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The Four Colour Theorem:
Mistakes and Innacuracies, Possible Proofs

Maria Ribeiro
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Abstract The Four Colour Theorem is a relatively old problem (1852 according to our sources). Researcher Gonthier has
recently claimed to have proven it in a notice to the American Mathematical Society (Gonthier, 2008). After Dr. Pinheiro
found a counter-example to the claims contained in this theorem, however, we succeeded, as expected, in finding flaws in his
proof. As we tried to find those in his work, we ended up finding flaws in the work of one of the researchers he mentioned in
his paper, and that was Kempe (Kempe, 1879). The wonder is how much to the side of the foundations of the mathematical
reasoning the problem we found in their reasoning is. The tools we use here are analysis, comparisons, graphical
representation, and synthesis, for instance. Dr. Pinheiro collaborates with us in our research.
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1. Introduction

(Numberphile, 2017) is a nice introduction to the problem we want to talk about in this piece: The Four Colour Theorem.
See what Bartlett (2014) teaches us:

Theorem. (Kempe, 1879) Take any map, which for our purposes is a way to partition the plane R? into a
collection of connected regions Ry, . . . R, with continuous boundaries. There is some way to assign each region
Ri to a colour in the set {R, G, B, Y}, such that if two regions R;, R; are touching (i.e. they share some nonzero
length of boundary between them) then those two regions must receive different colours.

From (Muhammad, 2017), we read:

A graph that is in one piece is said to be connected, whereas one which splits into several pieces is
disconnected.

(NN L

Connected Non—Simple Graph Disconnected Simple Graph

A graph G is connected if there is a path in G between any given pair of vertices, otherwise it is disconnected.
Every disconnected graph can be split up into a number of connected subgraphs, called components.

Researcher Gonthier came up with a proof that he judged final for this theorem (Gonthier, 2008). Dr. Pinheiro then found a
counter-example, like for this theorem, as you can see on (Pinheiro, 2017). With this, we were sure that his proof had some
flaw.

Upon investigating it deeper, we found one of this flaws. He seems to have inherited it from Kempe.

In this paper, we intend to talk about this little finding: If we can prove that it is an actual flaw, Gonthier’s proof will be
deemed unsound, and we will then come back to not having any proof for the theorem. It is just that, this time, we also have a
counter-example that really looks OK. If nobody presents sound opposition to Dr. Pinheiro’s counter-example, we know that
the theorem is not true, and therefore we know that no sound proof for it can exist. In this case, all those claiming to have
proofs for this theorem would have to have committed a mistake somewhere in their mathematical developments.
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2. Development

From Dr. Pinheiro’s website (Pinheiro, 2017a), with adaptations:
This is actually about a paper that is cited in the paper Formal Proof (Gonthier, 2008).
Here we should find out more about reducibility according to the author (Gonthier, n.d.):

Definition: 4 polygonal outline is the pairwise disjoint union of a finite
number of open line segments, called edges, with a set of nodes that contains
the endpoints of the edges. The regions of a finite polygonal planar map,
called faces, are the connected components of the complement of a polvgonal
outline.

Open line segment seems to then be a concept that closely relates to open real interval, is it not? Basically, if we
understood it well, we take away the vertices and it becomes open, like before, with the vertices, it was a closed
line segment. This is what they are calling edges, they here say.

The basic problem that we have with what has been said so far is the fact that they seem to redefine a really old
concept from Mathematics and, later on, use Euler’s theorem, which was created for the old concept, in the way
it used to be: You would first have to prove that the new edge does the same trick. Is our school of Mathematics
too old or that still makes sense, please?

The set of nodes contains the endpoints of the edges, so that nodes are not nodes either: They are the endpoints
of the edges.

If the regions are now called faces, we immediately come up with a doubt: Is the ocean, which surely appears in
maps, also a face?

We don’t know, but we are thinking that the sea could easily be seen as a connected component of the
complement of a polygonal outline. Are we pushing it?

Could it be a supplement?

Can we mention (Pinheiro, 2015) again?

The extract below came from (Gonthier, n.d.).

Finite polygonal maps correspond quite closely to hypermaps. and indeed the
construction use to prove our discretization lemma can also be used to show that the
restriction to finite polygonal maps entails no loss of generality. On the contrary, the
definition of polygonal maps is slightly too broad. It allows isolated nodes.
disconnected outlines, and extraneous edges that are bordered by the same face on
either side, called bridges.

.
isolated

bridge
node

bridge

The discretization construction avoids such degeneracies: it generates polygonal maps
that are bridgeless and comnected. These properties play an important réle in the
combinatorial proof; indeed. the exact statement of our combinatorial theorem is
Theorem four color hypermap : (g : hypermap)
(planar bridgeless g) -> (four colorable g).

The faces of a finite bridgeless connected polygonal map are the interior of simple
polygons (and are thus bounded). except one, which is the exterior of a simple
polygon (and is thus unbounded). The edges and nodes of such a map are the sides
and vertices of these polygons, respectively. Thus the map is the planar projection of a
polyhedron, hence the following

Definition: 4 polyhedral map is a finite bridgeless connected polygonal map.

