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Duffing Oscillator with Heptic Nonlinearity under Single
Periodic Forcing
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Abstract 1In this paper, the Homotopy Analysis Method (HAM) is used to obtain an accurate analytical two-term
approximate solution to the positively damped cubic-quintic-heptic Duffing equation with algebraically decaying amplitude
as well as a single periodic forcing. This paper also presents the interesting behavior of the non-zero auxiliary parameter
which provides a convenient way to adjust and control the convergence of the approximations. Our analysis shows that
neither the strength of the damping nor that of the forcing exerts any influence on the auxiliary parameter o f the nonlinearity.
We observe also that the degree of damping is elicited by the degree of nonlinearity and the initial guesses of the time

constants
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1. Introduction

The Duffing equations have been presented in the
literature considering various types of nonlinearity.
Pirbodaghi et al[1] have worked on the Duffing equations
with cubic and quintic nonlinearities. Some authors[2],
[31.[4],[5][6 1.[7] and[8] have investigated many kinds of
nonlinear oscillatory systems in physics, mechanics and
engineering. Duffing equations with cubic and quintic
nonlinearities have not been extensively studied as the one
with cubic nonlinearity because of its complexity[9, 10, 11,
12]. The cubic nonlinear Duffing oscillator had been studied
extensively and has been used as model for seismic
analysis[13]) and for earthquake prediction[5]. Recently the
cubic-quintic nonlinearity in Duffing oscillator has been
engaging attention[14, 6, 15] and very interesting features
have been detected which were non-existent in the cubic
nonlinear model. Interesting results have been obtained from
the geometric and analytic studies of the un-damped and
unforced cubic-quintic Duffing equation using different
methods[l, 16, 17]. It has been observed that the
cubic-quintic nonlinearity gives vent to damping in a
morepronounced way than the cubic nonlinearity. We
therefore in this paper investigate the influence of higher
nonlinearity particularly heptic nonlinearity on the damping
of Duffing oscillator.

The nth-order Duffing equation with viscous damping and
periodic forcing can be generally expressed as
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Where & is the damping coefficient,and a,,F , X, are

arbitrary constants, N, M < oo

In this paper the homotopy analysis method[l8,
19,20]which has been effectively applied to a wide variety of
problems in applied mathematics, physics and engineering is
applied to the positively damped cubic-quintic-heptic
Duffing equation with a single sinusoidal forcing governed

by
u(t) = flu@),u(?),F], t20 (L.1)
and subject to the initial conditions
u(0)=a, u(0)=>b (1.2)

The cubic-quintic-heptic Duffing equation can be used to
model a classical particle in a double-well potential. It was
used in[21] to model the dynamic behavior of a cargo system
under crossover indirect tie-down.

As was noted in[20], the homotopy analysis method which
was proposed by introducing an auxiliary parameter g to
construct anew kind ofhomotopy in a more general formhas
the following advantages:

1). It is valid even if a given nonlinear problem does not
contain any small/large parameters at all.

2). It equips us with a convenient way to adjust and control
convergence regions of series of analytic approximations.

3). It can be efficiently employed in approximating a
nonlinear problem by choosing different sets of base
functions.

We investigate here factors that influence the non-zero
auxiliary parameter g.
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Free oscillations of a positively damped systemhave two
different time scales. One is related to the frequency of
oscillationandthe other to the decaying amplitude of
oscillation. It is clear that the free oscillation of positively
damped systems can be expressed by the set of base
functions

{(1+¢2) " sin(nar), (1+ 1) " cos (nat) m =1,n> 0} (1:3)

Duffing Oscillator with Heptic Nonlinearity under Single Periodic Forcing

scales. In this regard, we suggest a periodicforcing with
amplitude w and given by
F coswt (1.5)
Under the transformation (1.4) one has u(t) = u(z,1,),
and the original governing equation (1.1) becomes

o’u o'u 1.6
2ar oz arz+§26_r§:f[“’“n+§”rz’F(Tl)J( )

where the two unknown time-constants wand{ relate to the ~Subject to the initial conditions

two time scales ou(zr,,z,) _ou(r,z,)
3 3 u(z,7,)=a, @ + =b,
n=ot, 1, =t (1.4) o, o,
respectively. when
Having noted this, it will be reasonable to say that the set o
ving W Y 7,=7,=0 (1.7)

of base functions given by (1.3) can as well be used to
express the forced oscillation of a positively damped system
as long as the forcing is a function of one of the two time

2. Basic Ideas

A real function can be efficiently represented by a better set of base functions. Hence, the need to approximate a given
nonlinear problem by a proper set of base functions equips us with the initiative to apply the homotopy analysis method.
Clearly, according to (1.3) and the definition (1. 4) the considered problem can be represented by (1.3) such that

u(7,7, Z Z (1+¢1) [nm’n sinnot +9, , cos na)t} (2.0)
m=1 n=0
Where 77, ., 19,” arecoefficients. This provides us with a rule, called the Rule of Solution Expression[15].

