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Abstract  Application of atomic force microscopy (AFM) in liquid is necessary for imaging and manipulation of 
biological specimens. In this paper, we have simulated a tapping-mode AFM tilted cantilever in liquid environment near a 
surface by well defining the contact forces and extracting frequency response and amplitude versus separation diagrams. 
Contact forces have some differences in liquid in comparison to air or vacuum in magnitude or formulation. Hydrodynamic 
forces are also applied on the cantilever due to the motion in liquid. For modeling we have used a continuous beam model 
with its first mode and forward-time simulation method for simulation of its hybrid dynamics. Then we have extracted 
frequency response and amplitude versus diagrams in liquid. The results show good agreement with experiments. The 
resonance frequency in liquid is so smaller in comparison to air due to additional mass and additional damping. The results 
show that the effect of separation on free vibration amplitude and resonance frequency is considerable. 
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1. Introduction 
In tapping mode the probe makes only intermittent contact 

with sample and as a result, can be used to reduce sample 
destruction during measurement. This characteristic of 
tapping mode AFM (TMAFM) has created a great deal of 
interest in applying it to the study of biological structures. 
Surfaces occupy much of the space in a living organism and 
surface biology has been difficult to investigate in the past 
due to the lack of appropriate technologies. However, using 
tapping mode AFM many of these challenges have been 
overcome. For example, it is now possible to image DNA, 
single proteins, and living cells[1]. Application of AFM in 
liquid is necessary for imaging and manipulation of 
biological specimens. The atomic force microscope (AFM) 
has become an indispensable tool in biology because it 
permits the imaging and probing of nanomechanical 
properties of biological samples such as biopolymers and 
viruses under physiological (liquid environments) 
conditions[2]. With the availability of AFM, researchers 
have been able to probe the local fluid–substrate force 
interactions with resolutions of pN[3].  

Using TMAFM in liquid needs a proper way for 
excitation.  

There are some ways for exciting the AFM cantilever in 
liquid. Magnetic, acoustic, and thermal (Brownian motion  
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induced) excitations are commonly used for dynamic atomic 
force microscopy (AFM) in liquids[4]. Putman et al have 
used standard silicon nitride cantilevers, and extracted 
experimental amplitude-separation curve for tapping mode 
atomic force microscopy (AFM) in air and liquid and have 
considered differences between the diagrams in air and 
liquid[5]. 

Contact forces composed of van der Waalas, repulsive, 
capillary and salvation forces have some differences in liquid 
in comparison to air or vacuum in magnitude or formulation. 
Gauthier et al have collected a survey on different researches 
done on contact forces in liquid[6]. Due to motion in liquid, 
some forces are applied from liquid to the AFM cantilever. 
Drag force and squeeze film force are the most important. It 
is possible to use simple models concluding quality factor 
obtained by experiment and reduced in liquid[2] or use 
hydrodynamic force formulas in the governing equation[7, 
3]. Sader et al. and Jones & Hart have tried to formulate 
hydrodynamic forces[3, 7-8]. Nayfeh & Younis, have 
presented a new approach to the modeling and simulation of 
flexible microstructures under the effect of squeeze-film 
damping. Their approach utilizes the compressible Reynolds 
equation coupled with the equation governing the plate 
deflection[9]. 

Song & Bhushan have simulated AFM dynamics in liquid 
by finite-element method and extracted simulated results of 
amplitude and phase diagrams versus separation by reducing 
the separation between the tip and the cantilever[10]. Rankl 
et al, have studied the frequency response of a magnetically 
driven atomic force microscope (AFM) cantilever close to a 
sample surface in liquids. For an approximate analytical 
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solution, the hydrodynamic force profile was approximated 
by a constant force along the cantilever for large separations 
and by a point force acting on the tip of the cantilever for 
small separations[11]. Basak and Raman, using a two mode 
model and experiments have investigated AFM dynamics in 
liquid[2]. In addition some researchers have investigated 
resonance frequency in liquid[7, 8, 12]. Korayem and 
Ebrahimi investigated happening of bistability for a 
TMAFM cantilever in liquid and compared it with air[13].  