A face that is the exterior of a simple polygon and therefore is unbounded is something that puzzles us: An
unbounded face of a polygon? Wouldn’t face imply boundaries? Do we have an example of face without
boundaries before our author comes up with this one, please?

Tom Cruise has an interesting sound track/YouTube for this one: (The Tonight, 2015). He says: | can’t feel my
face when | am with you, but I love it, but I love it...



Modern International Journal of Pure and Applied Mathematics 2017, 1(1): 5-11

Once more, for the map to be the planar projection of a polyhedron, the ocean would have to be the same as a
Country. Would that not be something unwanted in terms of mathematical calculations?

We think that the absence of respect for the already existing mathematical definitions and the excess of
creativity allied to the absence of care when creating new concepts is a bit annoying.

The absence of necessity is what kills all: Why not simply using the terms we already have and know so well?
Edge is the open line segment. Vertex is the new node.

It is nice creating new things, but perhaps painting a canvas pays more in this case. Once more, we don’t want to
increase the amount of confusion in Science: We realistically are confused enough with what is already around.
Face should be something limited by edges, in our humblest. Vertex should be where two edges meet.

In this way, we can use Euler’s Theorem with no fear: We all have the same vocabulary.

Master Angela, in discussion with us about The Monty Hall Problem (Pinheiro, 2016), mentioned this in a very
interesting way: We must have common grounds...

It is possible that the author needs to refer to the endpoint of the edge for some reason, but that is our vertex, is
it not? So far we never needed to detach anything from the edge in order to talk about the endpoint, our vertex.
We are really not seeing any necessity of creating any of this. Perhaps if we needed to refer to the part of the
vertex that comes from a particular edge, if that makes sense, we would need this concept, like if referring to
that really were a necessity. We are really not seeing this necessity here.

Euler’s Formula is well written in (Fiedorowicz, 2017):

V-E+F=2
where
V = number of vertices
E = number of edges
F = number of faces
Tetrahedron
V=4
E=6
F=4
4-6+4=2

So, Euler has referred to the fellow’s nodes in another way: Vertices. Why not copying him, we wonder?
Now, he says that Kempe committed a mistake that nullified his proof. See (Gonthier, n.d.):

The basic proof outline of the Four Colour Theorem. oddly, has not changed since the
initial. incorrect proof attempt[22] by Kempe in 1879. Kempe’s proof went as
follows:

a) It is enough to consider only cubic maps, where exactly three edges meet at
each node: just cover each node with a new polygonal face; if the resulting
cubic map can be coloured. then simply deleting the faces that were added
yields a colouring of the original map.

—

b) In a cubic map. we have 3N = 2E edge endpoints. so the Euler formula can be
rewritten 2E = 6F — 12. Since 2E is also the total number of sides of all faces,
this states that every face has on average almost six sides. but that globally
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Three edges meet on each node or three edges meet on each vertex could be expressed in symbols as 3E =V, is
it not? Since the fellow replaces V with N in his formula, we would have 3E = N. Why we would choose 3V =
2E instead is a mystery to us, but, if we can choose one or another, then we need to study at least both options in
what they want to say is a proof, no doubts about it. Worth making a remark here: In one option, a vertex is
worth 2/3 of an edge, that is, not even one full edge. In the other, the vertex is promoted to 3 times the value of
the edge. That is really really contrasting. We don’t know, but even in Computer Science that should make an
extraordinary difference, is it not?

See all the action in the pictures below (Gonthier, n.d.):

The basic proof outline of the Four Colour Theorem, oddly. has not changed since the
initial, incorrect proof attempt[22] by Kempe in 1879. Kempe’s proof went as
follows:

a) It is enough to consider only cubic maps, where exactly three edges meet at
each node: just cover each node with a new polygonal face: if the resulting
cubic map can be coloured, then simply deleting the faces that were added
vields a colouring of the original map.

\ ’
b) In a cubic map. we have 3N = 2E edge endpoints. so the Euler formula can be

rewritten 2E = 6F — 12. Since 2E is also the total number of sides of all faces.
this states that every face has on average almost six sides. but that globally

The basic proof outline of the Four Colour Theorem, oddly, has not changed since the
initial, incorrect proof attempt[22] by Kempe in 1879. Kempe’s proof went as
follows:

a) It is enough to consider only cubic maps, where exactly three edges meet at
each node: just cover each node with a new polygonal face; if the resulting
cubic map can be coloured, then simply deleting the faces that were added
vields a colouring of the original map.

S

b) In a cubic map. we have 3N = 2E edge endpoints. so the Euler formula can be
rewritten 2F = 6F — 12. Since 2E is also the total number of sides of all faces,
this states that every face has on average almost six sides. but that globally

If we were dealing only with one polygon we could perhaps justify choosing the first relationship that we see
right above this paragraph.