As was noted in[20], HAM is based on continuous variations fromthe initial guesses to the exact solution ofa considered
problem. For the  problem  under consideration, one  constructs the  continuous  mapping

u(rl,rz)—)U(rl,rz,q),a)—>§2(q),§—)A(q) in such a way that U(Tl,Tz,q),Q(q),A(q) vary from their

initial guesses u,(r;,7,), w,,{, to their exact solutions u(z,,7,),w,{ respectively as q( the embedding parameter )
increases from O to 1. In line with the above reasons one constructs a family in ¢ of nonlinear differential equations

(1 —q){L[U(T] ,Tz,q)] - L, [uo (7.7, )]} = gpN[U(z'1 ,rz,q)] @.1)
with initial conditions
U(rl,rz,q)zgo,r121'2:0 (2.2)
And a)a—u+§a—u—l//, 7,=7,=0 (2.3)
T, or,
where u,(z;,7,) is an initial guess of u(‘rl,‘rz) Nisa nonlinear operator deﬁned by
NIU Gy, 7, ) = ~f[0@ =+ 0@ = FGE] 24
Land Ljare two auxiliary lmear operators defined by
LIV (1,1, ] = 02 5= =+ 20001 + 7,) == — A0+ 12)2 Sy [n +A0 +1,) "”Z] +, (25
and
Loluy(zy, 7)) = wy? 222—:10 + 20031 + 1, 21+ 12)2 L+ A, [wo +4,1 +1y) t;’] + Au, (2.6)

in which w, and {, are initial guesses of the t1me constants wand{ respectlvely, and 14,4, are two constants to be
determined later in terms of Qo and o, respectively. The auxiliary non-zero parameter g equips us with a convenient way to
adjust and control the convergence of approximations such that a properly chosen g guarantees the convergence of the
resulting series to be given laterat g = 1.

Under the Rule of Solution Expression[20], one chooses

uy(11,7,) = agcos 1y + (a; costy + by sint )1 + 1,)7 1

as the initial guess of u(z,t,), where a,, a,andb, are unknown constants to be determined later.

When g = 0, Eq. (2.1) has the solution (2.7) with

(2.7)
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00) = w,, A0) =g, (2.8)
and when q = 1, Egs. (2.1)-(2.3) becomes exactly (1.6) and (1.7) as long as Q(1) = wandA(1) = {.
Thus,
U (1,7, D = ulzy, 1) (2.9)
Therefore as g increases from 0 to 1, U truly varies from the initial trial u, to the exact solution u of the original
equations (1.6) and (1.7); so do Q and A vary fromthe initial guesses to the time-constants wand({ respectively. Equations
(2.1)-(2.3) are the zeroth-order deformation equations.
With the nature of (2.8), Q(g),U (r;,1,, @) andA(g) can be expanded in power series of g by Taylor’s theorem as:

[k]
() = w, +Z,t°°1“’2, q" (2.10)
k]
AQ =g + 23t “I’(, (2.11)
unlkl

U (1,15, D = uolry,1,) + Z,tfoﬁq" (2.12)

where,
d*alg d*alg aku

wp M = quq =0 (o[k] — quq ,q=0 u,lkl= S q= 0 (2.13)

are the kth-order deformation derivatives. The auxiliary non-parameter g influences the convergence of the series (2.10) —
(2.12).