A good understanding of the dynamics of AFM 
cantilevers vibrating in liquid is needed for the interpretation 
of scanning images, selection of AFM operating conditions, 
and evaluation of sample’s mechanical properties. Though 
there are some researches about the dynamics of 
tapping-mode AFM in liquid, its dynamics still needs more 
studying. In this paper we have reviewed modeling of 
contact forces in liquid and modeled the AFM cantilever by a 
continuous beam model and well defining the contact forces. 
In our model, hydrodynamic force exerted by the fluid on 
AFM cantilevers is approximated by additional mass and 
hydrodynamic damping. We have carefully considered the 
effect of the cantilever tilting angle and simulated the model 
by forward-time simulation in MATLAB software which is 
necessary for a hybrid system. We have extracted frequency 
response and amplitude versus diagrams in liquid and 
compared the differences made with what happens in air. 

2. Theoretical Analysis 

 
Figure 1.  Schematic diagram of a tip–cantilever system tilted to the 
sample surface with an angle of α . 

In tapping-mode (TM), an AFM cantilever is oscillating 
up and down and touches the sample surface intermittently. 
Assume we have a cantilever with width b, thickness h, 
length L, density cρ ,ρ Young’s modulus E, tilting angle α 
composing of a tip with tip length l, vibrating in a liquid with 
density liqρ and viscosity μ  with speed of V. x is the axis 
along the cantilever, z vertical axis and y is the lateral axis. 
H(x,t) is the separation between cantilever and sample in 
each point of the cantilever in any time. D is the equilibrium 

separation between tip and the sample. The bending behavior 
of an AFM cantilever in liquid can be written using beam 
vibrating formulation by the following ordinary differential 
equation[13-14]: 
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Where w(x, t) is the cantilever lateral displacement, A is 
the cross section area of the cantilever, I is the moment of 
inertia around lateral axis and c is the damping coefficient. 
F(x, t) is the force applied on the cantilever per unit length of 
the cantilever in any time. It is composed of the forces due to 
tip-sample interaction ( tsF ), hydrodynamic forces due to the 
liquid around the cantilever ( liqF ) and the excitation force 
( excF ) applied on the cantilever. 

2.1. Tip-Sample Interaction 

For interaction of two materials in the presence of a third 
medium (3), the total force tF  to consider is expressed by 
the extended DLVO theory (XDLVO) proposed by Xu and 
Yoon[15]: 

hdlvdwt FFFF ++=  (1) 

The total force is the sum of the van der Waals force ( vdwF ), 
the double-layer force ( dlF ) and a third term ( hF ) which 
represents all other forces such as solvation, structural, 
hydration, hydrophobic, steric, fluctuation forces, etc[6]. 
Forces in liquid are expressed as follows: 

Garcia & Binh have discussed van der Waals forces in 
atomic force microscopy when operating in liquids and have 
shown that these forces are almost cancelled out for spherical 
tips immersed in liquids and seem to be in agreement with 
recent in situ electrochemistry results[16]. For an interaction 
between a plane (1) and a spherical object (2), The van der 
Waals forces are equal to[6]: 

2
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Where 12A  is the Hamakar constant of the interaction 
(1-2), D is the distance between (1) and (2) and R is the 
radius of the spherical object (2). The van der Waals force in 
a third medium (3) is a function of the Hamakar constant 
denoted 132A  estimated by[6]: 

23133312132 AAAAA −−+=     (4) 
The immersion in a liquid medium can induce a 

diminution of the van der Waals force from 50% to 98%[6 & 
17]. 

The repulsive double layer force is made by attracting 
electrical load. Water is a high dielectric material and can 
increase the electrical load attraction. This force is negligible 
in low salt concentration liquids. Capillary forces are 
eliminated in liquid due two immersions. Steric forces exist 
between two polymeric surfaces.  

When two surfaces or particles approach closer than a few 
nanometres, the interactions between two solid surfaces in a 
liquid medium fail to be accounted for by DLVO theory. 

)AA)(AA( 33223311 −−≅
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Solvation forces are additional forces that can be 
monotonically repulsive, monotonically attractive, or even 
oscillatory in some cases. These forces can be much stronger 
than DLVO forces at small separations[18]. Solvation forces 
are brought about by the ordering of solvent close to a 
surface. This force can squeeze the liquid between two 
surfaces. Once a layer is squeezed out, the van der Waals 
forces makes the force attractive; the force then builds up 
again as a second layer is squeezed out[19]. 