As another point, however, we should be talking about proportions when we establish mathematical
relationships between variables in this case. We do understand that, in the last case, 3 edges return a vertex, but,
to be sincere, it suffices that we choose edges in a special way and we won’t have a vertex, like we can
definitely get three edges without us being able to determine a particular vertex (perhaps two of them will
determine one vertex and the other will determine another). If it is not any edge that can be selected for us to get
one vertex, our relationship should not be of the proportional type, and we therefore cannot use the rule we say
we have used. The same problem seems to occur in the alternative situation. It is all mathematical nonsense
therefore.

Let’s not hang on to this one, since the author himself says Kempe did commit a bad mistake in this
development.

Let’s read his own development instead (Gonthier, n.d.):
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We refer to this result as the “Birkhoff theorem™ in the sequel.
These results suggest the following strategy for proving the Four Colour Theorem:

Find an explicit list R of configurations such that one can establish

1. reducibility: every configuration in R is reducible, using some variant of g).

II. wnavoidability: every minimal counter example must contain at least one of the

configurations in R, using b). ). h), and 1).

The Four Colour Theorem then follows by contradiction, since no reducible
configuration should occur in a minimal counter example.

You can see that, on the number I1, the authors mention b, e, h, and i. On the number I, they mention g.

All the items we mention are necessary for us to claim to have reducibility and unavoidability according to the
author.

If we prove that one of these items is unsound, we don’t have reducibility and unavoidability anymore.

The extracts we see below are again from (Gonthier, n.d.).

b) In a cubic map, we have 3N = 2F edge endpoints, so the Euler formula can be
rewritten 2E = 6F — 12. Since 2E is also the total number of sides of all faces,
this states that every face has on average almost six sides, but that globally
there are 12 missing sides (this is why it takes 12 pentagons. along with the
hexagons. to stitch a football together).

g) For some reducible configurations, such as the one below whose kernel is a
group of four pentagons (known as the Birkhoff diamond). the Kempe
argument f) that failed for single pentagons could be carried out soundly.

h) The Kempe argument is sound for any configuration surrounded by a ring of
at most five faces—excepr the one containing a single pentagon. Let us say
that a ring is #vial when its interior is either empty or consists of a single
pentagon: then it follows from the above that a minimal counter example can
contain no non-trivial rings of length 5 or less: it must be internally 5-
connected. We refer to this result as the “Birkhoff Jemma™ in the sequel.

i) As a consequence of h), in a minimal counter example, every face is
surrounded by two concentric simple rings. i.e.. its second neighborhood must
have a shape similar to

This excludes, for instance, maps where two non-consecutive neighbors of the
central face are adjacent, as in the figure below, because such maps contain a
configuration with a three-face ring (indicated by the heavy mixed dash).

We have proven here that b contains a very serious mistake, unavoidability is not sound, and therefore the
claimed proof is also unsound (based on reducibility AND unavoidability). We can stop by here: Mission
accomplished.

3. Conclusions
Gonthier (2008 and n.d.) let us know that

The basic proof outline of the Four Colour Theorem. oddly, has not changed since the
initial. incorrect proof attempt[22] by Kempe in 1879.
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In this case, all the proofs that Gonthier has seen are based on the premise that says that all edges are worth the same and

therefore we can apply proportions reasoning to the drawing we see below (Gonthier, n.d.):

—

In a cubic map. we have 3N = 2E edge endpoints. so the Euler formula can be
rewritten 2F = 6F — 12. Since 2E is also the total number of sides of all faces,
this states that every face has on average almost six sides. but that globally

reasoning to the drawing we have just presented. See ((Pinheiro, 2017a), with adaptations):

Three edges meet on each node or three edges meet on each vertex could also be expressed in symbols as 3E =
V, is it not? Since the fellow replaces V with N in his formula, we would have 3E = N. Why we would choose
3V = 2E instead is a mystery to us, but, if we can choose one or another, then we need to study at least both
options in what they want to say is a proof, no doubts about it. Worth making a remark here: In one option, a
vertex is worth 2/3 of an edge, that is, not even one full edge. In the other, the vertex is promoted to 3 times the
value of the edge. That is really really contrasting. We don’t know, but even in Computer Science that should
make an extraordinary difference, is it not?

As another point, we should be talking about proportions when we establish mathematical relationships
between variables in this case. We do understand that 3 edges return a vertex, but, to be sincere, it suffices that
we choose edges in a special way and we won’t have a vertex, like we can definitely get three edges without us
being able to determine a particular vertex (perhaps two of them will determine one vertex and the other will
determine another). If it is not any edge that can be selected for us to get one vertex, our relationship should not
be of the proportional type, and we therefore cannot use the rule we say we have used. The same problem seems

to occur in the alternative situation. It is all mathematical nonsense.

In this case, all proofs known by Gonthier are actually invalid, since they are all based on the items above.
We then conclude by saying that we never had a single actual proof of the Four-Colour Theorem. Therefore, Dr. Pinheiro’s
counter-example, which appears in the paper (Pinheiro, 2017), must be an actual counter-example and, if anything, we should

start talking about the Five-Colour Theorem, since the Four-Colour one has been proven to be unsound.

Notwithstanding, Dr. Pinheiro finds arguments that makes us understand that we could not have applied proportions
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