A convergent series given by the HAM (atq = 1) must be an exact solution of the considered problem as was proved in[8].
Hence, one obtains

W =wy + 258 w, (2.14)
{ =G + X5, (2.15)
ulry, 1) = uo(ry, 1) + 2iSw, (rq, 1p) (2.16)
where
[k] [k] [£]
w, = “’2! G = ZO Ju(Ty,7,) —% (2.17)

If we differentiate Equations. (2.1) — (2.3) k times with respect to g and then set ¢ = 0 and finally divide them by k!.
We obtain the so-called kth-order deformation equation[2]

LO [uk(Tl! Tz) - Xkuk—l(‘[l! Tz)] = ng (T1' Tz) - Wk (Tl!TZ) + Xka—l(Tll Tz) (2 18)
subject to the corresponding initial conditions at (t; = 0,7, = 0)
uk(rl,rz,q) = (2.19)
And 02 Setg Z“" 0 (2.20)
72
where ,
% up—p % up_yp 2wy
W, (7y,7) = Xk, [(thl:owj wn—j) # + 2(2?:0(‘)}‘ o )(1 + Tz) uk + (Z]n 0 {n—])(l + Tz)2 k
Al wnduk— ndrl+ (ml+ 12 Guk—nor (2.2 1)
and
1 dFInpu
Rk (‘[1‘1'2) = D1 qu—l , at q= 0 (222)
in which N[U] is given by (2.4) and
_ {0, k<1 293
Xk = 1,k >1 ( . )
from (2.20), the initial condition becomes
m 2 a
(Zrmown 224 26 32%) (Bfoo vy 1)) = (2.24)
Now to determine 1,andA,, we demand that for any constants P, andP, the equation
Lol(1 + 7,)7'(P, sint, + P, cos )] = 0 (2.25)
holds.
Then
=20, A= wy? (2.26)
Hence, the initial guesses wy,{, play a crucial role in determining the initial guess u,(z, 7,) and the auxiliary linear
operatorsLand L.

However we must take note of the existence of the terms (1 + 7,) ! sin(z;) and (1 + 7,) 7! cos(r;) on the right hand
side of (2.18). Their existence goes contrary to the Rule of Solution Expression, which is clearly described by (2.0). Therefore,
Jfor a uniformly valid solution, one has to set the coefficients of these two terms to zero.

We must as well note that for un-damped systems,
Wk (TI’TZ) = Vl/k_l(Tl,Tz) = 6 = ( =0 (227)
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It is very important not to forget that for the particular problem (positively-damped with algebraically decaying amp litude),
we must select suitable a,, wyand{, initially.

3. Application of HAM
Writing (1.1) explic 1tly under the transformations given in (1.4), we obtain
w262—+2 { {2 —+( ]+au+Bu + pu® + pu’ = F cos 1, (3.0)
? 07101,
subject to the corresponding initial conditions
U(TpTz) —a ou (tq, rz)+ zau(n,rz) —0, whent, =7, =0 G.1)
11 a1y

Equation (3.0) can also be obtained from (1.0) by setting M =0,X,, =0,N =3,aq, =a,a; = f,a, = y,anda; = p,
after which the transformation depicted by (1.4) is used.
We construct such a family of equations as described by (2.1) where the auxiliary linear operator is given by

a
Lolug (1, 7)) = 00 552 + 203, (1 + 7,) = 44,21+ e Lt 2, [wo 20 43, +1,) “2] + wy?uy(3.2)

at a
and the nonlinear operator w1£h the help of (3 .0) is given by

NIU (@70, )] = w? 2 o+ 20 zara +32 46w —+{—]+aU+BU FuUSEpUT—Fcost, (3.3)
Employing (2.0) and (3 .2), we choose our initial guess of u(‘rl, ‘L'z) as
uy(ty, 1) = all+1,)71 [cos T+ i—osinrl] (3.4)
0

Weset k =1 in (2.18) to obtain
Lolu, (z4,75) — uy(ry, 1)l = gR, (rq, 7,) = W, (24, 7,) (3.5)
For uniformly valid solution, two linear algebraic equations were obtained and solved after setting to zero the coefficients
of 1 +1,)7! sin(Tl)and (1 + )7t cos(z,) in (3.5). The results obtained respectively are as follows:

7 = [zowo Bwolo® 8wodoB  wo®  dwo® | fowp? 4 Flolitey) | sBogua® 7Bpa6[29—5032+3OB4+236]](3 6)
L™ 7 (wp 2+{0 ) 1415 2 200 2 1415 2a 4(1479)% 128 (1417,)6 ’
(1)1 =
5B sB(1+1)7! F(1415)  3Ba%(141,)72 suat(1+7,) 741
g[—“’—"—B{O(l + 1)+ BG (L )2 4 B By o P e M) gy popy S i |
2 2 2wq 2awq 8wq 8wq 2