Solvation forces have typically significant impact at very 
small range lower than 10nm. In water, this force is repulsive 
for hydrophilic surface and attractive for hydrophobic 
surface. Thus a hydrophilic surface is able to reduce the 
impact of the van der Waals force. The immersion is then 
able to globally reduce the interaction forces[6]. 

Hydration forces are relatively short-ranged so that at salt 
concentrations below 0.1 M they can easily be distinguished 
from the longer range electrostatic and van der Waals forces. 
They are repulsive and, except for the case of molecularly 
smooth surfaces and low salt concentrations where force 
oscillations were observed, decay exponentially with 
distance[20]. 

The pull-off force represents the required force to break 
the contact surface between two objects. In the case of a 
sphere (radius R) in interaction with a planar surface, pull-off 
force POF  is approximately given by following contact 
models: JKR for the lower boundary or DMT for the higher 
boundary[6]: 

1212 2≤≤
2
3

RWπFRWπ PO  (3) 

Where 12W  is the work of adhesion between both objects 
(1) and (2). In air, the work of adhesion is expressed by[17]: 

21122112 2W γγ≅γ−γ+γ=  (4) 

Where 12γ  is the interfacial energy and 1γ & 2γ  are the 
surface energy of the objects (1) and (2). It can be 
approximated by 

2112 2W γγ≅ [6]: 
In case of objects submerged in a medium (3), the surface 
energy, called 132W , required to separate two objects (1) and 
(2) submerged in a medium (3) is given by[17]: 

12231323133312132 WWWWW γ−γ+γ≈−−+=  (5) 

Usually, solid state surface energy is around 1000 mJ.m-1 
and the theoretical pull-off reduction is around 50% to 
80%[6]. The Maugis elasticity parameter λ can be used to 
choose the most appropriate contact model for a given case. 

This parameter is expressed for an interface between two 
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calculated using the both Poisson’s ratios 1μ , 2μ  and both 
Young’s modulus 1E , 2E . The parameter 0σ  is defined by 

h
W

σ 12
0 =  where mh 1010≈ . 

 Using λ, the pull-off force can be estimated. For 1.0<λ
the DMT model, for 5>λ  the JKR model and for 

5<<1.0 λ  the Dugdale model can be used[17]. 

2.2. Hydrodynamic Forces (Drag and Squeeze Film) 

Due to the motion in liquid two main hydrodynamic forces 
are produced which are drag and squeeze film forces. Some 
of the researchers have used simplified models and some 
scientists have tried to formulate these forces correctly[3, 7, 
8]. Some have substituted the quality factor obtained by 
experimental results in their vibration equation[2]. Many 
researchers have modeled AFM cantilevers as spherical and 
cylindrical bodies and results have shown this is an 
appropriate estimate for many applications of SPM 
cantilevers. The hydrodynamic force can be considered like 
this[11] 

t
VFF sh ∂
∂

γ−= ∞
 (6) 

It consists of two parts: viscous friction of the cantilever 
( )t/V( ∂∂γ− ∞

) in free liquid (coefficient ]/[ 2
∞ mNsγ ), and a 

force due to the influence of the sample surface at a finite 
distance from the cantilever sF : The additional term sF  
can be understood by considering the water move between 
the cantilever and the sample surface. If the cantilever 
approaches the surface the water must be squeezed out, and 
the viscous resistance causes a distance dependent force, 
breaking the movement of the cantilever. The force density 

sF  can be approximated for low frequencies (less than 17 
kHz) by[11]: 

t
V
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H is the cantilever–surface distance. In typical AFM 
experiments the cantilever is inclined at an angle 15≈α to 
the substrate surface, leading to dependency H(x) and 
therefore to a force profile along the cantilever. For large 
distances H; the force density sF  is nearly constant along 
the cantilever and for small distances most of the force is 
concentrated at the end of the cantilever. Researchers have 
approximated the hydrodynamic force to be in proportion to 
the cantilever vibration acceleration and velocity as[10-11]: 

t
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Where aρ  is the additional mass density and ac  i s  t h e 
additional hydrodynamic damping coefficient, due to the 

fluid. The additional mass density aρ may be calculated 
by[11] 
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         (11) 
By representing the beam as a string of beads, Hosaka et 
al.[21] gave another expression of aρ  as: 

