of Nanda et al.[18] overestimates the 
melting point of embedded In NPs in Al matrix. For NPs 
having diameter higher than 30 nm the model of Jiang et 
al.[5,6] has a credible prediction, but for lower than 30 nm 
our modeling is more eligible. It can be observed that the 
whole of models predict increasing melting point with 
decreasing particle size. This fact could be explained by the 
ratio of surface to interior atoms which increases with 
decreasing NP size. The bond energy between NP and matrix 
atoms ( ε ′ ) is more than the bond energy of NP atoms ( ε ) in 
this case, hence the superheating behavior occurs. In other 
words, suppression of thermal vibration of atoms on the NPs’ 
interface causes superheating due to coherent interfaces with 
strong atomic bonds.  

The Eq. (7) for 0=α  has been compared with 
experimental results of freestanding In NPs[20], and they 
show good agreement. 

Table 2.  The Structure, the melting point of bulk state, and ϕ  constant 

Element Structure b
mT [K] ϕ  

In BCT 429.75 1.17 

Ag FCC 1234 1.13 

Sn BCT 505.08 0.86 

Pb FCC 600.61 1.27 

 

 
Figure 1.  The relation of embedded ( 1=α ) and freestanding ( 0=α ) 
In NPs melting point with the size 

Figure 2 shows comparison of the three models with 
experimental results[21] of superheating behavior of Ag NPs 
embedded in Ni matrix. Ag with FCC structure has been 
considered as IC clusters. The present model has a good 
correspondence with the experimental data. Furthermore, Eq. 
(7) for freestanding NPs has a reliable prediction. The 
experimental data of Ag freestanding NPs[3] was obtained 
indirectly by the equation 

PmS
PmHP

mT = , where P
mH  and 

P
mS  are melting enthalpy and entropy of NP, respectively. 
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Figure 2.  The relation of embedded ( 1=α ) and freestanding ( 0=α ) 
Ag NPs melting point with the size 

Figure 3 shows that our model predicts the melting point 
quantity between the model of Nanda et al.[18] and Jiang et 
al.[5,6] in whole range of NP size. To examine melting point 
of Sn with BCT structure, it was considered as BCC 
spherical nanoclusters. Thanks to consider cohesive energy 
and surface coordination number as size-dependent 
parameters, the present model exhibits good precision with 
experimental data[22]. 

 
Figure 3.  The relation of embedded ( 1=α ) and freestanding ( 0=α ) 
Sn NPs melting point with the size 

In figure 4, three models have been compared with three 
different experimental results[4,8,11]. It could be seen that 
the different experimental data have not harmony with each 
other. In superfine particles (lower than 50 nm) there is lack 
of the reliable data for each element, and different methods 
of experiment reveal different results. Accordingly, 
experimental results of Graback and Bohr[4] is consistent 
with the model of Nanda et al.[18], however, work of 
Sheng[8] is in good accordance with our model. None of 

these three models follow the experimental results of 
Chattopadhyay and Goswami[11] precisely. 

 
Figure 4.  The relation of embedded ( 1=α ) Pb NPs melting point with 
the size 

4. Conclusions 
It is shown that the simple model based on variable 

coordination number and cohesive energy can explain the 
size-dependent melting point of embedded and freestanding 
NPs as a function of their size, structure and geometry. 
Moreover, the superheating behavior of embedded NPs in a 
matrix can be explained by this model. According to the 
presented model, increasing superheating is due to the bond 
energy between the cluster’s surface atoms and the matrix 
component atoms ( ε ′ ), which is more than the bond energy 
between the interior atoms of cluster ( ε ). For embedded 
NPs with coherent interface ( 1=α ) and 5.0>ϕ , 
superheating can be observed. The results show this model is 
in good agreement with experimental data for superheating 
of embedded NPs in a matrix. 
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