B2+ BA2+ pabl+72—6128 0021+ 3552+14054+ 3556 3.7)

where B = {—0.
wo

After eliminating terms that brings non-uniformity equation (3.5) becomes
Lolu,(z;,7,)] = g X TCST (termsnotcontainingsecularterms ) (3.8)
Equation (3.8) has the solution

ul(Tl, Tz) = ulp + (1 + ‘[2)_1[611 CoSs Tl + bl Sil’l'[l] (3.9)
where
uqp(ty,7,) = gl(P K, + BK, + BK;) cos 37, + (P K, + P;Ks + PsK,) sin3t; + (P, K; + PyKg) cos 51, + (Py Ky +
P10A10sin5 71+ P11A11cos7 71+ P12 A12sin7 71 (3.10)
Ba3(1-3B2)(1+1,)-3 5uab(1-2B2-3B4)(141,)~5 21pa’(1-982—5B4—3B6)(1+1,)~7
P = " , Py = T , B = ” (3.11)
K = (670 =8wo 2+12w0 o) K. = (20¢0*—8wo 2+24 w0 o) K. = (42¢0%=8wo2 +36w ¢o) (3.12)
L (6702-8wp2) +1844w02002 2 (20002 =8wo2) 457602002 0 (42¢0%—8wo?) +1296w2¢0> ’
3B(3-3B2)(141,) 73 5Bu a5(3+2B2—B4)(1+1,)5 21Bp a’ (—10+30B2—3B%—3B6) (1+7,)~7
p = BB b sl s 2 o530 e G13)
_ (6¢go? —8wo 2-12w¢o) _ (20¢0® —8wo 2-24w040) _ (a2ge? ~80g 2-36w0{0) (3.14)
T (6002=8w2) +144w0200% 0 (20702 —8wp2) +576w02002  © (42002 —8wp2) +1296w0270> '
5 2 4 -5 7 2 4 6 -7 2 2
na5(1-10B82 +584) (1+1,) 7pa’(1-12B82 584 +586) (1+1,) (20¢9%—24wo 2+40w( )
P = Py = K, = > PY: — (3.15)
16 64 (20¢0°—24w02) +1600wq 2
(42¢0%—24w02+60w(l0) uB a5(5-10B2 +584)(1+7,)~5 7Bp a’(5-5B82-98% +B6) (1+1,)~7
= z B = Py = (3.16)
(42¢0°—24w(2) +3600 w2¢o 16 64
1 _
(2040224002 ~4000¢0) _ (200 2u02-600000) 7pa’ (7-38% +55* ~5°)(1+75) 7 317
O T (20002 —24w02) 41600002702 0 (42002—24w02) +3600w02002 It 64 '

6
7(1_cp2 4_B> -7
(4279°—48wo 2+84 wo{p) 7Bpa (1 5B7+38 7)(1“2) (42702 -48wo% —84wo {o)
Kll = 2 Z 2;P12 = ,Klz = 2 Z 2 (318)
(42¢(°—48wp2) +7056 w2 ¢g 64 (42802 -48w2) +7056 w0 2¢

From (3.1), we obtain
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a, =glP K, + P;Kg + P, Ky; + P, K, + BK, + P;K;],

wheret; =1, =0 (3.19)

b, =w—1[a+29(P7K7 + B Kg + P Kyy + P Ky + P Ky + BK;)]

1

- I:af)_o+ Sg(PgKg + P10K10) + 7gP12K12 + 3g(P4K4 + P5K5 +P6K6)],WhereT1 = TZ = 0
0

Following the same obtain
w,, ¢y, u,(t1,7,) and so on.

We must note that for the application done above, we have
chosena, = 0.This choice is not mandatory,but a, mustbe
chosen to be so close to zero or zero. The general rule for

choosing a, was also given in[20].

procedure, one€ can

4. Results

In this section we use the results given above to obtain the
solutions to

1). Positively damped cubic-quintic Duffing equation with
a single periodic forcing.

2). Positively damped and unforced cubic-quintic-heptic
Duffing equation.

3). Un-damped cubic-quintic-heptic Duffing equation
with a single periodic forcing.

4). Un-damped and unforced cubic-quintic-heptic Duffing
equation.

5). Un-damped cubic-quintic Duffing equation with a
single periodic forcing.

6). Un-damped and unforced cubic-quintic Duffing
equation.

After applying the transformation in (1.4) and subject to
the initial conditions prescribed in (3.1), the positively
damped cubic-quintic Duffing equation with a single
periodic forcing is obtained from (1.0) by setting M =
0,X, =0,N=2,ay=a,a; = f,a, =y giving

0%u 0°u 0*u

P——42 + 2
W gy, YA G o T g,

+6[w—+{—]+au+ﬁu +pu® = Fcost; (4.0)

Setting p = 0 in (3.9), (3.7) and (3.6) one obtains the
first-order approximate solution to (4.0) with the same initial
guess given in (3.4). Consequently, other higher-order
approximate solutions to (4.0) can as well be obtained
provided p = 0.