            (12) 

In which η  is the viscosity of the liquid, ω  is the 
vibrating frequency of the cantilever. The additional 
damping coefficient due to the hydrodynamic effects 
consists of two parts: 

.+= ∞ sa ccc               (13) 

The first-term in the right hand side of Eq. (13), ∞c , is the 
hydrodynamic damping when the cantilever is vibrating in 
free liquid (far away from sample surface). When the 
cantilever is close to the surface, the vibration of the 
cantilever will squeeze the fluid to flow in and out of the 
region between the cantilever and sample surface. This 
produces additional damping and is represented by the 
second-term in the right hand side of Eq. (13), sc . 
According to Hosaka et al[21], ∞c  and sc  can be 
expressed as 

           (14) 

              (15) 

Where H(x, t) is the transient distance between the 
cantilever and surface[13].  

,cos),(+sin)-(+cos+=),( αtxwαxLαlDtxH   (16) 

Where l is the tip length, D is the equilibrium distance 
between the cantilever tip and sample surface. Obviously, 

∞c  is a constant but sc  depends on location and time. The 
separation of the cantilever tip from the sample is  

),(+= tlwDdts               (17) 

2.3. Governing Equation 

After discussion on tip-sample interaction and 
hydrodynamic forces, now we write governing equations. 
For a zero surface electric potential and a non hydrophobic 
cantilever vibrating in a pure or low salt concentration liquid 
(hydration force is canceled) using equations (1), (2) and (10) 
we have: 

  (18) 

tsF  is the tip-sample interaction which is applied on the 
cantilever tip.  


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In Eq.(19) 2/3
0

* )-(3
4= tsDMT daREF is the repulsive 

contact force, 0a  is the intermolecular distance, R is the tip 

cone radius, *E  is the effective elastic modulus given by

1-22* }/)-1(+/)-1[(= sstt EυEυE , in which tE , sE , tυ  and 

sυ are the elastic module and Poisson’s ratios of the tip and 
sample, respectively. excF  is the magnetic harmonic 
excitation force. By setting atot ccc += and actot ρAρρ += , 
and using delta functions Eq. (18) can be written as:   
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Where 1l  is the position of the tip from the beginning of 
the cantilever and )-( ilxδ  is the delta function. The 
boundary conditions for free vibration of the cantilever are 

,0=|),( 0=xtxw                (21) 

             (22) 

            (23) 

             (24) 

The equation can be solved using modal analysis for a 
continuous beam model. The transverse displacement for the 
cantilever, ),( txw , can be written as the sum of the 
production of the beam shape functions into a time term for 
different shape modes[23]: 

           (25) 

Where q(t) is the time solution and )(xφi  is the i'th shape 
mode. In a free vibration we have:  

"" 2- 0totEIϕ ρ ω ϕ =      (26) 

φkφ 4"" =              (27) 

So                             (28) 

Then the general solution for )(xφi  is: 
kxDkxCkxBkxAφ cosh+sinh+cos+sin=       (29) 

Based on boundary conditions we substitute 0=)0(φ , 
0=)0(′φ , 0=)(′′ Lφ and 0=)(′′′ Lφ , so coefficients of A, B, 

C and D can be gained. Also 1=)cosh()cos( kLkL . From this 
equation, many k for different modes can be gained, k for the 
first mode is Lk /875104.1=1 . By substituting Eq. (25) into 
Eq. (20) we have:  
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Then we have:  
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The modal shapes of flexible beam have the property of 
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orthogonality, such that: 
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So by multiplying Eq. (31) by )(xφ j and then integrating 
of the result over the length of the cantilever we have:  

  (33) 

If we just consider the first mode then we have: 

 (34) 

Where ∫ 2
1

1

1
= dxφc

ρI
c tot

tot
sol  

As squeeze film damping is dependent on the 
instantaneous separation, solc  should be calculated 
numerically in the program and then substituted for solving 
the governing equation in that second. For making less 
damage to the sample it is better to have a smaller excitation 
power, so the amplitude of vibration is small and it is 
possible to account the squeeze film by its equilibrium 
separation.  