After applying the transformation in (1.4) and subject to
the initial conditions prescribed in (3.1) the positively
damped and unforced cubic-quintic-heptic Duffing equation
is obtained by setting M = 0,X,, =0,F, = 0,N = 3,aq, =
a, a, —jB a, = ,u,anda3 = pin (I 0) as

P +2 + 26 +6[ + ou
@ 527 qalar ¢ ‘o,
+au + pul +uu5+pu =0 (4.1)

Setting F = 0 in (3.7) and (3.6), we obtain the first-order
approximate solution to (4.1) as given in (3.9) with the same
initial guess function given in (3.4). The other higher-order
approximate solutions to (4.1) can also be obtained as long as
F remains zero.

Setting § = { =0 in (3.9), (3.7), (3.6) and (3.4) one
obviously obtains the initial guess function ,the first

(3.20)

approximation to its frequency and the first-order
approximate solution to the un-damped cubic-quintic-heptic
Duffing equation with a single periodic forcing which can be
obtained from (1.0) by taking M = 0,X,, = O,N = 3,q, =
aa =pf, a, = u,and a; = p and given by

wZiTZ +au + pu® + pu® + pu’ =Fcost; (4.2)

having applied the transformation in (1.4) and subject to

the corresponding initial conditions
du (1)

u(®) = aq, =0, whent =0  (4.3)

Similarly one can obtain the higher-order approximate
solutions to (4.2).

From (1.0) as well as (4.2), one can obtain the un-damped
and unforced cubic-quintic-heptic Duffing equation subject
to the initial conditions given by (4.3) and its initial guess
function first frequency approximation and the first-order
approximate solution employing (3.9), (3.7), (3.6) and (3.4),
provided § = { = Oby takihng M = 0,X,, = 0,F, = 0,N =
300 =a,ay =f,a, =p,anda; =p Higher-order
approximate solutions can as well be obtained.

Setting 6 = { = 0 in (3.9), (3.7), (3.6) and (3.4) one also
obtains the initial guess function,the first frequency
approximation and the first-orderappro ximate solution to the
un-damped cubic-quintic Duffing equation with a single
periodic forcing which can be obtained from (1.0) by taking
M=0X, =0,N=2,0qy =a,a; = f,anda, =u and
given by
(4.4

having applied the transformation in (1.4) and subject to the

corresponding initial conditions

du (1)
. (4.5)

Similarly one can obtain the higher-order approximate
solutions to (4.4).
Finally the un-damped and unforced cubic-quintic
Duffing equation can also be obtained from (1.0) by setting
M=0X, =0,E,=0N=2a,=0a,a, =f,a, =
w,and § =0 and 1s glven by
+au+,8u +uu®=0 (4.6)

where { = 0, aﬁer applylng the transformation in (1.4) and
subject to the initial conditions prescribed in (4.3).

By enforcing{ = § = F = 0 in (3.9),(3.7),(3.6) and (3.4),
one as well obtains the first-order approximate solution and
the first frequency approximation to (4.6) as given in (3.9).
The other higher-order approximate solutions to (4.1) can
also be obtained as long as F remains zero. We note that the
first frequency approximation and the first-order
approximate solution to (4.6) obtained by setting some
parameters above equal to zero is exactly the same results
obtained in[22].

Below are presented some of the simulations we did, in
Figure One and Figure Two, we observe the behavior ofthe
damped and forced cubic-quintic-heptic = Duffing

2
d°u
wz—d =+ au + pu + pu® = Fcos T,
T

u(®) = q, =0, whent =0
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oscillator. Figure Three and Figure Four depict the behavior
of the damped and forced cubic-quintic Duffing oscillator.
Wealso did a lot of simulations using different values for our
parameters to observe the behavior of the auxiliary non-zero
parameter which controls the convergence of our
approximations.Interestingly neitherthe strength of the
dampingnor that of the forcing exert any influenceon g for
all the different cases we treated. It was rather the initial
guesses ofthe time constantsw, and {,,and of course as was

Duffing Oscillator with Heptic Nonlinearity under Single Periodic Forcing

noted in[20] the strength of the nonlinearity that determines
and influences g. Furthermore, just as was noted in[20],
problems with stronger nonlinearity demands that we choose
g suchthat its absolute value lies very close to zero but must
not be zero.

The table below depictssome of these interesting
behaviorsof g.

Table 1. Behaviorofthe awxiliary parameter g
o B u p 9 a % F [an g
1 1 1 1 1 1 1 1 1 (Good approx.) < £ (not good)
1 1 1 1 4 1 1 1 1 ”
1 1 1 1 1 1 1 4 1 (Good approx.) < %= > (not good)
1 1 1 1 4 1 1 4 1 ”
1
1 1 1 1 1 1 2 1 1 (Good approx.) < £1 = (not good)
1 8
1 1 1 1 4 1 3 1 1 (Good approx.) < i; > (not good)
1 1 1 1 1 1 L 4 1 ”
2
1 1 1 1 4 1 1 4 1 »
2
1 1 1 0 1 1 1 1 1 (Good approx.) < ii > (not good)
1 1 1 0 4 1 1 1 1 ”
1 1 1 0 1 1 1 3 1 ”
1 1 1 0 4 1 1 4 1 (Good approx.) < i% > (not good)
1 1
1 1 1 0 1 1 > 1 1 (Good approx.) < i; > (not good)
1 kRl
1 1 1 0 4 1 2 1 1
1 1 1 0 1 1 L 4 1 ”
2
1 1 1 0 4 1 1 4 1 ”
2
1 1 1 1 0 1 0 1 1 (Good approx.) < &= > (not good)
1 1 1 0 0 1 0 1 1 (Good approx.) < ii > (not good)
1 1
1 1 1 1 0 1 0 1 5 (Good approx.) < iE > (not good)
1 1
1 1 1 0 0 1 0 1 > (Good approx.) < iI > (not good)
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u(t)

-10 T T T T T
0 5 10 15 20 25 30

Figure 1. a=f=u=p=a=38 =w,={ =1. Behavior of the displacement of the damped and forced cubic-quintic-heptic Duffing oscillator as
time increases for wg = ¢y =1

1
<X
- O

-
1
=T

u(t)

-1

-2

-3

-4 T T T T T
0 5 10 15 20 25 30
t

Figure 2. a=f=u=p=a=0=wy=1,{ = i.Behavior of'the displacement of the damped and forced cubic-quintic-heptic Duffing oscillator as
time increases for wy = land ¢, = 1/2
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30
25 —|
20 —
15—
10—
5 —|
X:0
Y: 1
0 —]
5 —
-10 —]
-15 T T T T T
0 5 10 15 20 25 30
t
Figure 3. a=f =p=a=06 = w, = {, = 1.Behavior ofthe displacement of the damped and forced cubic-quintic Duffing oscillator as time increases

for wy=0¢ =1

u(t)
i

N
|
<%
-~ o

-2

15 20 25 30
t

Figure4. a=f=p=a=0=wy=1,{ = i.BehaVior of the displacement of the damped and forced cubic-quintic Duffing oscillator astime increases

for wy =1and{, =1/2

5. Conclusions

In this paper, the homotopy analysis method (HAM) was
used to obtain analytic and uniformly-valid approximate
solutions to the damped and driven, free oscillating, as well
as the un-damped and un-driven Duffing oscillator equations
with different nonlinearities.It was observed as noted in[6]
that the degree of damping is elicited by the degree of

nonlinearity as can be seen in Figures 1-4. Hence one can
use increased nonlinearity to reduce the effect of external
forcing as well as negative damping. We also observed that
apart fromthe strength ofthe nonlinearity of a given problem,
the initial guesses w, and {,, chosen for any given problem
aids in determining a suitable auxiliary non-zero parameter
such that, giveng, < gl > g,, where 1> [g.| >0 and
gq > 0. It is also observed that every chosen g satisfying
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ga > lgl = g. gives a good approximation while every
chosen g satisfying g, = lgl > g, does not give a good
approximation. There is need to consider and investigate the
degree of nonlinearity that can reduce the effect of external
forcing for Duffing oscillator with multiple forcing functions
and investigate the influence and the range of validity of the
auxiliary parameter. Stability analysis also should engage
attention in subsequent work.

Highlights

1. Neither the strength of the damping nor that of the
forcing exerts any influence on the auxiliary parameter of the
nonlinearity.

2. Factors that affect the nonzero auxiliary parameter
(which controls the convergence of the approximate
solutions obtained) in HAM are shown and discussed.

3. The degree of damping is elicited by the degree of
nonlinearity and the initial guesses of the time constants
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