For simulation we have used a continuous beam model 
and a forward-time numerical method for solving its hybrid 
contact due to the nature of contact forces (attractive van der 
Waals force in the separations larger than intermolecular 
distance and repulsive force in the separations smaller than 
intermolecular distance)[24]. 

3. Simulation and Results 
Using programming in MATLAB, dynamics of 

tapping-mode AFM in liquid has been investigated. The 
results of the simulation have been validated with the 
experiments done by Putman et al[5] and also Rankl et al[11]. 
Putman et al have used a nitride silicon cantilever in water. 
Rankl et al have used a rectangular silicon cantilever in 
buffer (150mM NaCl, 5mM 42PONaH , pH=7.5). The 
parameters of Table 1 have been used for the simulation. In 
both experiments probe tilting angle ( α ) =15o, 
Intermolecular distance ( 0a ) =0.38 nm, Hamakar Constant 
(A) = 3.19×10-19 J. The elasticity modulus of silicon= 
130GPa, its density=2330 Kgm-3, Water density = 
1000kg/m3, its viscosity= 8.54×10-4 kg/(ms), Effective 
elastic modulus ( *E ) = 10.2GPa and Tip cone radius (R) = 
10nm 

The TM frequency responses in both air and liquid 
obtained by Putman et al.[5] shows that the frequency 
response of the cantilever in liquid is dramatically different 
from that in air. Due to the additional mass and damping 
exerted on the cantilever from the surrounding liquid, the 

resonances are shifted to the left and the vibration amplitudes 
are quenched[5]. Rankl et al have simply normalized by 
dividing the curve by the amplitude at zero frequency. The 
maximum of the amplitude–frequency curves is dramatically 
shifted towards lower values at decreasing tip–sample 
separation and vanishes completely below 2.9 mμ [11]. 

Table 1.  Parameters Used in the Simulation. 

Simulation Parameters Putman et al. Rankl et al 
Probe Width (b) 35 mμ  20 mμ  
Probe length (L) 252 mμ  200 mμ  

Probe thickness (h) 2.3 mμ  0.6 mμ  
Height of probe tip cone (l) 10 mμ  3 mμ  

Quality factor in air 33.3 200 

Figure 2 shows the simulated frequency response of the 
cantilever with parameters of Putman et al[5] in both air and 
liquid. The obtained resonance frequency is so close to the 
resonance frequencies obtained by Putman et al (14.1 KHz in 
liquid). The resonance frequency in air is 43.7 kHz but in the 
liquid in the separation of 20nm with tip length of 10 mμ is 
18 kHz and with tip length of 5 mμ is 16 kHz. It means that 
immersing in liquid dramatically shifts the resonance 
frequency to smaller values.  

With tip length of 10 mμ based on the formula

totρ
EIkω 2

1=  the resonance frequency is 18.5810 kHz, but 

it has a value of 18 kHz in the simulation which shows the 
effect of additional damping due to vibration in liquid. 

It can be concluded that the shift in the resonance 
frequency is more a consequence of the added mass term and 
less is affected by the reduced quality factor. In the liquid, 
the cantilever drags along a specific volume of liquid during 
movements; hence, the cantilever behaves as if its mass were 
much larger than it really is. Vancura experiment shows this 
resonance frequency shift too[22].  

 
Figure 2.  Simulation of frequency response of TMAFM in liquid by the 
parameters of Putman et al[5]. In diagram of "Liquid-1" tip length is 10 mμ  
and the obtained resonance frequency is 18kHz, in diagram of "Liquid-2" 
the tip length is 5 mμ  and the obtained resonance frequency is 
approximately 16kHz. 

Figure 3 shows the simulated frequency response of the 
cantilever in liquid based on Rankl et al parameters in 
different separations[11]. There is a good agreement 
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between the results of the simulation with the experiment of 
Rankl et al. As is shown reduction of the separation causes 
reduction of amplitude peak value and also the value of 
obtained resonance frequency.  

 
Figure 3.  Simulation of frequency response of TMAFM in liquid by the 
parameters of Rankl et al[11]. 

Figure 4 shows simulation of TMAFM in liquid with 
Putman parameters with different tip lengths of 1, 2.5, 5 & 10

mμ in equilibrium separation of 25 nm (separation between 
the tip and sample). As is seen the effect of separation on 
final amplitude value is great. 

 
Figure 4.  Simulation of TMAFM in liquid with different tip lengths of 1, 
2.5, 5 & 10 mμ in equilibrium separation of 25 nm 

Figure 5 shows the simulation of TMAFM in liquid, with 
tip length of 1μm in different separations. Effect of 
separation on squeeze film damping can be seen in this figure. 
As the cantilever approaches the sample the vibration 
amplitude reduces dramatically. 

 
Figure 5.  Simulation of TMAFM in liquid with a tip length of 1 mμ and 
in different separations of 20, 1000 & 20000 nm. 

Figure 6 shows simulation of TMAFM amplitude versus 
separation in liquid with parameters of Putman. The tip 
length is 1 and 5μm. In vacuum or air the tip amplitude 
versus separation has a constant value before contacting the 
sample, and after contacting reduces linearly, but in liquid 
just in large separations there is a saturation value and before 
contacting the sample the amplitude reduces nonlinearly by 
reduction of the separation. 

 
Figure 6.  Simulation of amplitude versus separation diagram for a 
TMAFM in liquid before contacting the sample surface. 

Figure 7 shows simulation of TMAFM amplitude versus 
separation in liquid for two different sample elastic modules 
of 120 and 33GPa for a silicon cantilever with length 120μm, 
width 35μm, and thickness 4μm. It is seen that in small 
separations the tip goes into the sample more dipper. It is 
important to use small excitation forces for biological 
specimens for less damage. 
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Figure 7.  Simulation of amplitude versus separation in liquid for two 
different sample elastic modules of 120 & 33GPa. 

Figure 8 shows frequency response of the same cantilever 
TMAFM in liquid in different separations of 14, 11 and 9 nm 
for effective elastic modulus of 45 and 65GPa. Free 
amplitude vibration in the separation of 14 nm is 
approximately 13.1 nm. It is seen that in larger excitation 
frequencies, the tip penetrates more dipper in the sample and 
this increases damage to the sample. In excitation 
frequencies larger than the resonance frequency penetration 
in the sample occurs.  

 
Figure 8.  Simulation of frequency response of TMAFM in liquid for 
effective elastic modulus of 45 and 65GPa. 

4. Conclusions  
We have simulated tapping-mode AFM in liquid and 

investigated its dynamics. Using forward-time simulation 
frequency response of the tapping-mode AFM in liquid is 
given and has been validated with the experimental results 
done by Putman et al in[5] and Rankl et al[11]. The 
hydrodynamic effects on AFM cantilevers are addressed by 
adding additional mass and hydrodynamic damping to the 
system.  

The simulation results show a good agreement with the 
experimental results. The resonance frequency in liquid is so 
small in comparison to air due to the additional mass (liquid 

coupled with the cantilever) and also additional damping due 
to the viscosity of the liquid around. The presence of liquid 
reduces the cantilever vibration amplitude significantly and 
shifts the cantilever resonances to smaller values. Reduction 
of the resonance frequency in liquid is highly related to the 
additional mass and less related to the damping, Though the 
effect of the damping is obvious, particularly by reduction of 
the separation, the resonance frequency has a smaller value; 
this is because of the squeeze film damping which is highly 
dependent on the separation. When the cantilever is vibrating 
close to surface, the hydrodynamic damping due to the fluid 
squeezed in and out of the region between the cantilever and 
sample surface becomes significant and needs to be 
addressed.  

In vacuum or air the tip amplitude versus separation has a 
constant value before contacting the sample, and after 
contacting is reduced linearly, but in liquid just in large 
separations there is a saturation value and before contacting 
the sample the amplitude reduces nonlinearly by reduction of 
the separation. This is because of the squeeze-film damping 
which is dependent on the separation between the cantilever 
and sample. Free vibration amplitude is greatly related to the 
separation between the cantilever and sample and so 
determination of it should be done carefully. We have also 
extracted frequency response and amplitude versus diagrams 
in liquid and compared its treatment with what happens in 
air.  
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